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ABSTRACT

A THEORETICAL AND EXPERIMENTAL STUDY OF

THE INTERACTION BETWEEN A FOCUSED LASER BEAM AND

A CONDUCTING CONE WITH A SPHERICAL TIP

Gengying Gao, Ph.D.

Oregon Graduate Institute of Science and Technology, 1991

Supervising Professor: J. Fred Holmes

This dissertation is a study of the electric and magnetic fields of a laser

beam focused on the tip of a perfectly conducting cone with a spherical cap.

A solution of Helmholtz equation, in spherical coordinates, was developed

using Hertz potentials for the boundary value problem appropriate to fitting

the laser field over the spherical tipped cone. The solution involves associated

Legendre functions of integer order but noninteger degree. The basis functions

comprise two infinite sets, within each of which the functions are mutually

orthogonal. The series for the expansion of the Hertz potentials can be

differentiated term by term to yield uniformly convergent series for the field

components. Using the boundary conditions of each associated Legendre func-

tion and its derivative at the surface of the conductors, the order and degree

are generated.
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The motivation and application of this work is concerned with the

currently very interesting problem in the surface physics area, concerning

laser modulation of a liquid metal ion source (LMIS). The LMIS can be

modeled as a cone with a small protrusion at the tip. Since the protrusion is

very small, the actual shape is probably not very important. Consequently, a

spherical tip was used since its use is mathematically convenient. The results

at our mathematical model allows the field distribution on the surface of the

tip from which heating of the tip can be calculated as well as the electric field

enhancement which maybe useful for laser modulation of the LMIS by

influencing the field emission rate.
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CHAPTER 1. INTRODUCTION

1.1 A Review of the Precedent Work

In the late 1950's, many scientists began to study the properties of elec-

tromagnetic waves in regions bounded by rigid and perfectly conducting sur-

faces which can be described in terms of a single coordinate in a spherical

coordinate system1-5. These surfaces, represent spheres, cones, and planes or

the region bounded by any combination of these. Diffraction and scattering

problems in such regions may be solved by expressing the desired field solu-

tion in terms of modes (eigenfunctions) expressed in terms of the angular

coordinates and modal coefficients which depend on the radial coordinate and

take into account the source of the fields6.

-L. B. Felsen and N. Marcuvitz in their book" Radiation and Scattering

of waves" give the detail solutions for the distribution of the electric field7.

In particular, they investigated in detail the effect of waveguide walls whose

location could be described simply in terms of the circular-cylindrical or

spherical coordinate system. Included therein were the important

configurations of the circular cylinder, the wedge, the sphere and the cone1.

The interaction of a focused laser beam with a spherical particle is a

- 1 -
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topic of current research interest with application occurring in a variety of

areas of study including particle size determination, optical levitation and

laser modulation of liquid metal ion sources8, 9. Previous work includes

theoretical expressions for the internal and external electromagnetic fields for

an arbitrary electromagnetic beam incident upon a homogeneous spherical

particle10. Previously, Dusel, Kerker, and Cookell and Green12 et al. have

presented internal electric field magnitude ( source function ) distributions for

a plane electromagnetic wave incident upon a homogeneous spherical particle.

But such a plane-wave assumption would be appropriate only if the sphere

diameter is much less than the local beam diameter, and this is often not the

situation when a focused laser beam is used for illumination. Morita13 et al.,

Tsai and Pogorzelski14, Tam and Corriveiu15, Kim and Lee16, and Gouesbet,

Greham, and Maheu17 have all considered the problem of a fundamental

Gaussian beam incident upon a homogeneous spherical particle, but these

works appear primarily concerned with far-field scattering and no internal or

near-surface electromagnetic field distributions are presented. However, it

aPi>ears that no work has been done on the interaction of a laser beam with a

cone. The electromagnetic fields that result from a focused IMer beam

incident upon a metal body is a function of the properties of the beam (

wavelength, power, mode, beam waist diameter ), the properties of the body (

size, shape, complex index of refraction ), and the relative focal point posi-
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tioning. Our work is a theoretical development that permits the determina-

tion of the electromagnetic fields for a focused laser beam incident upon a

homogeneous perfectly conducting cone with a spherical tip as a function of

these parameters.

AB the theoretical work went on, meanwhile, more and more people

started their experimental work and paid attention to the applications of

above theory. In 1960's, Sir G. Taylor 18 concluded that a balance between

electrostatic stress and surface tension on a liquid surface led to the formation

of a cone shape with a semi-angle of 49.3°. Mahoney19 et al. experimentally

generated ions from liquid cesium metal and Krohn and Ringo20 found that

gallium metal as a high brightness ion source was much superior than cesium

and mercury in 1975. At the end of 1970's, the focused ion beam technology,

inspired by the development of the field ionization source, was realized21-27.

Through the past decade the development of the liquid metal ion source

{LMIS)28-31, the liquid alloy ion source {LAIS)32-48 and the focused ion beam

{FIB)49-53 techniques have permeated through almost every aspect of semicon-

ductor industry24, 54-65, including semiconductor optical device fabrication66-

68, micromachining69-76, integrated circuit device modification and

fabrication 77-83, resist exposure84-86, photomask repair87, maskless ion-

implantation of semiconductor dopants88-100 , ion beam assisted etching and

deposition10l-113 and others.
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In Figure 1.1, there is a picture of a typical LMIS configuration which

was taken by a SEM. In Chapter 5, we will introduce its mechanism and show

the cone-shape at the very end of the tip. Figure 1.2 shows a workstation of

focused ion beam micromachining (FIBM) system. It is used for

micromachining, mirrors, gratings and other miniature optical components on

laser diodes. The FffiM would greatly benefit if the beam intensity could be

modulated rapidly. This was the incentive for the work that follows.

1.2 Our Specific Work

The problem under consideration in this thesis is the electromagnetic

interaction between a laser beam and a perfectly conducting cone with a

spherical tip. In the theoretical part, formulations have been derived for the

electric and magnetic fields generated near the tip of the cone by a focused

laser beam. The Hertz potential method1l4 was used to obtain the elec-

tromagnetic fields. The cone and spherical tip were assumed to be perfectly

conducting with the tangent electric field equal to zero on the surface of the

cone and tip as the boundary condition. The main purpose of the study is to

determine how much the fields from the focused laser beam are enhanced

near the cone tip.
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Figure 1.1 SEM micrograph of a typical Ga liquid

metal ion source configuration
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The specific situation discussed here is that of a focused polarized Gaus-

sian beam coming from the left and scattered by a sphere tipped, perfectly

conducting cone. It is illustrated in Figure 1.3 . The incident laser beam, trav-

els through a lens, which was focused onto that small sphere. The cone is a

perfect conductor with a tip angle of eo degrees. A spherical coordinate sys-

tern with the origin at the center of the sphere is chosen as shown in Figure

1.4 .

Close to the tip of the cone, obviously, the laser field is different from the

incident one. The purpose of our study is to learn how the field of laser beam

changes due to the presence of the cone and sphere and what are the charac-

teristics of its near field and far field. N. K. Kang and L. Swanson did a

numerical calculation of the ion frequency electric field and current density

distribution for a liquid metal ion source115. D. R. Kingham did some experi-

mental work also. 116 But no one has investigated the interaction of the LMIS

with a focused laser beam. Our solution is of interest in its own right because

many practical waveguide tubes are mounted on conical structures. It is of

interest also because it is possible to take care of the transition from the cone

to the sphere and cylinder and thereby to confirm the validity of this more

general results by reduction to a special case. Currently, the application of the

work is the laser modulation of liquid metal ion sources. 117
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The field distribution around the tip of the cone is determined by the

incident field pattern of the laser beam and the boundary conditions on the

surface of the cone ( Etangential = 0 ) The solution will be obtained with the

laser beam polarized in the z direction and also in the x direction in order to

determine the effect of polarization on the results. The method that will be

used to solve this problem is the use of Hertz Potentials114 derived from a

modal solution to the wave equation in spherical coordinates. The relation-

ships that are needed will be derived in the next chapter.



CHAPTER 2. HERTZ POTENTIAL

2.1 Electric Hertz Potential

The Hertz potentials can be derived from the well-known Maxwell's

equations118:

Vx E = - j (r) f.L H (2.1)

Vx H = j (r) E E + J (2.2)

V.D = p (2.3)

V.B=O (2.4)

Maxwell's equations are a set of four coupled first-order partial

differential equations that relate the sources to the various components of the

electromagnetic fields. In practice, they can be solved directly only in simple

situations. It is often convenient to introduce scalar potential functions from

which the field equations can be derived after solving the differential equation

for these scalar potentials.

The Hertz Potentials can be used in this manner to determine the elec-

- 11 -
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tromagnetic fields. In view of equation (2.1), a vector function exists F such

that

(2.5)

It follows then that

VxE =-j w v.- (j w e V xF )

(2.6)

which can be written as:

(2.7)

where we have used k2 = w2ev.-.

According to equation (2.7), the quality in brackets can be expressed as

the gradient of a scalar field as follow:

(2.8)

Now using equation (2.8), in equation (2.2), it can be written as:
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J
VxVxF-k2F = - + V<I>

jWE
(2.9)

When J = 0 (sourceless), let F = Frro , where ro is a unit vector in

the r- direction. Expanding (2.9), we find that:

In ro direction:

(2.10)

In 80 direction:

1 a2Fr 1 a<l>-- - --
r arae r ae (2.11)

In <1>0direction:

1 a2Fr---
r sine ara<l>

1 a<I>--
r sine a<l>

(2.12)

If we choose

(2.13)

Instead of the usual Lorentz condition119, then equations (2.11) and (2.12) are

identically satisfied and substituting (2.13) back into (2.10), we get:
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(2.14)

Now, let

Fr = r II (2.15)

where II is the electric Hertz Potential. Substituting equation (2.15) into

(2.14), we find that II satisfies the Helmholtz equation120

(2.16)

and the fields can be expressed as:

E = V X V x ( r IIro) (2.17)

H = j W € V X ( r IIro ) (2.18)

2.2 Magnetic Hertz Potential

Using the same method, we can find the magnetic Hertz Potential. In

view of equation (2.2), there exists another vector function G , such that:

E=-jwv-xG (2.19)
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it follows that:

VxH=jw€(-jwI-lVX G)

(2.20)

which can be written as:

(2.21)

where we have again used k2 = W2€1-l .

In equation (2.21), the quality in brackets can be expressed as the gra-

dient of another scalar field as:

(2.22)

Using equation (2.22) in (2.1), we have:

(2.23)

Let

(2.24)

where ro is a unit vector in the r- direction. Expanding equation (2.23), we

get:



In ro direction:

In 00 direction:

In +0 direction:

Choosing

- 16 -

1 a2Gr 1 a'.V-- - --
r arae r ae

(2.26)

1 a2Gr 1 a'.V-- ---
rsine ara<l> rsin8 act>

(2.27)

(2.28)

and substituting (2.28) into (2.25), we find that:

Let

*
Gr = r n (2.30)
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where n* is the magnetic Hertz Potential. Substituting equation (2.30) into

*
(2.29), we find that n satisfies the Helmholtz equation

(2.31)

and the fields should be expressed as:

.
E = - j w J.lV x ( rn ro ) (2.32)

.
H.=VxVX(rTIro) (2.33)

*
In Chapter 3, we will develop the explicit representations of nand n

according to the modal solutions of the Helmholtz equation in spherical coor-

dinates121.



