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A LIST OF SYMBOLS

Definition

Hamaker's constant for two materials
suspended in a third.

First calibration constant for the Ubbelohde
viscometer.

Angstrom unit.

The first virial coefficient of a polymer.
The second virial coefficient of a polymer.
The third virial coefficient of a polymer.

Hamaker's constant for two spheres of
material 1 in a vacuum.

Hamaker's constant for two spheres of
material 2 in a vacuum.

Hamaker's constant for two spheres of equal
size; one of material 1, the other of material
2, when suspended in a vacuum.

Radius of a cylindrical or spherical object.

The thermodynamic activity of molecules of
the bth species.

The relative degree of expansion of a polymer
over its unperturbed dimensions.

The Mark-Houwink parameter.

The second calibration constant for the
Ubbelohde viscometer.

: th
The concentration of the a species.

*M = Mass; L = Length; T = Time; Q = charge.
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Definition

The critical coagulation concentration of a
suspension of colloidal particles.

Flory's term for characterizing the extent of
polymer-solvent interactions.

The diffusion coefficient of a single particle.
The relative diffusion coefficient between two
particles, when separated by a distance
characterized by the dimensionless variable u.
The relative diffusion coefficient between two
particles, when separated by an infinite dis-
tance.

Deciliter

Thickness of an adsorbed polymer layer.

The elution volume of a polymer or protein
on a column.

The fundamental charge on an electron.
The dielectric constant of a material.
The dynamic viscosity of a fluid.

The limiting viscosity number of a polymer
based on its volume fraction.

The limiting viscosity number of a polymer
based on its concentration.

The reduced viscosity number of a polymer
based on its concentration.

The free energy of mixing--the polymer layers
adsorbed to the surfaces of two colliding
particles.



Symbol Dimensions Definition

2 -2
AG' ML T The entropic contribution to the free energy
. of mixing the polymer layers adsorbed to the
surfaces of two colliding particles.
-2 . ; y .

g MT A unit expressing an acceleration equivalent
that of gravity.

g - A dimensionless number characterizing the
ability of two polymer chains to approach
one another's center of gravity.

r = The angle characterizing the extent by which
the rotational freedom of a polymer segment
about its axis has been diminished.

3.-1 s n . ;

A L M The mean jonic activity coefficient of salt ions.

H L The distance between the surface of two
spheres.

2,_-2 !
AT ML T The heat of adsorption for a polymer.
a
2, -2 . .
AH ML T The heat of mixing two polymer layers which
. are adsorbed to the surfaces of two particles.

H L » The distance between the surfaces of two
spheres.

Ho L The distance between the surfaces of two
spheres when a stable aggregate is formed.

I QT_1 Electric current.

J = Absolute fringe number.

- 3 -1

K ML™T The observed rate constant or rate constant
which is calculated when the potential energy
of interaction between two particles is taken
into account.

3..-1 : .

Ko ML T The theoretical rate constant for rapid

coagulation, when every collision produces an
aggregate.



Symbol Dimensions Definition

k MLZT_Z Boltzmann's constant.
K L-1 The Debye-Hiickel parameter.
~JL =8 2 e .th ;
A,1 M 'L TQ The specific conductance of the i species.
N L The wavelength of light or of the intrinsic
electronic frequency of a material.
M = Molar.
Mn = The number average molecular weight of a
polymer.
M = The viscosity average molecular weight of a
x polymer.
M - The weight averagé molecular weight of a
e polymer.
-3 . .th
m, ML Molality of the i component.
2,.,-2 : . .th .
b BT The chemical potential of the i species.
N - Avogadro's Number.
=3 . ; . .
N(0) ML The concentration of particles in a suspension
before aggregation has started.
-3
N(t) ML The concentration of particles in a suspension
at time t.
-1_3 - . "
n M "L The specific refractive increment of the solute.
ng M Nanogram.
=3
ni(OO) ML The concentration of ions of type i in bulk
solution.
-3 . : :
ni(x) ML The number of ions of type 1 at a distance x
' from the charged surface.
Bz,

v T The kinematic viscosity of a fluid.
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Definition
Partial specific volume of a polymer.
Angular velocity.

The energy associated with a contact between
molecules a and b.

The net change of energy associated with the
formation of one ab contact from aa and
bb contacts.

The pressure tending to separate two plates.
The probability of an event.

The pH of the bulk suspending medium.

The pH of a solution at a surface.

Flory's universal constant.

The normalized distribution of perpendicular
extensions of a polymer adsorbed to an inter-
face.

The volume fraction of component a.
Osmotic pressure.

The surface potential of an interface.

The potential at the point midway between two
charged surfaces.

The potential of an interface at a distance x
away from its surface.

