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ABSTRACT

Exact Spherical Wave Solutions to

Maxwell’s Equations with Applications

Guy G. Silvestri

Dissertation Advisor: Raj Solanki

Electromagnetic radiation from bounded sources represent an important
class of physical problems that can be solved for exactly. However, available
texts on this subject almost always resort to approximate solution techniques
that not only obscure the essential features of the problem but also restrict

application to limited ranges of observation.

This dissertation presents exact solutions for this important class of
problems and demonstrates how these solutions can be applied to situations of
genuine physical interest, in particular, the design of device structures with pre-

specified emission characteristics.

The strategy employed is to solve Maxwell’s equations in the spherical
coordinate system. In this system, fundamental parameters such as electric and
magnetic multipole moments fall out quite naturally. Expressions for radiated
power, force, and torque assume especially illuminating and simple forms when
expressed in terms of these multipole moments. All solutions are derived
ab initio using first-principles arguments exclusively. Two operator-equations
that receive particularly detailed treatment are the vector Helmholtz equation for

the time-independent potential 2 and the “covariant divergence’” equation for

vii




the energy-momentum-stress tensor TH"".

An application of classical formulas, as modified by the requirements of
statistical mechanics, to the case of heated blackbodies leads to inquiries into the

foundations of quantum mechanics and their relation to classical field theory.

An application of formulas to various emission structures (spherically-shaped
antennas, surface diffraction gratings, collimated beams) provides a basis upon
which to characterize these structures in an exact sense, and, ultimately, to elicit

clues as to their optimum design.
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CHAPTER 1
INTRODUCTION

Maxwell’s equations for the electromagnetic field are of paramount
importance in physics. This thesis explores exact solutions to these equations in
charge-free regions of space surrounding a bounded source. Explicit expressions
for various conserved quantities assume surprisingly simple forms when expressed
in terms of these exact solutions. These explicit expressions provide insights into
the character of the Maxwellian field, and some practical consequences are

qualitatively explored. Some historical background might prove informative.

Monochromatic electromagnetic fields of angular frequency w exterior to a
radiating body must satisfy appropriate boundary conditions at infinity.
Specifically, the fields must assume the form of an outwardly-expanding spherical
wave of radius ¢t, where ¢ is the speed of light in vacuum and ¢ is the time
elapsed. Furthermore, to assure that the evolution of energy and momentum at
large distances from the source remain within physically allowable limits, the
fields are required to be asymptotically proportional to 1/r. Any other radial
dependence will lead to diverging energy expressions at infinity or, what is
equally undesirable, vanishing energy expressions at infinity. Both the above
requirements are subsumed in the mathematical statement that the radiating
fields must approach eflr=ot)/p a5 r 4 o0 , where k, the wave number, equals
w/c¢. The familiar plane wave and cylindrical wave solutions, so familiar from
cavity mode theory, are thus disallowed in this formulation. However, when
Maxwell’s equations are solved in spherical coordinates, electrodynamic fields
with the desired asymptotic characteristics are automatically obtained. In

addition, many features of Maxwell’s electrodynamics that exist in a somewhat




camoflouged state when expressed in the Cartesian system become pronouncedly
obvious when expressed in the spherical system. Thus, the merits of using this
system surpass one’s initial expectations from it. A detailed discussion of this
system, along with its generalization to four dimensions, provides the impetus for

Chapters IV and V of this investigation.

The primary task at hand is to obtain exact (spherical) solutions for the
electric and magnetic fields in charge-free space. As is demonstrated in virtually
every E & M textbook, this task is mathematically equivalent to solving the
scalar and vector Helmholtz equations for the potentials ® and A, respectively.
This equivalence, along with a full-blown exposition of a solution technique for
the vector Helmholtz equation, comprises Chapters II and III of this dissertaion.
The course of action outlined in Chapter III is by no means unique; investigators
have occupied themselves with this problem for decades and various solution
techniques have been devised !®. A review of these approaches will provide

some historical context.

The spherical solutions for E and B appear to have been completely worked
out in the 1950’s by several authors working independently. Two major schools
of thought seem to have gained pre-eminence, namely, the method of vector
spherical harmonics as championed by Blatt and Weisskopf®, Hill%2, and the
Russian authors®®, versus the method of Debye potentials as initially given by

Bouwkamp and Casimir® and developed further by Nisbet®.