CHAPTER 3. THEORY

3.1 The Incident Laser Fields

We have the incident laser field ( See Fig 1.2 ) which_ is propagating

along the y axis and with the electrical field polarized in the x or z directions.

The fields can be written as10,122:

Polarized in x direction:

Eix=--L 2~
, <vo v: 'l'oe-jky1T

(3.1)

E. _ 2Qx
I,y---E I i,x (3.2)

E. =01,1 (3.3)

H. =0I,X (3.4)

(3.5)

(3.6)

- 18 -
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Where 000 is the radius of the beam waist; Q = 1/( j + 2 , ) ; , = y/1 ; '¥0

characteristic impedance of the medium and P is the total laser power.

If the incident laser beam has z polarization, the fields are:

E. =0I,X (3.7)

Ei,y=- 2Qz E.I I,Z
(3.8)

(3.9)

H. = y' e/ IIE.I,X r- I,Z (3.10)

Hi y
=- 2Qx H.

, I I,X
(3.11)

H. =0I,Z (3.12)

The derivation of the above is in Appendix A.

According to the above, we express the incident laser field as:

(3.13a)
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(3.14a)

In the spherical coordinate system, we have:

x= r sine cos</>

y= r sine sin</> (3.15)

z= r cose

i = rosin e cos</>+ 0ocose cos</>- <l>osin cJ>

(3.16)

so that the incident laser field can be expressed in spherical coordinate system

as:

(3.13b)

(3.14b)

For x polarization,
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E;( r, 8 ,</>)= E1,x [(Sin 8cos</>- 2~X sin 8sin </>)r .+( cos8cos</> + 2~X cos8sin </> )8.

-(sin</>+ 2~X cos</»</>.]
(3.17a)

(2~Z cos8sin</>+sin8)8.+ 2~Z cos</></>.]
(3.17b)

For z polarization,

E;(r ,8,</>)= Et" [(cos8 - 2~Z sin 8sin</>)r .-( sin 8+ 2~Z cos8sin</>)8.

(3.18a)

H;(r ,8,</>)= ~E;" [(Sin8cos</>+ 2~X sin8sin</> )r. +

(cos8cos<l>+ 2Qx cosesin<l> )80+ 2Qx (cos<l>-sin<l> )<1>0
]I I

(3.18b)
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3.2 Field Components

Considering the fields around the tip of the cone, we can assume that it

is the sum of the incident and scattered fields. As is well known, the general

electromagnetic fields solution can be obtained by expressing the field a.s a

sum of two subfields10: the electric wave field ( designated by the subscript e

) which is assumed to have a zero radial magnetic field component ( Hr = 0 )

and a magnetic wave field ( designated by the subscript m ) which is a.ssumed

to have a zero radial electric field component ( Er = 0 ) i.e.,

(3.19)

(3.20)

The advantage of doing this is that each subfield can be expressed solely

as a function of a single respective scalar potential, i.e., Hertz Potential II and

II* like:

E,=VxVx Irrolll=k'rllro+V [ :r (rll) ]
(3.21)

(3.22)
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(3.23)

* 2 *

[

a *

]Hm=VxVx [rroTI]=k rTIro+V a;-(rTI) (3.24)

In a spherical coordinate system, in terms of the scalar potential associ-

ated with the electric Hertz Potential ( TI) and the scalar potential associated

with magnetic Hertz Potential ( TI*) the electromagnetic field components ( in

M.K.S.E. unit) are10:

~+k2rII
Er= ar2

(3.25)

E =.l~_~i(rTI*)
e r aear rsine a</>

(3.26)

E =---L~+~.£JrTI*)
Ij> rsine ara</> r ae

(3.27)

and

* *
~+k2rTI

Hr= ar2
(3.28)

H _ jWEIf!!!l 1 a2(rTI*\6- +-~
rsinB a</> r araB

(3.29)

(3.30)
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.
In the above, the introduced Hertz Potentials nand n were proved in

part II to satisfy the Helmholtz equation as follows123:

(3.31)

(3.32)

Considering we need to solve the equations (3.31) and (3.32), we would

like to employ the modal solution of the Helmholtz equation 10 and use the

boundary conditions on the surfaces of the spherical tip and cone2 and the

incident field distribution to get the representations of n and II..

It is at this point that the derivation of an arbitrary incident beam

differs from the traditional derivation for an incident plane wave. Instead of

choosing a series solution with a form corresponding to that for a polarized

plane wave propagating alone the y axis, the most general separation of vari-

abIes solution of the Holmholtz equation is used3:

co

rn=~ ~ [ AIm r jl(kr) + Blmr nl(kr) ] Plm(cose)ejmd>
I m=O

(3.33)

where AIm and Blm are arbitrary constants, jl ( kr ) and nl ( kr ) are the

spherical Bessel functions of the first and second kind corresponding to
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standing waves124. p}m(cose) is the Associated Legendre function of the first

kind 125. Its second kind Q}m(cose) is not used because of its divergency in the

range of -1 < cos e < +1 . On the other hand, its end points 0 = 00 or 1800

are not included in Q}m ( cos e ). These made the second kind of associated

Legendre function is usefuless when dealing with our problems.

The electric wave and magnetic wave scalar potentials for the incident

fields ( designated by the subscript i ) and scattered field ( designated by the

subscript s ) are now expressed in a form consistent with equation (3.33). For

the incident field,

00

rIIi=~ ~ A.pmr jp(kr) P:(cosO)ejm<b
pm=O

(3.34)

and

* 00 .
rIIi =2: 2: Bqn r jq(kr) P:( cosO)eJnd>

qn=O
(3.35)

where the n}(kr) functions have been excluded since this function is

unbounded at the origin and the incident field should be describable every-

where, including the origin. For the scattered field,

00

rIIs= ~ ~ ~m r h~2)(kr)P:( cose)ejmd>
pm=O

(3.36)
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* 00

riis = 2: 2: bqn r h~2)(kr) P:( cosO)ejn<J>
qn=O

(3.37)

where h~2)(kr) or h~2) (kr) are the spherical Hankel function chosen because

their functions126, in the limit of large r, correspond to outward traveling

waves, appropriate for the scattered field.

Substituting equations (3.34) -- (3.37) into (3.25) -- (3.30) provides

expressions of the incident and scattered electromagnetic fields. For brevity,

only the expressions for the electric field components are given here. The

magnetic field components are given in Appendix B.

According to equations (3.25) -- (3.27), here we still like to express the

electric field ( both incident and scattered fields) as their three components (
*

r, 8 , <1». Substituting II and II into equations (3.25), (3.26) and (3.27), after

simplifying, we get the incident and scattered electric fields, expressed in

terms of the spherical Bessel function127,128 jp(kr) or jq(kr) and Associated

Legendre function P:(cos8) or P:(cosO) , as follows129,130:

The incident electric fields:

(3.38)
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(3.39)

and

(3.40)

The scattered electric fields:

(3.42)

and

(3.43)
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where the superscript prime refers to the derivative of the function with

respect to its argument.

The coefficients that describe the scattered field, 3.pm and bqn , can be

related to the coefficients that describe the incident field, Apm and Bqn , by

application of the boundary conditions on the surface of the cone and its

spherical tip.

In Appendix C, we are going to prove that the expanded incident field in

Harmonic expression in spherical coordinate is as same as its in Cartesian

coordinate system, Le., equations (3.38) - (3.40) identify with (3.1) - (3.3) and

the final solution which satisfying the boundary conditions is also verified.

3.3 Boundary Conditions

On the surface of the cone ( See Fig 1.4 ), 9=90 and at the surface of the

spherical tip, r = a . The boundary conditions are that the tangential electri-

cal fields must be zero on these surfaces. This can be written in terms of the

Hertz Potential as: 6,130

n19=90=0 (3.44)
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an*
as I9=90=0

(3.45)

(3.46)

*
n Ir=a=O (3.47)

Note that nand n* here are the sum of the incident fields and the scattered

fields. i.e.,

Using equations (3.34) and (3.36) to substitute into one of the boundary con-

ditions, i.e., into equation (3.46), results in,

(3.50)

Using the orthogonality relations, we know that

n=ni+ns (3.48)

and

n*=n.* +n* (3.49)1 s
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21T

Jejm<l>ejm'd>d<l>=2'1T8m,m'
o

(3.51)

where the 8 function is defined as:

{

1 if i=j

8i,j= 0 if i=1=j
(3.52)

and for the non-integer degree associated Legendre Function, we have119:

Multiplying through by ejm'<I>and P~(cos8) in equation (3.50) and integrating,

and using the orthogonality conditions, we get:

so that,

Apm[akj~(ka)+ jp(ka )]

~m=- akh~2)' (ka)+h~2)(ka)
(3.55)

Now, using equation (3.44), we have 131,132

~ i [~mjp(kr)+apmh~2)(kr) ]p :(cos8o)ejm<l>=0 (3.56)
pm=O
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from which we conclude that

(3.57)

From this equation, we understand that there is a series of values of p

depending on m which make (3.57) is true. Using a computer program, we get

the calculated results in Table 3.1. The p's a.re the noninteger degrep.s which

made the Associated Legendre function P:( cos(0) = 0, the m's are the

integer orders and the k's mean the kth root of equation (3.57) in assending

order of the value of p. The detailed computing process is explained in

Appendix D.