The number of atoms contained in a cubic
centimeter of a pure material.

The universal gas constant; equivalent to Nk.

Electrical resistance.
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Definition

The distance between the centers of two
particles.

The Reynold's number of a fluid.

The distance between the centers of two
particles when a stable aggregate is formed.

The root mean square end to end distance of
a polymer.

The radius of gyration of a polymer.

The unperturbed root mean square end to end
distance of a polymer.

The charge density of a solution a distance x
away from an interface.

The density of a solution.
The entropy of mixing the polymer layers
adsorbed to the surface of two colliding

particles.

The standard deviation of a set of experimental
data.

A measure of the distance between two spheri-
cal particles = R/a = u + 2.

The sum of all x.; x. +x. + ... +x .
L L] q

The surface charge density at an inter.face.
The true standard deviation of a distr‘ibution.
Absolute temperature.

Time.

The excluded volume of the ith species.



Symbol Dimensions Definition

e I\/IL3’I'-3Q—1 The electrophoretic mobility of a particle.
e

Hm L Micron

1 - A measure of the dielectric susceptibility of
an atom.

v(x) 2 The normalized distribution of segment
densities of a polymer about an interface.

3
A% L The volume of a substance.
2 .. * 25"

vV ML T Q ! Voltage.

2_,-2 ; -

VA ML'T The potential energy of attraction between
two particles.

2_-2 : ;

VR ML T The potential energy of repulsion between
two particles.

2,2 ; ; A

V,I1 MLT The potential energy of interaction between
two particles.

s 20 = : .th

'\/',1 L M The partial molar volume of the i
component.

-1
Ve LT The electrophoretic velocity of a particle.
-1

Ve LT The velocity of a fluid through a pipe.

W = A correction factor used to correct the
theoretical maximum rated constant K for
the effect of VT and viscous interactions.

‘ th

X,L = The mole fraction of the i component.

4 L Distance.

2 2 . .

X L The mean square displacement of a particle,
due to Brownian motion.

7z = The valence of an ion.

- .
G MLZT Q i The zeta potential of a particle.



CONVENTIONS

Symbols

The definitions of the symbols used in this thesis are tabulated in
the preceding list. With some exceptions, a given symbol will have
only one meaning throughout the thesis. These exceptions refer to
universally accepted symbols which have several meanings, which
have also achieved general acceptance. Rather than change the com-
monly accepted symbols of these parameters, all of the relevant
original definitions were retained. This was done on the assumption
that the ambiguity associated with a symbol having several meanings
would be less confusing than the reassignment of new symbols. In
most cases this is of little consequence as the meaning of a symbol is
apparent from its context and when it is not, the definition of the sym-

bol is included in the text.

Subscripts

Single numerical subscripts indicate that the parameter
subscripted refers to a particular component of a system. The sub-
script 1 always refers to the solvent or suspending medium. In a
two component system, the subscript 2 refers to the solute or sus-
pended material. In a polyelectrolyte-salt solution the subscript 2
refers to the polymer and the subscript 3 refers to the salt. Thus, in

a salt-polyelectrolyte system the terms Xl, X2 and X3 refer to the



mole fraction of the solvent, polyelectrolyte and salt respectively.
Exceptions to this convention are the terms Al, AZ, and A3 which
refer to the first, second, and third virial coefficients of a polymer
and the terms bO, bl, and bZ which refer to the coefficients of a
power series.

Double subscripts are used to show that the parameter
subscripted is a measure of the interaction between the two materials
denoted by the subscript.

Alphabetical subscripts are used to increase the number of
available symbols. However, they are usually used to differentiate

subtypes of a parameter. Thus pH and pHS are both used to

b
denote pH, but the former is the pH of the bulk solution, while the

latter is the pH of the solution at the surface of a particle.

Superscripts

All numbers, except the number one, refer to the power by which
a quantity is raised.

The superscript ©  indicates that the value of the term
superscripted is to be taken at the reference state of the material
referred to. Thus, pt(i, refers to the chemical potential of the sol-
vent in its reference state.

The prime superscript is used to designate the first derivative
of the term so marked. Similarly, two primes indicate the second

derivative of the term superscripted and so forth.



Parentheses

Parentheses and brackets are used as clarifiers in algebraic
expressions to indicate that the quantities enclosed by them are to be
evaluated together.

They are also used to show that the value of the term immediately
preceding them is a function of the quantity or the quantities enclosed
by the parentheses. Thus, VT(u,T, C3) indicates that VT is a
function of u, T and C3.

The symbols ¢ and N, which are used to denote constants,
are at variance with the aforementioned usage of parentheses, as the
meanings of the symbols completely change when they are followed by
parentheses. However, after the meaning of the symbols has changed,
the parentheses still indicate that the new quantities referred to by the
symbols ®(x) and N(t) are still functions of the quantities enclosed
by the parentheses.