One cautionary note should be made about these earlier papers. The
calculational techniques are not for the faint of heart, and typically become
extraordinarily difficult to follow. The Russian authors in particular presume a

thorough knowledge of the techniques of group theory and creation/annihilation




operators, among other things. The path-breaking paper by Bouwkamp and
Casimir presumes facility with Green’s functions. The derivations can oftentimes
. become so abstract that it is not certain until only the last moment that

something concrete is going to fall out from them:.

Nevertheless, the final E and B expressions, regardless of solution technique,
found their way into the textbooks of the time, notably, Stratton’ and Panofsky
and Phillips®. The presentation by Panofsky and Phillips is particularly
recommended for its clear and readable exposition of the Debye potential
method. These authors were most likely already familiar with the exact solutions
and were thus in a position to devise a more succinct method of deriving them.
(Elegant derivations are usually possible when one knows beforehand what the

solution is going to be.)

The ultimate solutions for monochromatic E and B are given in upcoming
equations (III.F.11 thru 16) of this dissertation. These solutions are derived
ab tnitio in Chapter III for the benefit of those who have not seen or have not
been able to follow their derivations elsewhere. The derivation utilized in this
report relies solely on knowledge of standard solution techniques for partial
differential equations and mathematical identities involving the spherical Hankel,
associated Legendre, and trigonometric functions. These special-function

identities are provided in tabular form in the Appendix for easy reference.

The next major section of this report comprises Chapters IV and V, where
the fundamental objects of mathematical physics, viz., scalars, vectors, and
tensors, are given their representation in the spherical coordinate system.
Manipulation of tensor quantities in the spherical system is not always as

simple-minded as it is in the Cartesian system, primarily because the spherical




unit vectors (,0,$) are themselves functions of position, and partial derivatives
of expressions containing these vectors must account for this fact. This point is
driven home repeatedly in these two math-intensive chapters. Consequences of

this state of affairs are explored extensively.

Differential identities such as divergence, gradient, and curl assume
somewhat complicated forms in the spherical system, and it is important to know
how to generate and handle them. In the language of tensor analysis, it is
possible to express the seemingly complicated formulas of the spherical system (or
any curvilinear system, for that matter) in an especially coherent manner. As
such, this formalism is utilized throughout. To make sure that all formulas are
fully understood, matrix quantities are written out in their entirety, even though
doing so makes many formulas unwieldy-looking. But my experience has been
that over-utilization of tensor shorthands, although providing for great notational
compactness, obscures many essential truths. Therefore, matrix expressions have

been written in full whenever necessary.

Other mathematical operations have not been treated so meticulously. The
majority of partial differentiations and matrix multiplications are not typed out
explicitly because it is felt that most readers can perform these operations for
themselves. There is no need to boggle the developments with long-winded

arithmetic if the essential results can be obtained without it.

There has been a conscientious attempt to adhere as closely as possible to
the notation and sign conventions of Jackson®, although this puts several
formulas at odds with authors such as Arfken!® and others. The approach that
has been (independently) forwarded in this investigation strongly parallels that of

Becker'!, who covers the topic of tensors in Part A of his comprehensive text on



electromagnetics. Other good references are the previously mentioned Arfken!®

and the classic by Lovelock and Rund!%.

The subject of tensor analysis is broad and every author seems to have his
own way of doing it. Further, the subject seems to have undergone some
evolution over the years. After committing all the expressions of this dissertaion
to print, it was discovered that ‘“‘old” definitions for vector and tensor had been
utilized, so definitions (IV.A.3) and (IV.A.6) disagree with modern authors. The
major point of departure is that the scale factors 1/r and 1/rsin@ have been
incorporated directly onto the 8- and ¢-components of the vector (or tensor) in
this investigation, whereas modern authors would leave these factors inside the
transformation matriz. (Refer to equations (IV.A.3) and (IV.A.6) for details:
Contrast these equations with those of any Ir-lodern author. The determinant of
the transformation matrix used in this report is 1; the determinant of other
authors’ transformation matrix would be l/rzsine.) Rather than re-casting my
old-style formulas into modern format, it was decided to let them stand as
originally written because they make the transformation between Cartesian and
spherical tensors simpler to comprehend and work with. The ‘“modern”
definitions for transformation matrix are directed with an eye towards
applications in non-Euclidean spaces, a subject that is not ventured into in this

investigation.