In Fig 3.1, the zero points are shown for m=O, m=l and m=2. This

graph verifies our p's which make p:(coseo) = O. Fig 3.2 shows the zero

points of P~(cos80) for 80 = 20°, 40°, 180° . Using the same procedure, if

we use equations (3.35) and (3.37) to substitute into the other boundary con-

dition, i.e., into equation (3.47), that yields:

L ~ [Bqnjq(kr)+bqnh~2)(kr)] P:(cos8)ejn<b Ir=a=O
qn=O

(3.58)

the orthogonality conditions are given by

(3.59)
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Table 3.1

Values of p and m Satisfying P:(coe13S0)= 0

k 1 2 3 4 5 6 7 8

m=O

p 0.495 1.71 3.12 4.40 5.79 7.09 8.48 9.75

m=1

p 1.21 2.49 3.88 5.10 6.48 7.78 9.19 10.45

m=2

p 2.09 3.31 4.65 5.90 7.23 8.55 9.89 11.19

m=3

p 3.09 4.14 5.49 6.74 8.00 9.30 10.63 11.95

m=4

p 5.09 6.30 7.52 8.83 10.09 11.47 12.78 14.06

m=5

p 6.01 7.23 8.40 9.70 10.09 12.23 13.57

m=6

p 7.08 8.23 9.34 10.59 11.82 13.10

m=7

p 8.00 9.15 10.25 11.45 12.69 13.93

m=8

p 8.99 10.09 11.18 12.35 13.55 14.80
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Table 3.2

Zeros of P ~k ( cos eo ) from eo = 200 to 1800 with step 200

k 20 40 60 80 100 120 140 160 180

1 10.49 5.90 3.60 2.30 1.77 1.42 1.20 1.05 1.00

2 19.60 11.10 6.82 4.55 3.56 2.90 2.45 2.14 2.00

3 28.65 15.18 9.53 6.81 5.36 4.40 3.72 3.24 3.00

4 37.67 19.91 13.03 9.06 7.15 5.89 5.00 4.35 4.00

5 46.69 24.35 15.24 11.38 8.95 7.39 6.28 5.46 5.00

6 55.65 30.79 18.24 13.56 10.55 8.89 7.57 6.58 6.00

7 64.72 36.71 22.94 17.56 13.55 10.38 8.84 7.70 7.00

8 82.71 41.51 25.04 19.51 14.35 11.98 10.12 8.82 8.00

9 91.72 46.81 28.56 22.81 16.15 13.38 11.41 9.94 9.00

10 100.72 51.00 31.94 24.61 17.95 14.88 12.69 11.06 10.00
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and equation (3.51). Multiplying through by p~(cose) and ejn'<!>in equation

(3.58), using the orthogonality relations (3.51) and (3.53) again, equation

(3.58) becomes:

(3.60)

and

(3.61)

The final boundary condition we have not used is equation (3.55), it is:

an*
as I9=90=0 (3.62)

Using that in equation (3.58), we can get:

(3.63)

which requires that132

(3.64)
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It can be used to determine the allowable values of q.

Using the program we also can get a series of values of q depending on n

which make (3.64) true. Some values of q and n are listed in Table 3.3. The

q's are the non integer degrees which made the derivative of the Associated

Legendre functions zero when 8=eo . The n's are the integral orders and the

k's are the nth root of equation (3.64) in assending order of the value of q.

The detail computing process is explained in Appendix E.

In Fig 3.3, the zero points are showed for m=l and m=2. This graph

dP D(coseo)

verifies our q's which make q de = o.

In accordance with the above discussion, we would like to write the total

electrical Hertz Potential and magnetic Hertz Potential in following forms:

rll=L ~ [ApkJm r jpk(kr) + ~k,m r h~~)(kr) ] P::(cose)ejm<l>
km=O

(3.65)

and

(3.66)

where ~k,m and b~,D are given by equations (3.55) and (3.61) and Apk,m and

B~,D will be obtained from the incident fields as discussed below.
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Table 3.3

dP:( cos135o)
Values of q and n Satisfying de = 0

k 1 2 3 4 5 6 7 8

n=O

q 1.20 2.55 3.81 5.20 6.48 7.88 9.11 10.45

n=l

q 1.91 3.20 4.53 5.88 7.20 8.52 9.80 11.21

n=2

q 2.80 4.05 5.31 6.61 7.90 9.19 10.55 11.89

n=3

q 3.82 4.95 6.21 7.46 8.70 10.01 11.30 12.65

n=4

q 4.80 5.85 7.00 8.30 9.48 10.85 12.10 13.40

n=5

q 5.85 6.87 7.90 9.13 10.35 11.60 12.88 13.90

n=6

q 6.82 7.80 8.85 10.08 11.20 12.47 13.70

n=7

q 7.90 8.84 9.87 10.96 12.08 13.34 14.48

n=8

q 8.92 9.90 10.80 11.90 13.00 14.25
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Figure 3.3 The zero points of derivative associated Legendre functions
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3.4 Incident Field Expansion Coefficients

3.4.1 x Polarized Field

The final step of this chapter is to determine the coefficients Apk,m and

B<1k,nthat describe the incident electromagnetic field. This can be done by

expanding the incident field into a series of spherical harmonics at r = a.

Equation (3.17a) can be written as:

Ei,r( a,e ,<1>)=( sinecos<l> - 2~X sinesin<l> )Ei,x( a,S ,<1>)
(3.67)

This function of e and <I>only can be expanded in a series of spherical har-

monics133 Le.,

Ei,r( a,e ,<1>)= ~ ~ epk,mP ;:( cosS) ejm<l>
km=O

(3.68)

Using the orthogonality principle, multiplying it through by ejm<l>and

P;:( cose) and integrating, we get134,135:

21T90

f fEi,r(a,O,<I»P;:( cose)ejm<l>sinOdOd<l>=
o 0

21TsinSo

I

ap;:( cosSo) ap ~(cosOo)

]E1>k,m 2Pk+1 ao ap
(3.69)



so that

2'IT9o

f fEi,r( a, e,<t> )P ;:( cose )e.im<l>sin ad ed<t>
o 0
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(3.70)

Now evaluating equation (3.38) at r = a and using equation (3.68) shows

that:

so that

and

Substituting equation (3.70) into (3.73), leads to136,137

(3.71)

(3.72)

(3.73)
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f fEi,r(a,e,<I»P ~(cose)eJm<bsineded<f>
o 0
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(3.74)

A similar procedure can be used for the magnetic field of laser beam.

From equation (3.17b) the incident magnetic field in radial direction is:

(3.7.5)

We can expand the function of e and <I>in a series of spherical harmonics as:

Hi,r(a,e,<f> )=LLe<1k,nP~( cose)eJn<P
k n

and it follows that

2'11"90

f fHi,r(a,e,<I»P ~(cose)ejn<l>sinedOd<f>
o 0

(3.76)

(3.77)

All of the unknown coefficients in the series expansions for the field are

now known in terms of the incident laser beam fields.
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3.4.2 z Polarized Field

Equations (3.18a) and (3.18b) give the expansion for the z polarized elec-

tric and magnetic fields. Their radial components are:

(3.78)

(3.79)

Using equation (3.78) and (3.79) in (3.74) and (3.77), the incident field

coefficients can be evaluated.

In summary, the .Apk,m and B<lk,ncoefficients that describe the incident

laser field are generated by computing the surface integrals of equations (3.74)

and (3.77). Equations (3.55) and (3.61) are then used to determine the

coefficients B.pkmand b<lknthat respectively describe the sca.ttered fields138.

Finally, equations (3.38) and (3.43) are then used to evaluated the electrical

field distribution. The magnetic field distribution can be evaluated using the

equations presented in Appendix B. In the next section, a numerical example

will be presented.



CHAPTER 4. NUMERICAL APPROACH

4.1 The Coefficients of Incident and Scattered Laser Field

In order to numerically evaluate the field distributions, the computer

programs have been written incorporating the aforementioned theory of the

incident laser beam fields , the scattered fields and the whole field distribu-

tions. The required Bessel functions have been evaluated using the recursion

technique presented by Ross138 et at. and the required spherical harmonic

functions are evaluated using derived recursion formulas based on the associ-

ated Legendre function recursion relationships presented by Press139 et al.

The surface integrals of equations (3.74), (3.77), (3.80) and (3.81) are deter-

mined using standard numerical integration procedures contained in the

Numerical Algorithm Group (NAG) library. The assumed known incident

laser field components are provided by a subroutine independent from the

main computer program. In this way, the same main computer program could

be used for different incident electromagnetic fields.

The expressions for the coefficients Apm and Bqn which describe the

incident laser field were developed in part III. Here we will evaluate them. For

convenience, they are repeated here.

- 44 -
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21T60

f fEi,r( a,e,<I»P;:( cose )ejm<!>sineded<l>
o 0

(4.1)

21T60

f fHi,r(a,e,<I»P ~k(cose)ejn<bsineded<l>
o 0

(4.2)

These equations are suitable for both x polarized and z polarized. As

long as the incident fields Ei,r(a,e,<I» and Hi,r(a,e,<I» correspond to the x polar-

(lP;:( coseo) ap;:( coseo)
ized or z case. The detail calculation of in equation

ae ap

ap:" (cos6o) ap:" (cos6o)
(4.1) and in equation (4.2) are shown in Appendix E.

a6 (lq

Once the incident field coefficients have been calculated, the scattered

field coefficients will be calculated from

(4.3)
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and

(4.4)

In this chapter, We are going to discuss the z polarized and x polarized

field distributions separately in sections 4.2 and 4.3 .

4.2 z Polarized Field Distribution

A reasonable approximation to the entire series solution is to take just

enough p~ s and ~ s to get a reasonable values of the accurate incident laser

field coefficients Apkm , B~n and scattered laser field coefficients 8.pkm and bqkn

All parameters we used for coefficients computation is listed in Table 4.0.

In Table 4.1 and 4.2, we have listed the first four coefficients of the z

polarized incident electric and magnetic fields which corresponding to their

p's and m's. In Table 4.3 and Table 4.4 , the scattered coefficients are listed,

respectively. Since the coefficients are complex so that we write their real

parts and imaginary parts separately. Using the equations (4.3) and (4.4), we

can calculate the scattered coefficients 8.pkm and bqkn . They are listed in

Table 4.3 and Table 4.4 .
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Laser Beam
~

Cone

Table 4.0

Parameters Used in Numerical Evaluation

the half angle of the cone 0: = 45°

the diameter of the sphere a = 0.02 micron

the wavelength of the laser beam A = 0.5 micron

the waist of the focused laser beam 000= 2 micron

- 47 -
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Table 4.1

Electric Field Coefficients of Incident Laser Beam Apm

( z Polarization )

k 1 2 3 4

p!(m=O) 0.495 1.i1 3.12 4.40

Apm(real) -0.8294d-02 -0.2477d-03 -0.7048d-05 -0.5777d-06

Apm(imag.) -0.1132d +03 -0.3379d+01 -0.9615d-01 -0.7882d-02

p!(m=1) 1.21 2.49 3.88 5.10

Apm(real) -0.6434d-02 0.16i3d-02 0.2947d-04 0.371Od-06

Apm( imag. ) 0.2090d+09 -0.5440d+08 -0.9583d+06 -0.1205d+05

p!(m=2) 2.09 3.31 4.65 5.90

Apm( real) -0.7098d-01 -0.3349d-01 -0.4338d-03 0.9389d-05

Apm(imag. ) 0.6211d+08 0.2930d+08 0.3798d+06 -0.8206d +04

p!(m=3) 3.09 4.14 5.49 6.74

Apm(real) -0.1327d+00 -0.1143d+00 -0.1843d-03 0.5030d-04

Apm(imag.) 0.2269d+07 0.1955d+07 0.3151d+04 -0.8601d+03
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Table 4.1 continued

p/(m=4) 5.09 6.30 7.52 8.83

Apm( real) -0.5585d+00 -0.28iOd-01 -0.4701d-02 -0.2i92d-03

Apm(imag.) 0.1069d+06 0.5494d+04 0.8995d+03 0.5342d+02

p/(m=5) 6.01 7.23 8.40 9.70

Apm(real) -0.3218d+05 -0.9007d+03 -0.1778d+03 -0.5690d+01

Apm(imag.) 0.1495d+05 0.4429d +03 0.8i42d+02 0.2798d+Ol

p/(m=6) 7.08 8.23 9.34 10.59

Apm(real) -0.1068d+05 0.9042d+02 -0.7568d+01 -0.2333d+01

Apm(imag.) -0.3999d+05 0.3385d+03 -0.2833d+02 -0.8i33d+01

p/(m=i) 8.00 9.15 10.25 11.45

Apm( real) -0.2276d+04 -0.1853d+03 0.1365d+03 -0.3446d+01

Apm(imag. ) 0.1011d+04 0.8232d+02 -0.2361d+02 0.5959d +00

p/(m=8) 8.99 10.09 11.18 12.35

Apm(real) 0.1117d+03 0.1163d+02 0.65iid+Ol 0.1450d+00

Apm(imag. ) 0.1823d+03 O.1899d+02 O.1074d+02 O.236id+00
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Table 4.2