When the term preceding a quantity in parentheses is an operator,

such as a log or exp, the parentheses are used to delimit the

term on which the operator functions.

Unspecified Symbols

The symbols b, ¢, d, f, b, ¢, d, £f. and Yy are used to
denote a constant or independent variables whose dimensions are
determined by the context of the situation in which it is used and whose

magnitude is usually unspecified.



The symbols £, 6, and Z are used to indicate a variety of
dependent variables. The meaning of the symbol will be defined as it
is used. The form of the functions that the symbol represents may or
mavy not be specified and any independent variables will be enclosed in

parentheses following the symbol.



1. INTRODUCTION

This thesis documents the application of the D.L.V.O.
(Derjaguin, Landau, Verwey and Overbeek) theory of the stability of
lyophobic colloids to establishing the mechanisms by which a low
molecular weight polyelectrolyte aggregates colloidal particles.
Although this study lies at the interface between colloid and polymer
chemistry its relevance to biochemistry and the biological sciences is
clear, in view of the important role played by polymers at the liquid
solid interface in these fields. In fact, the impetus for this study was
derived from the observations of Katchalsky and coworkers (1, 2) who
found that red cells could be aggregated by a poly(l-lysine) of molecu-
lar weight 4600. The size of the polymer seemingly precluded the
possibility of aggregation by a bridging type of mechanism. However,
Gregory (3) showed that a low molecular weight polycation could aggre-
gate polystyrene latices at appreciably faster rates than could be
obtained with high concentrations of salt and concluded that neither a
bridging mechanism nor a mechanism due solely to a reduction in
electrostatic repulsion would account for his observations.

Polystyrene latices were chosen as a model particle for the
present investigation, as a meaningful interpretation of the vast
majority of studies involving polyelectrolytes and biological surfaces

have been hindered by a lack of knowledge of the interfacial properties



of biological membranes. While it is convenient to envisage an
interface as a mathematically defined boundary past which the mole-
cules of each phase do not pass, this picture is naive. The interfacial
region between two phases is in actuality an ill defined zone where the
composition of matter at any fixed point in the interface fluctuates
randomly from moment to moment. However, the time average con-
centration of a non-surface active component of either phase will
continuously change across the interface from its concentration in one
phase to its concentration in the other phase. Conversely, the concen-
tration of surface active compounds increase sharply from their con-
centration in bulk solution to their maximal concentration in the
interfacial region. In that the difficulty of ascertaining the properties
of any material located at the interface is directly related to the com-
plexity of the interface, it was advantageous to work with as simple an
interface as possible. However, as the complexity of the interface
declines, semblances to a biological system also vanish. Thus, the
polystfrene-water interface was chosen as a compromise between the
simpler metal-liquid interfaces and the exceedingly complex biological
membranes.

The traditional methods for assessing the mechanism by which a
polymer induces particles to aggregate are based on the properties of
the aggregated particles. In particular, the flow rate of solvent through

beds of packed flocs and the volume of the sedimented particle mass



constitute the most frequently used criteria. While these criteria
certainly indicate something of the properties of the adsorbed polymer
layer, an irrefutable relationship between a polymer's mechanism of
aggregation and the properties of the resultant aggregate has yet to be
demonstrated. Thus, new standards for determining the mechanism of
polymer induced aggregation were needed. The futility of examining
the aggregated particles was evident. While the absence of interpar -
ticle polymeric bridges was proof of coagulation, their presence does
not prove flocculation as bridging may have occurred after the particles
had coagulated. The search for an appropriate criterion finally cul~
minated with the realization that the distinguishing feature of polymeric
flocculents is their ability to aggregate particles in the presence of
electrostatic repulsive forces which would greatly diminish the rate of
coagulation of the particles in the absence of the polymer.’ The
D.L.V.O theory of colloidal stability provided a means of predicting
the rate at which lyophobic colloids would coagulate and had been used
with a moderate success in the past. However, few if any investigators
have used it as a means of comparing the rate at which a polymer
aggregated a particle suspension and the rate at which the suspen sion
would be coagulated if the polymer had no effect other than to reduce
the electrostatic potential of the particles.

This investigation is therefore concerned with establishing the

mechanism by which low molecular weight polyelectrolytes destabilize



colloidal suspensions and in characterizing some of the properties of
the polyelectrolyte at the polystyrene-water interface. It is further
hoped that studies of this rather simple model system will contribute
toward the understanding of more complex biological systems. How-
ever, in a larger sense this thesis marks the first time the theories

of classical colloid chemistry have been used to determine the mechan-
ism by which low molecular weight polyelectrolytes aggregate lyophobic

colloids,

1:1. Theory of Colloidal Stability

Colloidal dispersions are suspensions of particles in which at
least one dimension of the particle lies between 10 fx and 10, 000 Z\
These suspensions can be considered stable when there is no change in
the total number of particles with time. Thus, a measure of colloidal
instability is the rate at which the total particle concentration or num-
ber decreases.