Once the mathematical preliminaries have been taken care of, attention is
re-focussed back onto the pertinent physics. The mathematical framework
established in Chapters IV and V is used to derive conservation laws for the
electromagnetic system. The conserved quantities examined in this investigation
are those that can be expressed quadratically in the field variables. (There are
also conserved quantities of non-quadratic order, but these seem not to possess
physical significance.) The Maxwell energy-momentum-stress tensor is used as
the vehicle from which to launch the discussion. The mathematical formulation
of this tensor is included in most E & M texts*%!!. It therefore merely suffices to
quote the temsor directly rather than devote unnecessary text to it. The
interested reader can refer to the aforementioned texts for further insights into

this topic.

Conservation laws in physics are of fundamental importance not only
because they single out parameters that are of genuine physical interest (energy
and momentum, for instance, rather than phlogiston or ether wind), but also
because they guide one to ‘‘correct” formulations physical law (Newton’s laws of
motion versus Ptolemy’s rotating epicycles, for instance). As such, conservation
laws receive a great deal of emphasis in contemporary expositions of physical

theory, and electrodynamics is no exception.

The definitions of electromagnetic energy, momentum, and angular
momentum seem to have been firmly established by the turn of this century, and
appropriate conservation laws for each of the above seven quantities were in
general usage by then'). (Seven quantities because momentum and angular
momentum are vectors.) The existence of additional conserved quantities has
been a concern of more recent authors, all using a variety of techniques to

discover them.




The presently favored methods of deriving conservation laws are not always
intuitive, nor easy. Perhaps the most frequently-used approach12 is to pre-
assume some sort of invariance property for the physical laws being investigated
(translation, rotation, or reflection invariance being typical), and then make use
of Noether’s Theorem to derive conservation laws that correspond to each
invariance property (momentum, angular momentum, and parity being the
conserved quantities corresponding to the three forms of invariance listed above).
The difficulty with this approach is that all allowable invariance properties for
the laws under investigation are usually not easy to ascertain. The simplest
invariances are usually easy to spot, which explains why conservation laws for
energy, momentum, and angular momentum typically far precede conservation
laws for other parameters. More general, albeit more abstract, approaches are

often necessary to extract additional conservation laws.

The definitive work by Fulton'® and Rohrlich'* established that Maxwell’s
equations in charge-free space display conformal invariance, that is to say that
angles between vectors are preserved under given transformations, and that
fifteen conserved quantities should be expected as a result. However, explicit
expressions for all fifteen quantities have not been given. A simpler derivation
technique outlined in Chapter V of this report provides independent verification
that fifteen conserved quantities are indeed obtained from the electromagnetic
energy-momentum-stress tensor. An added bonus is that explicit expressions for
each of the fifteen conserved quantities are obtained in a deductive, non-arbitrary
manner. No recourse whatsoever is made to the tools of Group Theory or
Conformal Invariants. No variational techniques are invoked, thus obviating the
need for Noether’s Theorem. All that is required is familiarity with the partial
differential behavior of the spherical unit vectors (f 0 ,ti)) as given in Chapter V

and the ability to handle partial differential equations. The fifteen conserved



quantities implied by the electromagnetic energy-momentum-stress tensor fall out

straightforwardly, with no initial guesswork required.

Chapter VI represents a synthesis of all previous chapters. The field
solutions of Chapter III are incorporated into the conservation laws of Chapter V
to obtain expressions for the radiated fluxes of energy, momentum, and angular
momentum in terms of the electric and magnetic multipole moments of the given
source. It should be stressed that these expressions are all ezact, and fall out as
inevitable consequences of Maxwell’s equations. If these derived energy or
momentum expressions are for some reason deemed unsuitable (due to some as-
yvet undefined aspect that renders them incorrect from a theoretical or practical
viewpoint), it means that Maxwell’s equations themselves require modification,
and not the attendant conservation laws. Since Maxwell’s equations have so
valiantly withstood the test of time, it seems unlikely that they, or the derived
energy and momentum expressions of this investigation, will require any
modification at all. These formulas are versatile enough to even describe some

simple quantum phenomena, as in fact is done in Chapter VII.