Magnetic Field Coefficients of Incident Laser Beam Bqn

( z Polarization )

k 1 2 3 4

q/(n=O) 1.20 2.55 3.81 5.20

Bqn(real) 0.1880d+04 -0.2766d+02 0.5175d+01 -0.3624d-02

Bqn(imag.) -0.1064d+ll 0.1565d+09 -0.2928d+08 0.2050d +05

qj(n=l) 1.91 3.20 4.53 5.88

Bqn(real) 0.4626d+00 0.1113d-01 0.1611d-02 0.2511d-03

Bqn(imag.) -0.12i7d+08 -0.30i5d+06 -0.4449d+05 -0.6933d +04

qj(n=2) 2.80 4.05 5.31 6.61

Bqn(real) 0.100ld+04 0.1171d+03 0.1539d+02 0.4255d+00

Bqn(imag.) -0.4322d+06 -0.5054d+05 -0.6642d+04 -0.1836d+03

qj(n=3) 3.82 4.95 6.21 7.46

Bqn(rea)) 0.4288d+04 0.2358d+03 -0.4851d+02 -0.1444d+Ol

Bqn(imag.) O.7654d +05 0.4210d+04 -0.8659d +03 -O.257id+02
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Table 4.2 continued

qj(n=4) 4.80 5.85 7.00 8.30

Bqn(real) 0.1249d+03 -0.3890d+Ol -0.1600d+Ol -0.5348d+00

Bqn(imag.) 0.1211d+04 -0.37i3d +02 -0.5186d+Ol -0.2306d+00

qj(n=5 ) 5.85 6.8i 7.90 9.13

Bqn(real) -0,4569d+04 -0.1603d+03 0,4919d+02 -0.2485d+Ol

Bqn(imag. ) -0,4892d+02 -0.1712d+Ol 0.5262d+00 -0.2661d-Ol

qj(n=6) 6.82 7.80 8.85 10.08

Bqn(real) -0.1015d+04 0.8900d+02 0.7715d+Ol 0.19i5d+00

Bqn(imag. ) 0.5583d+Ol -0,48i3d+00 -0,423i d-Ol -0.1086d-02

qj(n=i) 7.90 8.84 9.8i 10.96

Bqn(real) 0.1316d+05 0.868id+02 -0.824id+Ol -0.2318d+00

Bqn(imag.) 0.3946d+02 0.2589d +00 -0.2462d-Ol -0.6964d-03

qj(n=8) 8.92 9.90 10.80 11.90

Bqn(real) -0.1762d+04 0.5393d+03 0.9235d+01 -0.3520d"T"lJ1

Bqn(imag.) 0.2992d+Ol -0.9160d+00 -0.156id-Ol 0.5974d-02
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Table 4.3

Electric Field Coefficients of Scattered Laser Beam 3.pm

( z- Polarization)

k 1 2 3 4

p/(m=O) 0.495 1.71 3.12 4.40

apm(real) 0.2991d-05 0.1526d-05 0.2013d-07 0.1582d-10

apm(imag. ) 0.1837d-09 -0.1262d-09 -0.1475d-ll -0.1l60d-14

p/(m=l) 1.21 2.49 3.88 5.10

apm(real) -0.7065d+01 0.3597d-01 0.6028d-03 -0.6750d-07

apm(imag. ) 0.4140d-02 0.1351d-08 0.2522d-13 -0.2078d-17

p/(m=2) 2.09 3.31 4.65 5.90

apm(real) 0.4318d-01 -0.4990d-03 -0.1024d-05 -0.7253d-11

apm(imag.) 0.2272d-06 -0.1226d-ll -0.1l70d-14 -0.8289d-20

p/(m=3) 3.09 4.14 5.49 6.74

apm(real) 0.6531d-05 -0.4000d-08 -0.2288d-1O -0.2062d-15

apm(imag. ) 0.4315d-12 -0.2340d-15 -0.1338d-17 -0.1206d-22
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Table 4.3 continued

p/(m=4) 5.09 6.30 7.52 8.83

apm(real) -0.1883d-13 -0.5683d-17 -0.3571d-21 -0.1984d-2.5

apm(imag.) -0.9850d-19 -0.2970d-22 -0.1866d-28 O.Od+00

p/(m=5) 6.01 7.23 8.40 9.70

apm(real) -0.2.538d-18 -0.9050d-22 -0.5683d-27 O.Od+OO

apm(imag.) -0.5163d-18 -0.1841d-21 -0. 11.56d-27 O.Od+OO

p/(m=6) 7.08 8.23 9.34 10.59

apm(real) 0.3750d-22 0.1917d-29 O.Od+OO O.Od+00

apm(imag.) -0.1002d-22 -0..5122d-30 O.Od+OO O.Od+OO

p/(m=7) 8.00 9.15 10.25 11.45

apm(real) -0.3782d-29 O.Od+OO O.Od+OO O.Od+OO

apm(imag. ) -0.2187d-30 O.Od+00 O.Od+00 O.Od+OO

p/(m=8) 8.99 10.09 11.18 12.35

apm(real) O.Od+00 O.Od+OO O.Od+OO O.Od+OO

apm(imag. ) O.Od+OO O.Od+OO O.Od+OO O.Od+OO
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Table 4.4

Magnetic Field Coefficients of Scattered Laser Beam bqn

( z Polarization)

k 1 2 3 4

q/(n=O) 1.20 2.55 3.81 5.20

bqn(real) -0.3736d+01 0.3195d+00 -0.6175d-04 0.2217d-07

bqn(imag.) -0.6815d-03 0.5996d-07 -0.1091d-lO 0.3919d-14

q/(n=1) 1.91 3.20 4.53 5.88

bqn(real) 0.9279d-02 0.9676d-05 0.2469d-09 0.53i3d-13

bqn(imag.) 0.12i6d-07 0.1004d-12 0.8942d-17 0.1946d-20

qj(n=2) 2.80 4.05 5.31 6.61

bqn(real) 0.2832d-06 0.3406d-09 0.3901d-13 0.1978d-17

bqn(imag. ) 0.6561d-09 0.7891d-12 0.9039d-16 0.4582d-20

q/(n=3) 3.82 4.95 6.21 7.46

bqn( real) 0.9344d-ll 0.169id-13 -0.8263d-18 -0.1028d-21

bqn(imag. ) -0.5234d-12 -0.9509d-15 0.4629d-19 O.5757d-23
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Table 4.4 continued

--

q/(n=4) 4.80 5.85 7.00 8.30

bqn(real) 0.1715d-16 0.2878d-19 0.4234d-23 -0.4387d-2i

bqn(imag.) 0.1191d-15 -0.2968d-20 -0.4366d-24 0.4524d-28

q/(n=5) 5.85 6.87 7.90 9.13

bqn(real) 0.1476d-21 -0.2042d-24 0.3171d-29 O.Od+OO

bqn(imag. ) -0.1379d-19 0.1909d-22 -0.2968d-27 O.Od+OO

q/(n=6) 6.82 7.80 8.85 10.08

bqn(real) 0.6785d-27 0.7361d-32 O.Od+OO O.Od+OO

bqn(imag.) 0.1234d-25 0.5i19d-29 O.Od+OO O.Od+OO

q/(n=7) 7.90 8.84 9.87 10.96

bqn(real) 0.4871d-30 O.Od+OO O.Od+OO O.Od+00

bqn(imag. ) 0.8572d-29 O.Od+OO O.Od+OO O.Od+OO

q/(n=8) 8.92 9.90 10.80 11.90

bqn(real) O.Od+oo O.Od+00 O.Od+00 O.Od+OO

bqn(imag. ) O.Od+00 O.Od+00 O.Od+oo O.Od+00 .
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Now, using all coefficients in Table 4.1, 4.2, 4.3 and 4.4, substituting

them into equations (3.38) -- (3.43) and expansion them depending on the

coefficients, Le.,

(4.5)

(4.6)

So the total electric field in the ro direction is:

Using the same procedure, we get the total electric field in the 90 direction as:
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(4.8)

and in <f,odirection:
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(4.9)

The total electric field then is given by:

(4.10)

and its magnitude is:

(4.11)

The problem that we are most interested in is how the incident field is

enhanced by the tip of the cone. Since the field is z polarized, we expect the

enhancement to be maximum in the z direction, this leads us to make the
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approximation 9-+0 before computing the fields Er , Eij and Ed>. Figure 4.1a

through 4.1d show the ratio of the magnitude of the total electric field to the

magnitude of the incident electric field as a function of the ra.dial distance r.

AB expected, the electric field is enhanced by a factor of about 14 on the sur-

face of the sphere ( radius = 0.01 micron ). As the radial distance increases,

the enhancement rapidly decreases to unit.y.



- 60-

150

30

"'- ... u.....__

0.0
000 O.Ot 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 O.to

.,. ( micTo )

Figure 4.1(a) z polarized field distribution along +x axis

12.0
-c
i

90...

...
.,-c-

60



- 61 -

15.0

12.0

9.0

*

6.0

3.0

*
**
~
** * * * *

0.0
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

r ( micron ,

Figure 4.1(b) z polarized field distribution along +y axis

( 6 = 90° , <I>= 90° )



- 62 -

15.0

12.0

.
~ L- *~ L- .

~ 9.0.~
~

::s t *C3
.....
o

.....

~ 6.0

3.0

*.*
*
~ "'" -""'.""'-.""'- ""'-."".""""" "".".........."'JIE ""' 7I"'."' ~ '" r;:

0.0
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

T ( micron ,

Figure 4.1(c) z polarized field distribution along +x axis

( 9 = 90° , <f>= 0° )



'5.0

- 63 -

0.0
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

30

....--.-....---................-..........................................................-

r ( micro J

Figure 4.1(d) z polarized field distribution along -y axis

( e = 900 , ~ = 2700 )

12.0

...

9.0...

-
tI...
0...