In unstirred systems Brownian motion supplies the driving force
that aggregates the particles. Einstein showed, theoretically, that the

. 2 :
average square displacement x of a particle in any direction, in

time, t, is given by:

2
x = 2Dt 1=1
where D is the diffusion coefficient of the particle. From this

theory it is possible to predict the average or minimum time required



for two particles to collide when Brownian motion is the only force
effecting their approach.

The first attempt to predict the rate of coagulation of a particle
suspension was proposed by Smoluchowskl (4). Assuming a suspension
of monodisperse particles, with no repulsive forces between them, he
showed that if the relative diffusion coefficient of two particles, Dr’
is simply the sum of their individual coefficients and every collision
resulted in permanent contact between the particles, the total number
of particles, Nf{t), (singlets, doublets, triplets, etc.) that are pre-

sent at time, t, is given by:

l = V———— -
NE Nt T N(0) L-e

where N(0) is the particle concentration before the particles begin to
aggregate (at t = 0), and KO is the rate constant for the process.
For spherical partigles the aforementioned rate constant is related to
the relative diffusion coefficient, Dr’ of two particles by the

equation:

K =47R D 1-3
o or

where Dr is the sum of the diffusion coefficients of the two single
particles and RO is the distance between particle centers when a
stable aggregate has formed.

The diffusion coefficient of a single spherical particle of radius

a in a suspending medium of viscosity M is given by:



D= kT 1-4
6Tna
where T is the absolute temperature of the medium and k is
Boltzmann's constant.
If stable aggregates are formed when RO = Za, equation 1-3
A " 12 . =y | 5 |
predicts a rate constant of ~ 5.4 x 10 particles cm sec for

aqueous dispersions undergoing rapid coagulation at room temperature.
Direct measurement of Ko (5, 6) has usually yielded experimental
values considerably lower than the predicted value. The work of
Spielman (7) and Honig et al. (8) suggests that this discrepancy is due
to an incorrect assumption about the nature of the particle's relative
diffusion coefficient. Spielman argued that as particles approach one
another, their viscous motions through the suspending medium affect
one another, and the relative diffusion coefficient of the particles will
therefore be a function of their distance of separation. Solving the
appropriate hydrodynamic expression he published curves of the man-
ner in which the relative diffusion coefficient Dr(u) varies with dis-
tance between the particles. Honig et al (8) corroborated Spielman's
work and expressed the particles' relative diffusion coefficient as a
function of u, where wu is defined for two equal spheres as the
ratio of the distance between their surfaces to their radius. For these

spheres the relationship between the relative diffusion coefficient at

infinite separation, Dr(OO), and a separation, u, is given by (8):



2
ou +4u
oy
6bu +1l3g+2

When this expression is used with equations 1-7 and 1-6 to predict the
rate at which rapidly coagulating systems aggregate, the result agrees
well with experimental results.

The usefulness of equation 1-2, even when corrected for diffusion
effects, is rather limited as it does not account for the interparticle
attractive and repulsive forces which determine the percentage of
collisions that will result in the lasting contact of the particles. For
these systems Smoluchowski's equation must be modified by the inclu-

sion of a correction factor, W:

SQEL: B 1-6

Working with aerosols, Fuchs (9) showed that W is related

to the potential energy of interaction, VT(u), of two particles.

In 1940 Derjaguin (10) applied Fuchs' (9) theory to solutions. The

relationship between W, and VT(u), when corrected for the

Spielman effect is:

=

The potential energy of interaction for the particles is the sum
of the attractive, VA’ and repulsive, VR’ potential energy of the

particles. The relationship between VR, VA, and the predominant



forces between lyophobic colloids was formulated by Derjaguin and
Landau (11) and Verwey and Overbeek (12) in terms of the well known
Daly V.0, theéry. The original D.L.V.O. theory of colloidal stability
regarded coulombic repulsion between the particles as the main
stabilizing factor in dispersions of lyophobic colloids. Since then a
variety of repulsive forces between colloidal particles have been
detected. A partial list of the more important repulsive forces
includes:

1) Flectrostatic interactions: Ionic groups on the surface of
lyophobic colloids establish an electrostatic field about the
particle that is often large enough to prevent the particle
from making permanent contact with other particles. Elec-
trostatic forces operate over large distances in terms of
molecular dimensions and are the primary means of suspen-
sion stabilization. The role of electrostatic forces has been
dealt with in depth by the D.L.V.O. theory and will be con-
sidered later.

2) Adsorbed layers: van der Waal's attractive forces frequently
cause a monoclayer of solvent molecules to bind to the solid
phase of a liquid -solid interface. This increases the distance
of closest approach of two particles and thereby diminishes
the extent of the attractive forces which may be attained. If

the particles are very small (a < 100 A) adsorbed layers



may keep the particles far enough apart that van der Waal's
attractive forces cannot bind them together (13). Vold (14)
has also demonstrated that layers of adsorbed material may
materials. Layers of adsorbed polymer or surfactant can
generate large repulsive forces when the layers of two coated
particles overlap. These repulsive forces are due to the heat
of mixing the polymer layers and the decrease in the entropy
of the adsorbed layer, which will be discussed in section l:2.

3) van der Waal's repulsive forces: At very short distances

between particle surfaces the repulsive forces between the
particles rise sharply. This rise occurs when the electron
clouds of the various atoms on the two particles begin to over-
lap. These forces are usually not considered in calculations
of colloidal stability as they are not measurable until the
particles are permanently bound.

The foundations for calculating the electrostatic forces between
two particles were laid by Gouy (15) and Chapman (16). They defined
the relationship between surface charge, on an infinite plane, and sur-
face potential by assuming:

1) The surface of the plane is flat and all charges are considered

to be uniformly smeared.
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2) The dielectric constant of the suspending medium, ¢, is
not affected by the potential gradient and is equal to that of the

bulk liquid at all points.

(WS
~—

The ions are point charges whose distribution, with respect
to the charged surface, is given by a Boltzmann distribution-
4) The surface charge is small enough that the potential Pix)
obeys [591{%(—}-(—)] < 1 at all points.
The charge density, p(x), ata distance x away from the
surface of an infinite plane is related to the potential, w(x), at that

point by the Poisson equation in one dimension:

d yx) _ _‘_lejf_ o 1-8

Since, the charge density equals the sum of the dissolved ion

types:
p(x) = e Z z.n,(x) iFg
%
i
where,
g tho,
z, = the valence of the i ion type
_ : .th | ’
ni(x) = the number of the i ion type per cm at x

According to assumption three, the number of ions at x s

given by a Boltzmann distribution:

-z, e(x)
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. .th . 3.
where ni(oo) is the number of i type ions per cm  in the bulk
solution. From equations 1-8, 1-9, and 1-10, the Poisson-Boltzmann

equation can be constructed:

2 -z . e(x)
d Ui(x) 4dre T i
= = o0 e -
> s A zini( Yexpl T ] 1-11
dx :
i
For the present system in which only a single symmetrical
electrolyte is present, the Poisson-Boltzmann equation may be
rewritten as:
2 8mzen, ()
d ix) _ i . rzebl(x) e
5 ’, sinh] T ] 1-12
dx
For low surface potentials where [ 7—:};—50—)] << 1, the sinh
term may be approximated by the first term of its infinite series:
3 5 2ntl
X X X
inh x = x + o—+ =—+ ... + -
SRR E =R TET 5 (2n+1)! i
to give:
22
TS B 2
b
> T T kT blx) = K u(x) 1-14
dx

where « is the Debye-Hiickel parameter and

2 12
8wz e n.l(oo)

K =

]1/2
ekT

This type of equation is a linear, homogeneous differential equation of
the second order with a general solution:

U(x) = b expl(kx) + c exp(-Kx) 1-15
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where b and ¢ are constants whose values are determined by the
boundary conditions of the eCiuation.

The boundary condition which determines the value of b is,
P(x) =0 as x ™ ®©. This condition requires that b be set to zero.
Substituting x = 0 into the equation, the value of ¢ must be equal
to the surface potential of the infinite sheet (0). The relationship
between distance from the surface of the plane, %, and the potential
at that point is:

P(x) = Y(0)exp(-xx) 1-16
The relationship between surface charge density, o, and

surface potential, (0), can be derived from the requirement of

electrical neutrality throughout the system. This can be expressed as:

o0

o = —S‘ plx)dx 1-17
0

This is an expression of the fact that the total net space charge
density must be equal to but of opposite sign to the total surface charge-
Thus, substituting from equation 1-8, changing the limits of integra-

d
tion to those of —(%X) at © and 0 from equation 1-16 yields:

- = _ili_“%(e) 1-18

For systems where the surface potential is not small and

[ Zey(x)] ~ 1

T ,  the Poisson-Boltzmann equation may be integrated

exactly, for symmetrical electrolytes, to give:



+ B
2kT 1n[ 1ty expl Kx)] 1-19

Wlx) = Z € 1-y exp(-kx)

where

SAE! sz;:‘m] !

exP[ 'Z‘;'kéo“) ]+1

'Y:

The charge density under these circumstances is given by:

2e¢kTn ()
G = [———f—]”zsinh[%%] 1-20

No exact solution of the Poisson equation is possible for
spherical particles. However, for particles whose radius is large in
comparison with X, the flat plate model adequately approximates
W(x).