6.0



- 64 -

Another method to study the distribution of the laser field around the

spherical tip of the cone is to compute the fields for various as a function of e

on the surface of the spherical tip. The radius used is r = 0.01 ~ m, The

values of <I>used were 0° , 90° , 180°and 270° and e ranged from 0° to where

the surface of the cone and the spherical tip intersect at e = 1350 . Figure 4.2

shows the Etotal versus e for the different <I>'s. It can be seen that when the e

is close to 135° , the field has an unusual manifestation bump at about e =

60°. This may be caused by a standing wave generated by the intersection of

the spherical tip and cone. It is observed that there is not much difference

between the results fro different <I>'s. This is expected because of the small

size of the spherical tip. The total laser power used for the incident beam was

10 ~ W.
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Finally, we would like to study the relation between Etotal and <f>. Figure

4.3 (a) shows Etotal versus <f>. For more clearity, the data shown in Figure

4.3 was redrawn in polar coordinates using <f>as the polar angle and Etotal as

the radial size in Figure 4.3 (b) .
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Figure 4.3(b) z polarized field distribution in polar coordinate

( <f>from 00 to 3600 and e = 900 )
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4.3 x Polarized Field Distribution

This section repeats for the x polarized incident laser beam case. The

work done in the previous section for the z polarized case. All the coefficients

for the incident and scattered fields were computed and are listed in Table

4.5, 4.6, 4.7 and 4.8. They were then used to generate the electric field pa.t-

terns shown in Figures 4.4 - 4.6 . The results for the x polarization are quite

similar to those for the z polarization though the enhancement appears to be

greater for the x polarization. The tip radius was again chosen to be 0.01

micron.
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Table 4.5

Electric Field Coefficients of Incident Laser Beam Apm

( x Polarization )

k 1 2 3 4

p/(m=O) 0.495 1.71 3.12 4.40

Apm(real) -0.2027d-Ol -0.6054d-03 -0.1723d-04 -0.1412d-05

Apm(imag. ) -0.6817d+02 -9.2036d+01 -0.5792d-Ol -0.4748d-02

p/(m=l) 1.21 2.49 3.88 5.10

Apm(real) -0.5686d-02 0.1479d-02 0.2605d-04 0.3279d-06

Apm(imag.) 0.1838d+09 -0.4784d+08 -0.8428d+06 -0.1060d+05

p/(m=2) 2.09 3.31 4.65 5.90

Apm(real) -0.3105d-Ol -0.6582d-0l -0.4022d-03 0.8697d-05

Apm(imag.) 0.2680d +08 0.5681d+08 0.3474d+06 -0.7505d+04

p/(m=3) 3.09 4.14 5.49 6.74

Apm(real) -0.5130d-Ol -0.5951d-Ol -O.8270d-03 0.2256d-03

Apm(imag. ) 0.1819d+07 0.2111d+07 0.2932d+04 -O.8003d+03
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Table 4.5 continued

p/(m=4) 5.09 6.30 7.52 8.83

Apm(real) -0.1453d+01 -0.7470d-01 -0.1223d-01 -O.7264d-03

Apm(imag.) 0.1003d+06 0.5153d+04 0.8437d+03 0.5010d+02

p/(m=5 ) 6.01 7.23 8.40 9.70

Apm( real) -0.3011d+05 -0.8017d+03 -0.1583d+03 -0.5065d+01

Apm(imag. ) 0.1401d+05 0.4152d+03 0.8193d+02 0.2622d+Ol

p/(m=6) 7.08 8.23 9.34 10.59

Apm(real) -0.7231d+04 0.6120d+02 -0.5123d+01 -0.1579d+Ol

Apm(imag. ) -0.3771d+05 0.3192d+03 -0.2672d+02 -0.8235d+Ol

p/(m=7) 8.00 9.15 10.25 11.45

Apm(real) -0.2068d+04 -0.4365d+03 0.1252d+03 -0.3160d+Ol

Apm(imag. ) 0.9590d+03 0.7807d+02 -0.2239d+02 0.5651d+00

p/(m=8) 8.99 10.09 11.18 12.35

Apm(real) 0.6700d+02 0.6977d+Ol O.3847d+Ol O.8699d-0 1

Apm(imag.) O.1737d+03 0.1809d+02 O.1023d+02 0.2256d +00
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Table 4.6

Magnetic Field Coefficients of Incident Laser Beam Bqn

( x Polarization )

k 1 2 3 4

q/(n=O) 1.20 2.55 3.81 5.20

Bqn(real) -0.1064d+04 0.1566d+02 -0.2929d+01 0.2051 d-02

Bqn(imag.) 0.2258d+ll -0.3321d+09 0.6213d+08 -Oo4350d+0.)

q/(n=1) 1.91 3.20 4.53 5.88

Bqn(real) 0.5710d+OO 0.1375d-01 0.1989d-02 0.3100d-03

Bqn(imag.) 0.2257d+08 0.5434d+06 0.7863d+05 0.1255d+0.)

q/(n=2) 2.80 4.05 5.31 6.61

Bqn(real) -0.1762d+04 -0.2061d+03 -O.2709d+02 -0.7489d+00

Bqn(imag. ) 0.1373d+06 0.1606d+05 0.2110d+04 0.5834d+02

q/(n=3) 3.82 4.95 6.21 7046

Bqn(real) -O.7335d+04 -Oo4034d+03 O.8298d+02 0.2470d+Ol

Bqn(imag.) -O.5186d+04 -0.2852d+03 0.5867d+02 0.1749d+01
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Table 4.6 continued

qJ(n=4) 4.80 5.85 7.00 8.30

Bqn(real) -0.2270d+03 0.70i4d+01 0.9724d+00 0.4323d-Ol

Bqn(imag. ) -0.3280d +03 0.1022d+02 0.1406d+01 0.6246d-Ol

q/(n=5) 5.85 6.87 7.90 9.13

Bqn (real) 0.481Od+04 0.168id+03 -O.5178d+02 0.2616d+Ol

Bqn(imag.) 0.6806d+02 0.2387d+01 -0.7327d+OO 0.3703d-Ol

q/(n=6) 6.82 7.80 8.85 10.08

Bqn(real) 0.1016d+04 -0.8910d+02 -0.7723d+01 -0.19i7d+OO

Bqn(imag.) -0.8840d+01 0.7752d+00 0.6i19d-01 0.172id-02

qJ(n=i) 7.90 8.84 9.8i 10.96

Bqn (real) -O.1339d+05 -0.8837d+02 O.8390d+01 0.2358d+00

Bqn(imag. ) -O.6173d+02 -0.4059d+OO 0.3874d-01 0.1089d-02

qJ(n=8) 8.92 9.90 10.80 11.90

Bqn(real) 0.1833d+04 -0.9604d+01 0.3661d+Ol -0.6217 d-O1

Bqn(imag. ) -0.4644d+Ol 0.2430d-Ol -O.9262d-02 0.1579d-03
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Table 4.7

Electric Field Coefficients of Scattered Laser Beam ILpm

( x Polarization )

k 1 2 3 4

p/(m=O) 0.495 1.i1 3.12 4.40

apm(real) 0.1801d-05 0.9195d-06 0.1213d-Oi 0.9530d-11

apm(imag.) -0.4797d-09 -0.9540d-10 -0.3606d-ll -0.2835d-14

p/(m=1 ) 1.21 2.49 3.88 5.10

apm(real) -0.6213d+01 0.3163d-01 0.5301d-03 -0.5936d-07

apm(imag. ) 0.3641d-02 0.1l88d-08 0.2226d-13 -0.183id-17

p/(m=2) 2.09 3.31 4.65 5.90

apm( real) 0.3949d-01 -0.4564d-03 -0.9362d-06 -0.6634d-11

apm(imag.) 0.2078d-06 -0.1l28d-ll -0.1085d-14 -0.7686d-20

p/(m=3) 3.09 4.14 5.49 6.74

apm( real) O.60i7d-05 -0.3722d-08 -0.2129d-1O -O.1918d-15

apm(imag. ) O.2175d-12 -O.1050d-15 -O.6000d-18 -0.5411d-23
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Table 4.7 continued

p/(m=4) 5.09 6.30 7.52 8.83

apm(real) -0.1768d-13 -0.5330d-17 -0.3349d-21 -O.1861d-25

apm(imag. ) -0.2563d-18 -0.7727d-22 -0.4855d-26 O.Od+OO

p/(m=5) 6.01 7.23 8.40 9.70

apm(real) -0.2379d-18 -0.8482d-22 -0.5327d-26 O.Od+OO

apm(imag.) -0.4595d-18 -0.1638d-21 -0.1029d-25 O.Od+OO

p/(m=6) 7.08 8.23 9.34 10.59

apm(real) 0.3536d-22 0.1808d-26 0.5032d-30 O.Od+00

apm(imag.) -0.6781d-23 -0.3476d-27 -0.1025d-31 O.Od+00

p/(m=i) 8.00 9.15 10.25 11.45

apm(real) -0.358i d-27 -0.2543d-32 O.Od+OO O.Od+OO

apm(imag.) -0.3006d-23 -0.7825d-28 O.Od+00 O.Od+OO

p/(m=8) 8.99 10.09 11.18 12.35

apm(real) 0.2503d-28 O.Od+00 O.Od+00 O.Od+00

apm(imag.) O.2129d-29 O.Od+00 O.Od+00 O.Od+oo
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Table 4.8

Magnetic Field Coefficients of Scattered Laser Beam bqn

( x Polarization )

k 1 2 3 4

q/(n=O) 1.20 2.55 3.81 5.20

bqn(real) 0.7928d+Ol -0.6i80d+OO 0.1310d-03 -0.4705d-07

bqn(imag.) 0.1445d-02 -0.3936d-07 0.6177d-ll -0.2218d-14

q/(n=l) 1.91 3.20 4.53 5.88-

bqn(real) -0.1640d-Ol -O.4894d-05 -0.4364d-09 -0.9496d-13

bqn(imag.) -0.2154d-07 0.1234d-12 0.1104d-16 0.2402d-20

q/(n=2) 2.80 4.05 5.31 6.61

bqn(real) -0.8996d-07 -0.1082d-09 -0.1239d-13 -0.6283d-18

bqn(imag.) -0. 1155d-08 -0.1389d-11 -0.1591d-15 -0.8065d-20

q/(n=3) 3.82 4.95 6.21 7.46

bqn(real) -O.6331d-12 -0.ll50d-14 O.5599d-19 0.6963d-23

bqn(imag. ) O.8955d-12 O.1627d-14 -0.7918d-19 -O.9849d-23
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q/(n=4) 4.80 5.85 7.00 8.30

bqn(real) -0.4647d-17 -0.7802d-20 -0.1147d-23 0.1188d-27

bqn(imag.) 0.3216d-17 0.5369d-20 0.7938d-24 -0.8225d-28

q/(n=5 ) 5.85 6.87 7.90 9.13

bqn (real) -0.2055d-21 0.2843d-24 -0.4420d-28 O.Od+OO

bqn(imag. ) 0.1452d-19 -0.2009d-22 0.3124d-26 O.Od+00

q/(n=6) 6.82 7.80 8.85 10.08

bqn(real) -0.1075d-26 -0.2589d-30 O.Od+00 O.Od+00

bqn(imag. ) -0.1235d-24 -0.3802d-29 O.Od+oo O.Od+oo

q/(n=7) 7.90 8.84 9.87 10.96

bqn(real) 0.3759d-29 O.Od+00 O.Od+oo O.Od+OO

bqn(imag.) -0.2947d-28 O.Od+00 O.Od+00 O.Od+00

q/(n=8) 8.92 9.90 10.80 11.90

bqn (real) O.Od+OO O.Od+oo O.Od+oo O.Od+OO

bqn(imag.) O.Od+oo O.Od+00 O.Od+00 O.Od+OO
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Figure 4.5(a) x polarized field distribution along ff ( <f,=Oo )
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1.0

Figure 4.5(b) x polarized field distribution along A( $=90° )
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1.0

Figure 4.5(c) x polariz~d field distribution along 8 ( ct>=180o )
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Figure 4.5(d) x polarized field distribution along ij ( ct>=2iOo)
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4.4 Near and Far Field Approximations

In the work that follows, we are going to make the approximation that

kr < < 1 for the near field and kr > > 1 for the far field. We would like to

study the electric field enhancement on the spherical tip surface versus the tip

radius r and also the far field intensity pattern versus <f>for e = 90° .

When 6 = 90° , the associated Legendre function is:

1 1 1 1
2mCOS[-7T(p+m)]f(-p+-m+-)

p m(O)= 2 2 2 2
p ~;- 1 1

v 7Tf(-p--m+1)2 2

(4.12)

This will be used for both the near field and far field approximations.

4.4.1 Near Field Approximation

The spherical Bessel functions jp (kr) and hJ2) (kr) ha.ve their approxi-

mate formulae when kr < < 1. They are121:

(4.13)

h (2)=~+j (2p - 1 )!!(kr)-p-l
p (2p + 1)!!

(4.14)
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Using equations (4.12), (4.13) and (4.14), the field components (4.7), (4.8), and

(4.9), for lowest order, can be simp lied as:

(4.15)

(4.16)

(4.17)

where Ap , Bq , 8.pand bq can be taken from Table 4.5, 4.6, 4.7 and 4.8 using

the m = 0 values.

We next will find the electric field enhancement as a function of the

radius "a" of the spherical tip. Taking a from 0.0016 to 0.0080 micron, Le.,

kr = 1/50 to 1/10 and using equations (4.15) and (4.11), the electric field

enhancement was generated as shown in Figure 4.7 as a function of tip

radius. Only equation (4.15) is needed because Eo and E<bare zero on the SUf-

face of the sphere.
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4.4.2 Far Field Approximation

For kr > > 1,wecan take the spherical Bessel functions as121:

jp(kr)= !.. sin(kr _ PiT)kr 2 (4.18)

h (2)=-1- X

[
COS(kr- piT ) _ jsin(kr- piT )

]
p kr 2 2 (4.19)

These two formulae and equation (4.12) can be used to make approximation

in equations (4.7), (4.8) and (4.9) . Remember that we have the relation

between the field to intensity asU8:

CEO t1=- E.E
2 (4.20)

so we can get the intensity of the far field distributions.

We chose kr = 10, 50, 100, 1000 a.nd generated the plots of intensity I

versus polar angle <f>shown in Figures 4.8(a), (b), (c) and (d). For the smaller

values of kr, there is diffraction around the tip. However for larger values of

kr, the cone-sphere procedures a shadow. These results will be compared to

some experimental results in Chapter 5.
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4.5 A Simple Comparison

We would like to compare our results for the sphere tipped cone with the

results for a plane wave scattering from a sphere. Since for the sphere size is

small, we should get similar results.

It well known that an inddent plane electromagnetic wave can be

expressed as13:

(4.21)

We assume that the inddent field is z polarized and propagating along

the y axis. So in spherical coordinates, it is:

(4.22)

In Chapter 3, from equations (3.25) -- (3.30), we know that the com-

ponents of an electromagnetic field are related to the Hertz Potentials nand

*
n . Considering our small sphere, in spherical coordinates, if we choose the

origin to be at the center of the sphere, then nand n* can be expanded as:

For the incident field,

co

ni=~~Alm r Mkr)Plm(cosfl)ejmd>
1m

(4.2~)



* 00

llj =LLBlm r MKr)PIID(cose)ejm<l>
1m

For the scattered field,

00

lls=LLalm r hl2)(kr)Plm(cosO)ejIDd>
1m

* 00

TIs=LLblm r hl2)(kr)PIID(cosO)ejmd>
1m
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(4.24)

(4.25)

(4.26)

The boundary conditions require that the tangential components of the

electric field to be zero on the surface of the sphere140 so that

(4.27)

Substituting equations (4.23) -- (4.26) and use the boundary conditions in

equations (3.25) -- (3.30) in Chapter 3, we get the results for the field scat-

tered by a conducting sphere:

(4.28)

(4.29)
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(4.30)

Several coefficients were generated by numerical computation. They are

listed in Table 4.9 .

We can get the total field magnitude from (4.28) -..,(4.30) and using

(4.31)

Figure 4.9 shows the electric field enhancement versus r for both prob-

lems. Near the surface of the sphere, the field enhancement of the plane wave

is almost identical to that the focused laser beam, cone-sphere case. But in

the range of 0.1 I-Lm < r < 0.4 I-Lm , the results are somewhat different. Of

course far from the sphere or tip, the enhancement is unity for both prob-

lems. i.e., there is no enhancement.

Table4.9

Electric Field Coefficients of Plane Wave

( 1- Polarization)

1 A) &)

1 -o.2OGd+03 O.249d+04 O.478d-02 -o.289d+Ol

2 -o.527d+Ol -O.288d+02 O.958d-03 O.919d+OO

3 -o.285d+OO O.796d+Ol O.221d-03 -O.316d-Ol

4 -O.134d-Ol -O.135d+OO O.979d-04 O.516d-03
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Figure 4.10, shows the total electric field as a function of e for <I>= 0° .

The beam wave and plane wave cases show difference. The scat~ered plane

wave has some oscillations that the scattered beam wave does not.

In the far field, because the sphere is quite a bit smaller that the

wavelength, the plane wave result will not be effected by the sphere. However,

the cone is large with respect to the wavelength and the far field pattern for

the beam wave case will be strongly effected by the sphere tipped cone. Con-

sequently, the field pattern for the two cases are not comparable.
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Chapter 5. EXPERIMENTAL APPROACH

5.1 Introduction

Experimental work was done to measure the far field intensity distribu-

tion and compare it to the theory. A liquid metal ion source (LMIS) was used

to approximate the sphere tipped cone in our experiment. The experimental

set up and procedures which measure the far field pattern are explained in

detail. Finally, this chapter ends by showing the experimental results i.e., the

interaction between the incident laser and LMIS, which can be observed from

the distribution of the laser beam intensity in its far field pattern.

5.2 The Laser Optical System

An Argon laser, Coherent Innova 70, with wavelength of about 0.5 J.t.m

was used in the experiments. The optical alignment system for focusing the

laser beam into the tip is shown in Figure 5.1 . After passing through a small

aperture with the radius of 1.5 mm, the laser beam is then expa.nded up to 15

mm by a lOX beam expander. The collimated beam was then focused to a

final spot by an achromatic lens which was mounted on an XYZ optical

- 104-
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Figure 5.1 Optical alignment system of the laser beam
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positioner. The adjustable positioner allowed us to adjust the location of the

focused spot with respect to the tip position.

The spot size of a collimated Gaussian laser beam can be theoretically

estimated 85122

fA

Wo = 1T W
(5.17)

where the f is the focal length of the lens, w is the collimated radius ( e-2 ) of

the input laser beam and A is the wavelength of the laser beam as shown in

Figure 5.2. We assumed that the lens of diameter w which contains about 85

% of the focused energy and the edge of which the focttsed int.ensity is

already down to 1/ e2-:::;14 % of its peak value. Combining these criteria then

gives equation (5.17). In our experiment, using the traditional knife edge

method, 122 we measured the minimum spot size which was about 8 f.Lm .

This value is a little bigger than the theoretical value. The aberrations of the

lenses in the optical system is the main reason for the discrepancy.
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Figure 5.2 Focusing of a Gaussian beam to a small spot size
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5.3 The Mechanism of the Liquid Metal Ion Source (LMIS)

5.3.1 Taylor Cone Theory

The principles of operation of LMIS have been studied by several investi-

gators since 1960. The investigation subsequent to 1964 were all based upon

Taylor's work in which he considered whether a stable equilibrium could exist

for a liquid in an electric field. Taylor also concluded that the electrostatic

force fe can balance the surface tension fs on the liquid surface only when a

cone-shaped structure existed. The balance between the electric force and the

surface tension can be written as:

(
1 1

)
1 2

'Y - + - =-EoF'
rl r2 2

(5.18)

where 'Y is the surface tension of the liquid, rl and r2 the principle radii of

curvature, F the electric field strength and EOthe vacuum dielectric constant.

Taylor showed that equation (5.18) could be satisfied by an simple and well

known form electric potential as:

(5.19)
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where R is the radius vector in spherical polar coordinates, 9 is measured

from the axis of the cone and P 1/2(cosS) the Legendre function of order 1/2 .

This is satisfied for 9=130.70 which gives a half angle (Xof the cone equal to

49.30. This is illustrated in Figure 5.3 .

6.3.2 Gallium Liquid Metal Ion Source

The LMIS consists of a low volatility liquid metal film flowing to the

apex of a solid needle support structure whose apex radius is ::::: 1-5 micro29.

The application of an electric field of sufficient strength will deform the liquid

film on the needle apex into a conical protrusion as shown in Figure 5.4 for a

Bi LMIS that was solidified during operation and photographed in a SEM.

Our experiment, the material Tungsten was used for the needle and was

coated with a layer of Gallium. When the positive high voltage was applied to

the Tungsten, the ions of Gallium would flow to the tip and take the shape of

a cone. A13shown by Taylor18, the cone is stabilized by the static balance

between the surface tension and electrostatic forces when the cone half-angle

is 49.30 .



,.

Figure 5.3 The spherical polar coordinate used by Taylor to solve the

balance equation (5.18) to obtain the critical cone angle 49.30
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Figure 5.4 SEM photo of a "frozen" Bi Taylor cone
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The use of Focused Ion Beams (FIB) employing LMIS as a micromachin-

ing manufacturing tool has proved to be a very promising technique in

microfabrication. However, neither group has attempted to use a focused laser

beam to that micromachining process. Jousten, Holmes and Orloff141 demon-

strated that high frequency modulation of the emission source current of

LMIS can be achieved by focusing amplitude modulated laser beam onto the

very end of the LMIS tip apex. In preliminary experiments conducted by

them the laser beam was focused to a 10 micro spot size and the LMIS

response time was found to be 1.5 micro seconds. They also further theoreti-

cally predicted that, with a smaller laser spot size, a response time of the

LMIS as short as a few tens of nanosecond could be achievable.