One method of calculating the repulsive potential between two flat
plates separated by a distance 2d 1is to consider the osmotic force
generated by the excess ion concentration between the plates, when the
diffuse double layers of each plate overlap one another. Since the ion
distribution between the plates is governed by the distribution of Y(x)
it is necessary to solve the Poisson _Boltzmann equation with the bound-
ary conditions W(x) = L(0) when x =0 and x=2d and
dy(x)/dx = 0 when x= d. The latter boundary condition is a conse-
quence of the symmetrical distribution of potential about the plate's
midpoint. This solution involves an elliptical integral which cannot be

solved analytically. However, if the interaction between the plates is
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not too great, the potential at the midpoint between the two points,
U{d), may be approximated by the sum of two single double layer
potentials at a distance d from their surface (12):
g{d) ~ 2u(0)exp| -«d] 1-21
The ion concentration and distribution of the electrolyte within

the two plates is governed by a Boltzmann distribution. Hence, at the

midpoint between the plates, the concentration of ions, p(d), is:
p(d) = n (@)expl ZZZAL ] 1 g (o0)exp[ 224 1-22
and the osmotic pressure, II{s), atthis point is:
In(d) = kT p(d) = ZKTni(OO)cosh[E%l%-@] 1-23
The osmotic pressure, II(®), of the ions in bulk solution,
where (Y(x) =0 Iis:
(o) = Zani(DO) 1-24
The pressure, P(x), tending to separate the two plates is,
therefore, the difference between the bulk solution osmotic pressure
and the osmotic pressure midway between the plates where:
P(x) = II(d) - I(») = Zni(w)kT[cosh[%—)]_l] 1- 25

The potential energy of repulsion between these two plates equals
twice the amount of work required to bring one plate from a distance of

© to a distance 2d away from the other plate:
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~d d
Vo= —Z‘S P(x)dx = ~2§ Zn_l(oo)kT[cosh[ -1lax 1-26

R

The exact solution of this integral cannot be readily evaluated
because of the complex relationship between {(d) and x. However,
this difficulty can be partially circumvented by approximating the cosh
term by its equivalent infinite series and using the terms in the series

up to the second order. Thus:

4n_l(°0)[zetp(0)]2 ~d

VR = o ‘S exp[ -2k x]dx
€]
2
4n (©)[zey(0)] y
= KkT exp[_ZKdJ 1'27

Exact solutions for the potential energy of interaction between
parallel plates have been published by Devereaux and de Bruyn (17)
while Honig and Mul (18) have tabulated numerical calculations of VR

for spherical particles.

Derjaguin (19) has developed an approximate method for
calculating the potential energy of repulsion between spheres by treat-
ing their surfaces as a series of infinitely thin concentric cylinders.
The ends of the cylinders are treated as flat plates and the flat plate
equation is applied to each pair of cylinder-cylinder interactions. VR
is obtained by integration over the surface of the spheres.

This approach was used by Verwey and Overbeek (12) for spheres

where Y(0) was small, «a > 1 and the distance between the
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surface of the spheres is large in comparison to 1/k. For
0 g
suspensions where -Z—ek%(—) P2 and xa 4 10, the potential energy

of repulsion can be approximated within five percent by:

2
VR = SEEZP—LQ) 1n[l+exp(-i<au)] 1-28

At all distances of separation, this approximation tends to
overestimate VR, but it asymptotically approaches the correct
value as the distance between the spheres increases.

In the D.L.V.O. theory of colloidal stability, the only source of
attractive forces between particles which are dealt with are London-
van der Waal's forces. Howeve.r, several other types of attractive
for ces between chemically similar particles are also known to exist.

1) Ion bridging: Multivalent cations can act as bridging agents
between anionic surfaces.