Our LMIS was a commercially available Ga source from FEI company,

consisting of a tungsten needle substrate with diameter of 180 f.Lm, electro-

chemically etched to a paraboloidal shape of 35° half angle and ending with a

radius of 7 f.Lm, spot welded on a loop supporting the Ga-reservoir. The nee-

dIe was coated with Ga liquid metal which could be heated by direct ohmic

heating of the supporting wire. A 6 mm diameter extractor electrode was

located 1 mID in front of the emitter. By applying a potential of several kilo-

volts to the source relative to the extractor electrode, the liquid metal at the

needle apex will be distorted to form a Taylor cone and the Ga atoms will be

field evaporated from the source and ionized. In our experiment, a 7-8 kV
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high voltage was used which leads to a 5 J.LAemission current. Figure 5.5

shows the current versus voltage response for the LMIS.

There are two windows on the vacuum chamber ( See Figures 5.6 - 5.8 ):

one was made of a high quality optical glass which allowed the laser beam to

enter the chamber without distortion. Another let the laser beam to exit the

chamber after hitting the tip so that the tip shadow image could be observed

on a screen placed outside the chamber and t.he far field pattern can be meas-

ured. Figure 5.6 and 5.7 show the equipment that was used in the experi-

ment. Inside the chamber, a 10-8 torr vacuum pressure was achieved using an

ion pump. The detailed experimental set up will be discussed in the next sec-

tion.
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Figure 5.6 The vacuum system with high voltage 7-8 kV

I
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Figure 5.7 The output window where the image can be taken
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5.4 Experimental Setup

This section describes the experimental setup used for measuring the far

field intensity pattern of the laser focused onto the LMIS tip. Figure 5.8

shows the relevant equipment associated with the measurements. Using a co1-

limated laser beam and a focusing lens, the nXYZ Translation Stage n can be

adjusted to focus the laser beam onto the tip of the LMIS. The far field pat-

tern is then observed on the screen. The distance from the tip to the screen

satisfies the Fraunhofer condition Le.,

(5.25)

where d is the distance from the lasing aperture to the measurement plane

and a is the half width of the emitting aperture. For this experimental setup,

a is 10 J-Lm, the wavelength is 0.5 J-Lm and d was chosen from 300 to 500 mm

so the Fraunhofer condition is considered to be satisfied.
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.As shown in Figure 5.9, the far field is then imaged by a high sensitivity,

high resolution CCD camera ( Panasonic, AG400P ). This camera uses a 8.8

mm X 6.6 mm CCD solid state image sensor. No lenses were used to image

the far field. Meanwhile the image was recorded with a commercial video

cassette recorder (VCR). As seen in Figure 5.10, putting the video tape inside

the VCR ( Panasonic AG-6200 ), which is connected to a color video monitor

( Panasonic BT-S1900N, Television ) we. can frame grab the image on the

television screen which has a resolution of 600 x 480 pixels. A program is

then used on the computer to choose a partion of the far field pattern to be

stored. The program records the optical intensity over the window for each

pixel and stores the pixel number vs intensity in a file. This file was

transferred to the microvax by a work station ( Tektronix, PEP 301 ).

Analysis work was done on the microvax. In the next section, we will give

the results of the measurements.
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Figure 5.9 The schematic of the experimental set up to measure

the far field pattern of a focused laser beam
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Figure 5.10 The schematic of the experimental set up to
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5.5 The Specification8 of the Focu8ed Luer Beam Distribution in

Far Field Pattern

In the experiment we were carefully to focus the laser beam precisely

onto the tip of the LMIS. This can be accomplished by adjusting the 'XYZ

Translation Stage' in Figure 5.8. Fortunately, since we can see the shadow

image of the LMIS tip on the screen outside of the vacuum chamber, proper

adjustment can be accomplished. Figure 5.11 is a picture of the image when

the laser is focused beyond the tip. When the image on the screen disappears

like is shown in Figure 5.12, the laser beam is focused onto the tip of the

LMIS. The light and dark splotches in Figures 5.11 and 5.12 are caused by

laser speckle.

Mter the laser beam has been focused, the far field pattern can be meas-

ured. The CCD camera recorded various images on video tape.



Figure 5.11 The image of the LMIS when the laser beam

is not focused on its tip
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Figure 5.12 The image of the LMIS when the laser beam

is focused on its tip
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The coordinate system used for selecting intensity data from the ima.ge

on the screen is shown in Figure 5.13 . The far field patterns along the z

direction and y direction relative to the shadow pattern of the cone tip are

shown for the slightly defocused case in Figures 5.14 - 5.16 . The bumps in

the curves are due to laser speckle.

The far field pattern for the case when the laser is precisely focused onto

the tip is shown in Figures 5.17(a) and (b) for tip screen distancE's of 300 mm

and 500 mm respectively. Where (X= <f> - 90° . The results are qualitatively

comparable to the numerical results shown in Figure 4.8(c). The bumps are

again caused by laser speckle.
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Figure 5.14 The distribution of the far field pattern

along z axis ( 8=00 , <1>=00)
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CHAPTER 6. CONCLUSIONS

6.1 Conclusions

In the present dissertation we discussed the interaction between a focused

laser beam and a liquid metal ion source. Our conclusions can be summaried

in two respects. Theoretically, the Hertz potentials in spherical coordinates

can be used to generate a solution for the electric and magnetic fields which

valid everywhere. In experiment part, a sphere tipped cone is a reasonable

model for a liquid metal ion source.

6.2 Future Work

We would like to use the results of this work to predict the effect of a

focused laser beam on an electron field emitter.
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APPENDIX A THE DERIVATION OF

INCIDENT LASER FIELDS

The L. W. Davis' procedure1 is used for the following work. His method

is considerably easier than that of others. If the electromagnetic vector

potential is linearly polarized along one axis, then the nonvanishing com-

ponent of A obeys a scalar wave equation. In the Lorentz gauge, the vector

potential equation is:

(A.i)

where k = 211" . Since the scalar potential is given in terms of the vector
A

potential via the Lorentz condition ,

<I>=~V.A
k (A.2)

The fields Band E may be expressed in terms of A alone. Le.,

B=VxA (A.3)
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and

E=-V<I>-jckA

=-~V(V'A)-jckAk (AA)

1) x direction polarization and y- direction propagating

To describe the laser beam, we assume that A is polarized along the x

axis and the beam propagates along the y axis. Using a Cartesian coordinate

system, equation (A.1) reduces in empty space to the scalar relation

(A.5)

where we understand that A = Ax and A.y=Az=O. Anticipating that the

waves are nearly plane, we take

A(r )='¥(r )e-jky (A.6)

where '\}f is a slowly varying function. Inserting (A.6) into (A.5) gives
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(A.7)

A Gaussian beam has a width parameter 000at the waist. Consequently

the dimensionless variables x = ooo~and z = (001) will be used. There is also

a characteristic diffraction or spreading length I = k ooJ, so we let y = I ,.

With these new variables, equation (A.7) becomes:

(A.8)

where

000 _-1-
8=1- kooo

(A.9)

Note that so long as the beam waist parameter (dO is large compared to A,

then s is small compared to unity. Consequently it is natural to seek a solu-

tion of equation (A.8) of the form

(A. 10)

It is seen that the lowest order function 'V0 obeys
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(A.11)

Equation (A.11) is the starting point of traditional Gaussian beam theory.

The fundamental mode solution is well known to be21 :

(A.12)

where Q = 1 / ( j + 2 , ), j P = - In j Q, p2=~2+'l2 and f is a arbitrary

constant related to the total power in the beam. In the work t,hat follows, we

will let f = 1 and then adjust it later for arbitrary power.

Now we consider the electric field of the incident laser beam. Since

A=Aio, one obtains

E jc
V(

aA
)

. kAo

=-- - -JC 10k ax

(A.13)

In terms of the dimensionless variables ( ~,'l,~ ), it becomes:

(A.14)



From equation (A.6), Le.,

A(r )='¥( r)e -jky

and

Substituting (A.15) and (A.16) into (A.14), we get:

Now, taking the lowest orders of s, the components of E are:

Ex=-jk'¥ oe-jky

Ey=- 2Qx EI x

Now, let us go back to equation (A.3)
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(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)
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B=VxA (A.21)

The magnetic fieldsof the incident laser can be derivated from it. Since

B=VxA

(A.22)

Since we assumed that A = Ax, Ay=Az=O, equation (A.22) is:

iJAx . iJAx
B=-Jo---=--ko

iJz iJy
(A.23)

It means that:

(A.24)

iJAx

By= a;:
(A.25)

and

(A.26)

According to (A.15), A = 'I'e -jky and (A.16) '1'='1' 0+s2'1' 2 + ...,Substi-

tuting them into equation (A.25) and (A.26), yield:
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(A.27)

(A.28)

Taking the lowest term of s , we have:

(A.29)

Bz=-~'¥oe-jkY
ay

(A.3D)

Since we have had:

(A.31)

Substituting '1'0 into (A.29) and (A.3D), we get:

2Qz .k~'t e-jky
=- I J ':I'0

(A.32)
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(A.33)

Since our approximation is only concerned about the sO so that we know that

dP dQ
both - and - can be neglected. Thus, we have:d' d'

Bz=jk'¥ oe-jky (A.34)

Considering B = /-LHand c = (e/-L)-%, equations (A.24), (A.33) and (A.34)

can be expressed as:

2) z- direction polarization and y- direction propagating

If we assume that the A is along the z direction, i.e., A = Az and

Ax=Ay=O, taking the plane wave expression (A.6) again, we get

Hx=O (A.35)

H =- 2Qz H (A.36)y I z

Hz= Ye//-LEx (A.37)
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V 2'1'-2jk a'l' =0
ay (A.38)

Let x = Wo~ , Z= WoTland y=l' , with these new variables, equation

(A.38) becomes:

(A.39)

The lowest order function '\jf0 also obeys:

(A.40)

Considering the electrical field of the incident laser beam, since A=Ako ,

we get:

(A.41 )

In terms of the dimensionless variables ( ~,TI,~), it becomes:

(A.42)
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Substituting A(r)='I'(r)e-jkY and 'I'='I'0+s2'1'2+'" into (A.42), one

obtains:

Again taking the lowest orders of s, the components of E are:

Ey=- 2Qz EI z

Ez=-jk'l' oe-iky

(A.43)

(A.44)

(A.45)

(A.46)

Using equation (A.22), we can derivate the magnetic fields in this situa-

tion. i.e.,

(A.47)



It means that:

aAz

Bx=~

aAz

By=-~

and

Bz=O

Putting equations (A.15) and (A.16) into (A.48) and (A.49), we get:
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(A.48)

(A.49)

(A.50)

(A.51)

(A.52)

Since we have known '\}f0 from equation (A.12), substitute it into (A.51)

and (A.52) so that

=-j'l' oke-jkY (A.53)
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(A.54)

Considering B = fJ. Hand c = (efJ.)-% , the equations (A.53), (A.54) and

(A.50) can be written as:

3) Relation to total laser power

In order for the equation for the beam wave fields to be useful, they

should be in terms of the total power in the laser beam. As was proposed

earlier,

this can be accomplished by adjusting t.he constant in front of '1'0 . For the z

polarization case,

(A.58)

(A.59)

Hx= V e/ fJ.Ez (A. 55)

H =_ 2QxH (A.56)
Y I x

Hz=O (A.57)
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The total power in the beam wave is then given by

TP= f 1 S'iidasurface (A.60)

where S is the Poynting vector given by

1 *
S=-Re(EXH )2 (A.61)

The surface that we will use for the integration is the X-Z plane and fi

Therefor,

S'ii-S' JO -E H*- (E/ II. )~ E*- 0- z x - r- ._~z z (A.62)

Using equations (A.46) and (A.55) in (A.62) and since y = 0

(A.63)

where the arbitrary constant f has been selected to account for arbitrary laser

power. The total power then is given by:

2(X2+Z2)
2221)000

TP _ c k f f f dxdze w8
Zo -00-00

7Tc2k2f2w~

4zo
(A.64)
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where the characteristic impedance of the medium Zois given by

(A.65)

For a vacuum, Zo= 377 ohms.

We want f to be chosen such that TP = the total power P in the laser

beam. So setting equation (A.64) equal to P, f is given by:

f (A.66)

Consequently, Ez may be expressed as:

E- .2Wz--J ... ~ 'I' e-jky
000v 'iT 0

(A.67)

for the z polarized case.

For the x polarized case, a similar analysis yields:

(A.68)

The rest of the field equations are as derived earlier.
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APPENDIX B MAGNETIC FIELD EQUATIONS

In Section "IIITheory", we used the incident and scattered electric fields

of the laser beam as given by equations (3.48) - (3.53). We would like now to

formulate the incident and scattered magnetic fields for the laser beam.

Following the steps in Section III, substituting equations (3.44) -- (3.47)

into (3.38), (3.39) and (3.40), we get:

the incident magnetic fields of the laser beam:

(B.1)

(B.2)



jWE 00 dpm ( )=__~ ~ A . (k )
p cosO .

r .£.J.£.J. j>m r Jp r eJm<l>p m=O dO

the scattered magnetic fields of laser beam:

(
2 *

jWE a rlls) 1 d (rlls)
Hs9=- +-

, rsinO a<l> r arao

2 *
jWEa(rlls) 1 a (rlls)H =-- +-

s,<I> r ae rsinfl ara<l>
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(B.3)

(BA)

(B.5)
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(B.6)
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APPENDIX C THE FIELD EXPANSION

AND FINAL SOLUTIONS

In this section we will discuss two parts of our work. First we would like

to show that the spherical harmonic expansion of the incident laser field

matches the original field distribution. Secondly we will verify that our final

solutions satisfy the boundary conditions.

1) The Expansion of the Incident Laser Field

Considering we have the incident laser field which is propagating along

the y axis and with the electrical field polarized in the x direction, the electric

fields are given by:

(C.1)

Ey=- 2Qx EI x
(C.2)

(C.3)

where Q = 1/( j + 2 , ) ; , = y/l ; '1'0 = j Q exp ( _ j Q p2 ); p2 = ( x2+z2

) / wg ; Wois the waist of the beam, k is the wave number and I = k (dg .
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Theoretically, the incident laser field is:

(CA)

or

(C.5)

In Chapter 3, we have expanded and expressed the incident laser field in

spherical coordinate system as:

(C.6)

(C.7)

and

(C.8)
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So we have

(C.9)

And

(C.1O)

For the purpose of proving that the harmonic approximate expansion

Ei,2 has the same value as its theoretical one Ei,l , we only need to substitute

appropriate values into equations (C.5) and (C.10) then compute them numer-

ically to get the distribution of the fields and compare their va

According to equations (C.5) and (C.1O) and using the parameters in

Table C.1 , we computed the incident fields ( Figure C.l) following.

From equation (C.5), we have:



- 165 -

Table C.!

Parameters used in numerical evaluation of the field

the half angle of the cone a = 4g«'

the diameter of the sphere a = 0.02 micron

the wavelength of the laser beam A = 0.5 micron

the waist of the focused laser beam Wo= 2 micron

z

Laser Beam
~

r

i4

8/ I

,.y

Cone
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(C.11)

This is a Gaussian function and its values versus distance are illustrated

in Table C.2 .

From equation (C.1O), we have:

(C.12)

Substituting (C.6), (C.7) and (C.8) into (C.12), as computed in Chapter 4,

taking enough p's and m's, we can numerically get it result. The changed

values of Ei,2 versus distance r are listed in Table C.3 .

According to Table C.2 and C.3, we drew a graph which described the

relations between the incident field Ei and distance r. In this graph ( Figure

C.2 ), we can see that the expanded incident field matches its theoretical one

very well. It means that our expanding work is successful.
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Table C.2

The Changes of Two Fields along Distan ces

Theory Approximation

rTmT Ei,l ( V/ f.l m ) r(m) Ei 2 ( V/ m ),

-2.0 0.289 -2.0 0.207

-1.8 0.423 -1.8 0.422

-1.6 0.594 -1.6 0.505

-1.4 0.802 -1.4 0.801

-1.2 1.040 -1.2 1.032

-1.0 1.296 -1.0 1.2.50

-0.8 1.552 -0.8 1.5.52

-0.6 1.785 -0.6 1.773

-0.4 1.973 -0.4 1.973

-0.2 2.095 -0.2 2.066

0.0 2.173 0.0 2.173

+0.2 2.095 +0.2 2.066

+0.4 1.973 +0.4 1.973

+0.6 1.785 +0.6 1.773

+0.8 1.552 +0.8 1.552

+1.0 1.296 +1.0 1.250

+1.2 1.040 +1.2 1.032

+1.4 0.802 +1.4 0.801

+1.6 0.594 +1.6 0.505

+1.8 0.423 +1.8 0.422

+2.0 0.289 +2.0 0.207
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2) The Final Solutions Satisfy the boundary conditions

We would like to verify that our final solutions are satisfying t.he boun-

dary conditions. In Chapter 3, we gave the boundary conditions in equations

(3.44), (3.45), (3.46) and (3.47). They are:

The final solutions were given in equations (4.7), (4.8) and (4.9) in

Chapter 4. They are:

II I9=90=0 (C.13)

d
(C.14)

a;(rII) Ir=a=O

*
II Ir=a=O (C.15)

*
all I =0 (C.16)
ae 9=90

where

II= }:. 0 [A"mjp(kr)+ "'mh ')(kr) ] P ;'( cosA )e!mo
(C.17)

and

II* = J 0 [Bqnjq(kr)+ bqnh2)(kr) ] p:( cose )ejn<l>
(C.18)
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(0.20)

(0.21)

From equation (0.13) and (0.17), if II 19=90= 0 , it means that

(0.22)
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Comparing it with (C.19), we get

(C.23)

From equation (C.14) and (C.17), if :r (r II) 1r=a = 0, it leads to

(C.24)

. *
and In (C.15), the II 1r=a = 0 means

~~ [Bqnjq(ka)+bqnhJ2)(ka)]P:( cose)ejn<b=O
q n

(C.25)

Comparing (C.24) and (C.25) with (C.20), we can tell that

(C.26)

*

Finally, from (C.16) and (C.18), since aa~ 16=60 = 0 , we can know that
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(C.27)

Comparing (C.24) and (C.27) with (C.21), we have

E I - [E. .I.+E .I. ] =0
<I> r=a,9=9o - 1,,1' S,,,, r=a,9=6o

(C.28)

The results of equations (C.23), (C.26) and (C.28) proved that our final

solutions (C.19), (C.20) and (C.21) are satisfying the boundary conditions.
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APPENDIX D THE COMPUTATION OF

THE ASSOCIATED LEGENDRE FUNCTION

The associated Legendre function P:(cosfl) , when p is real and m is a

positive integer, can be expressed for -1 < cosfl< 1 as2:

(D.l)

where the factor H: is a constant depending on the type of normalization

chosen. 3 Here we choose that the normalizing factor for m = 0 is H: = 1

and for m*O is

(D.2)

where ( p + m )! and ( p - m ) ! are the factorial functions.

In equation (D.1), F is the hypergeometric function:

(D.3)
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For the purpose of computing the associated Legendre function P:( cosO)

we need to generate the hypergeometric function. Before proceeding, the

convergence of this function should be considered. The hypergeometric func-

tion F given by (D.3) converges, but not very fast. From this point of view,

recursive methods4 should be used to compute it. In this way, we ma.y easily

evaluate the Legendre polynomials. This can be clearly seen in equation (D.4).

The bigger the k, the more accurate is P:(cosfl) is. So the series can be trun-

cated at any desired degree of accuracy, such as that governed by the word

size of the computer.

Using the series expression and recursive methods, the associated Legen-

dre function can be written as3:

(D.4)

and

(D.5)

when for k > 0,

(k+m-1 )Jk+m)-pt£::!l Ak-1(m,p)
Ak(m,p)=- k(k+m)

(D.6)



- 175 -

By differentiating equation (DA), we easily get an expression for the

derivative of the associated Legendre function:

dP :( cosO)
dO

00 1-cosO k 0
L Ak(m,p)( ) (mcotO+kcot-)

k=O 2 2
(D.7)
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APPENDIX E

THE DERIVATION OF ap:(cosO)
ap

Expressions for the coefficients Apkm and Bqkn are given in equations

ap m(cosO)
(3.84) and (3.87). Here we would like to derive P which can be com-

op

puted by recursive method.

From Haines' paper3, we have:

P m
( ll )

00

A ( )(
1-cosS k

P coSu = ~ k m,p )
k=O 2

(E.1)

where

(E.2)

and

Ak(m,p)=
[

k+m-l ..£1£:!:..!l.

]
A

k k(k+m) k-l
(E.3)

so that we can easily tell that

(EA)



where

aAk(m,p) _
[

Jk+m-1t_~
]

aAk_l(m,p)

ap k k(k+m) ap

2p+1 Ak-1(m,p)

Therefore,

aA1= m-.Ef£:!:!L] aAo_ :~+1 Ao
ap [ (l+m) ap

where, Ao is given in equation (E.2).

And

a a
(p-m)!- [(p+m)!]-(p+m)!- [(p-m)!]ap ap

[(p_m)!]2

We know that

(p:tm)!=f(p:tm+1)

and the r function has an integral representation
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(E.5)

(E.6)

(E.7)

(E.8)
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oc

r(z)= Je-ttZ-Idt
o

(E.9)

Consequently,

a a
-[(p:tm)!]=- r(p:t m+1)
ap ap

00

=~ Je-ttp:t:mdt
ap 0

00

= Je-tt:t:m~tPdt
o ap

00

= Je-t log(t) tP:t:mdt
o

(E.1O)

This integral can be computed numerically.

ap:( cose)
Using the above work, and p:(cose) can be evaluated recur-ap

sively. That is to say, ~ and a~ can be evaluated using equation (E.2) and
dp

(E.7). They can then be used in equation (E.3) with k = 1 and (E.6) to deter-

aA
mine Al and ~ , which can then be used in equation (E.3) and (E.5) with

ap

aA2
k = 2 to find A2 and - etc.

ap
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