2) Charge fluctuations: When the charge groups on two surfaces
are partially ionized, random fluctuations in the pattern of
charge groups on one surface will induce fluctuations in the
pattern of charge groups on the other surface. This results
in a net attraction between the surfaces (20). Since these
forces are of an electrostatic nature they are screened by
electrolytes and decay at a rate that is proportional to the

factor exp|-xH]. Thus, they are ineffective in solutions with

a high ionic strength or with particles whose surfaces are
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fully ionized. Pethica (21), however, has speculated that
fully ionized surfaces may still exhibit charge fluctuations due
to the transient formation of ion pairs between the charge
groups on the surface and their counterions in solution.
Electrostatic forces: Bierman (22) and Parsegian and Gingell
(23) have considered the nature of the electrostatic interac-
tions between two different types of particles; those which
maintain a constant surface potential by the adsorption or
desorption of ions and those which have a constant surface
charge density. They demonstrated that if two particles of
the first type approach one another, their electrostatic inter-
action will always be of a repulsive nature when their surface
potentials are of the same sign and magnitude. Similarly, two
particles will always repel one another when their surface
charge densities are fixed and of the same sign. Conversely,
two particles which maintain constant surface potentials of
the same sign but of different magnitudes will repel one
another only part of the time. Depending on the particular
particles, their electrostatic interaction will be of a repulsive
nature at all interparticle separations greater than a given
distance, H, and attractive at all distances less than H.
However, particles of this type probably do not occur

naturally as Frens and coworkers (24) have shown that the



4)
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time required to establish equilibrium with respect to ion
adsorption is much greater than the time of an interparticle
collision. Thus, most particle-particle collisions occur
between two particles with an effective constant surface
charge density. The nature of their interaction will there-
fore depend only on the sign of their surface charge.

Image forces: lons which are located between two unchanged
walls of a material with a low dielectric constant have a
higher free energy than an ion which is coﬁpletely surrounded
by a material with a high dielectric constant (25). Thus, ions
tend to leave the region between two spheres with a low
dielectric constant and thereby create a region with an osmotic
pressure that is lower than the osmotic pressure of the bulk
solution. This results in a force that acts as if there were an
attraction between the particles. The magnitude of this effect
is dependent on the extent of screening by other electrolytes

and diminishes exponentially with increasing ionic strength.

The role these forces play in determining the stability of colloidal

systems is not well understood and has not been vigorously researched.
However, it is reasonably certain that in the present system the extent
of attractive forces due to ion bridging or electrostatic attractive
forces is negligible. The extent of charge fluctuations on the surface

of the polystyrene latices are not known and are very difficult to
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calculate in the absence of information on the solution properties of the
504:-}{+ and SOL;—Na+ bonds. Similarly little is known about the
role of image forces.

The basis of the van der Waal's forces between two atoms is the
result of the mutual attraction between two dipoles. Debye (26, 27)
showed that molecules with permanent dipole moments influence the
spatial orientation of other molecules with dipole moments in a manner
that results in their mutual attraction. Molecules with dipole moments
can also induce dipole moments in other molecules, which also results
in an attraction between them (28). The attraction between non-polar
molecules was explained by London (29) on a quantum-mechanical
basis. He showed that on a statistical basis the distribution of elec-
trons about an atom will be temporarily asymmetrical. This results
in a transient dipole moment which will induce a similar dipole moment
in other atoms. The net result is an attractive force between the
neutral atoms. According to London's theory, fhe se forces between
atoms will be proportional to the inverse seventh power of the distance
between the atoms. Thus, the attractive potential, VA’ between
atoms will vary with the inverse sixth power of the distance between

them. Thus

where T is a constant whose value is a function of the atoms dielectric
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susceptibility. Attempts to relate 7T to the properties of various
atoms have been made by London (29), Slater and Kirkwood (30) and
Moe lwyn-Hughes (31).

Hamaker (32) calculated the attractive potential between two.
spherical particles in a vacuum by summing the interatomic attractive

forces between all pairs of atoms to give:

A 2
22 2 2 +2) -4
V=% b 5 zﬂn[(u_iui—]] 130
(2+u) -4 (ut2) (ut2)
where A‘22 is Hamaker's constant which is related to the attraction
between individual atoms in a vacuum by:
22
A&2 =g mA 1-31

q is the number of atoms i in the sphere and X\ is the
wavelength .of the intrinsic electronic frequency of the material
(material 2) in the sphere. When the spheres are suspended in a
liquid the dielectric properties of the suspending medium (material 1)
invariably alter the magnitude of the attractive forces. If All’ AZZ

1/2

and A12 = (AllAZZ) are the Hamaker constants for the attractive

forces between two equal spheres of material 1, material 2 and
material 1 and material 2 respectively, the Hamaker constant, A,
for two spheres of material 2 suspended in material 1 is (32):

A:All+A22 _?.Al2 1=32
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Estimates of A for polystyrene in water have varied over a
wide range of values. Schenkel and Kitchener (33) have calculated a
_12 , _14 .

value of 10 erg, Ottewill and Walker (34) 5 x 10 erg, and Smith,

13
Mitchell and Ninham (35) 1.2 x 10 erg. The discrepancy between

these values is probably attributable to the differences in methods of
estimating A and more importantly, to evolving viewpoints on the
nature of the Hamaker constant.

In 1948 Casimir and Polder (36) showed that the London-van der
Waal's forces between particles decay more rapidly than predicted by
equation 1-30. The increased rate of decay is due to the finite speed of
light and is a function of X. These reduced forces are said to be
retarded. At a distance, H, between the spheres where H > 1-20}2\—

the London-van der Waal's forces are fully retarded when H <« a

and the potential energy of attraction between the two spheres (33) is

given by:
2. 45\
v, = ———-——% 1-33
120mH
For sphere separations where R < 0.1\, retardation effects

are small enough that equation 1-30 can be used directly. At sphere

10X

separations where 0.lAX <R < -—Z—w\_ no analytic correction factor for

estimating retardation effects is available. However, this presents no

problem as A has been estimated at 1000 A for polystyrene (33) and
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at distances where retardation effects become significant, VA is
negligible.

The theory of the nature of the London-van der Waal's forces was
revolutionized in 1955 when Lifshitz (37) published a quantum mechani-
cal theory of the atomic and molecular forces in condensed media.
Since then Parsegian and coworkers (35,38) have extended his theory to
include the interaction of particles in colloidal suspension. Their work
indicates that the bulk of the attractive forces between colloidal par-
ticles consist mainly of electromagnetic fluctuations of low frequency.
Thus, the traditional assumption that London forces, or electromag-
netic fluctuations in the ultraviolet region, constitute the majority of
the attractive forces is frequently incorrect. In aqueous systems
London forces often constitute less than 50% of the total attractive
force. Furthermore, they have noted that forces between particles are
not necessarily additive. The concept of additivity requires the total
attractive force between two particles to be the sum of the individual
interactions of each individual unit of constituent matter with every
other unit of constituent matter in the other particle. The principle of
additivity is a basic assumption in Hamaker's theory which predicts a
distance dependence of VA that decays more rapidiy than the Lifshitz
theory. In the Lifshitz theory the rate of decay is a function of particle
geometry, distance, temperature, A, and the dielectric susceptibili-

ties of the particles and the suspending media. Finally, Parsegian and
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Ninham (38) have developed method for calculating the attractive forces
between a variety of particles from a limited knowledge of the dielec-
tric properties of the material and the suspending medium.

Calculations of VA by the Lifshitz method are cumbersome
and require extensive computer facilities. However, equation 1-30
frequently provides a good estimate of VA' Smith, Mitchell and
Ninham (35) have shown that for polystyrene spheres in water an
expression equivalent to equation 1-30 predicts VA with an accuracy
of 5% or better at particle separations of u < 10_2. At separations
where u > 10—2, VA is negligible and the increasing error in VA
is of no consequence. The fortuitous agreement between expression
1.30 and the non-retarded Lifshitz expression is the result of errors
in the microwave region balancing those in the ultraviolet and infrared
regions. Retardation effects are not significant when u < 10_2 and
need not be considered.

Equations 1-7, 1-28, and 1-30 provide the basis for quantitative
predictions of the stability of a suspension when the experimentally

measurable quantities (0), , a, € and A  are known. Qualitative

predictions of suspension behavior can be made on the basis of the

shape of the potential energy of interaction curve VT. When «a > 1,
the total energy of interaction between two spheres, VT is:
€ 2'(0) A 2 2 ( JrZ)Z 4
Vo= —9%———1n[1+exp(_wau)] - — + 5 ] ===
(24u)” -4 (2+u)” (2+u)
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For varying values of A, xa, and y(0), three types of
potential energy of interaction curves can be observed. These cor-
respond to three different types of behavior for a particle suspension.

In suspensions where the particles have large surface potentials
or the ionic strength of the suspending medium is low, the potential
energy of interaction between two particles can be represented by the
diagram given in figure 1-1. The sizable electrostatic forces between
the particles of the suspension create large potential energy barriers
that can prevent Brownian motion from coagulating the particles. In
practice a potential energy barrier that is greater than about 10 kT
is sufficient to stabilize a colloidal suspension.

Slow coagulation of particle suspensions may be brought about by
a reduction of the potential energy barrier to a height of several kT.
The addition of moderate amounts of salt, to a particle suspension,
can produce this reduction, as is demonstrated by the potential energy
diagram in figure 1-2. The added salt increases the magnltude of K
and thereby the rate at which VR decreases with distance between
the particles. When the energy barrier is only a few kT in height, a
small fraction of the collisions between the particles will have enough
energy to surmount the potential energy barrier and form a stable
aggregate. Another type of slow coagulation may be obtained when the
addition of salt to a stable suspension creates a secondary minimum,

as in figure 1-3. In this situation, the existence of large surface
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