One of the more interesting results of the derived formulas of Chapter VI is
the relationship between the total flux of electromagnetic energy and total flux of
z-component of angular momentum. The relationship is highly reminiscent of
the corresponding relation postulated in quantum mechanics. This relationship
between energy and z-component of angular momentum has not gone unnoticed
by other authors. Blatt and Weisskopf’, Rohrlich'*, Heitler'®, and Panofsky and
Phillips® all make mention of the relationship to the degree that their individual
formalisms allow. In the exact formulation of Chapter VI, the relations is
demonstrated conclusively. No approximations have been made to derive any of

the formulas of this chapter; thus, the relation is shown to hold quite rigorously.



This relation, in fact, is the germ that spawns the discussion of Chapter VII,
where Maxwellian expressions for radiated energy and angular momentum are
used in tandem with the formulas of classical statistical mechanics to explain the
emission characterics of radiating blackbodies. The fact that classical formulas
are even remotely applicable to this most prototypical of quantum systems is
something of a hint at the profundity of the Maxwellian expressions. These
expressions seemingly contain within them seeds for a comprehensive review of

quantized theories of the electromagnetic field.

The discussion of Chapter VII is very much in the spirit of Max Planck who,
although being the grandfather of quantum mechanics, never quite resigned
himself to its latter-day developments. Planck’s semi-classical approach to the
blackbody problem, as supplemented by the electromagnetic formulas of Chapter
VI, is utilized throughout. His persistent belief that the energy quanta kAw
follows from classical considerations may yet be realized, even if only partially.
(This theoretical pursuit is not the purpose of this investigation; the topic will be

taken up elsewhere.)

The concluding Chapter VIII serves to demonstrate practical applications of
the formulas of Chapter VI. Three examples are used. The first example
involves a spherically-shaped antenna, a non-practical situation to be sure, but
one that lends itself readily to solution in the spherical coordinate system. This
worked example is included mainly for pedagogical purposes, it being a simple-
to-follow demonstration of how the energy, momentum, and angular momentum

formulas of the previous chapters are solved for and utilized.

The second example is a rough-hewn attempt at determining the shape of a

charge structure that radiates near-monochromatically (i.e., a surface diffraction
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grating). The exact structure is not actually obtained because computer
calculations and additional refinements to the theory are going to be required.
But the preliminary mathematics are established. The material presented in this

section should be considered as first-cut only.

The third example is a qualitative discussion about modelling collimated
beams spherically. The typical approach is to simply model the beam using
plane waves. But recall that plane waves do not attenuate at infinity, and thus
are disallowed as solutions for radiation modes. Although it must be conceded
that plane waves are exceptionally well-suited as approzrimate solutions for
electromagnetic waves close to the radiating source (‘‘near field” solutions),
extrapolating these plane wave solutions to distances far from the source is
tantamount to inviting infinite energy and momentum fluxes, a clearly
undesirable situation. If these infinite-energy solutions are to be avoided, a
spherical solution that closely approximates plane waves must be utilized instead.

This third and last section of Chapter VIII addresses this problem.




CHAPTER II
REVIEW OF MAXWELL’S EQUATIONS

Radiative electromagnetic fields are best expressed in terms of spherical
coordinates (r,0,6) because boundary conditions at r - w are automatically

fulfilled for solutions expressed in this system.

The intent of these next few chapters is to demonstrate a solution technique
for Maxwell’s equations in the homogeneous, monochromatic case. The solutions
obtained using spherical coordinates provide insights that are likely to overlooked

when using other coordinate systems.

By way of review, we have Maxwell’s equations:

(II.1)

V-E = 4mp (a)

VB =0 (b)

YxE 22 = (c)
¢ dt

VicH: — 90 _ 2T ¢ (d)

c ot ¢
and

i3 ap

VJ + —+—==0 (I1.2)
ot

It is standard practice to decouple Maxwell’'s Equations by defining scalar

and vector potentials (®, A) for which we obtain:

11
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Vip — = —4m 1.3
APy p (I1.3)
e 1 9%A 47 =
VA - =—— = ——] 11.4
¢t ot? ¢ (1L4)
and
vi=-L192 - (IL5)
c ot
The field vectors E and B are recovered from the (®, A) potentials via the
relations:
B--vo- 134 (IL6)
c ot
B = VxA (IL.7)

. . . +9q .
If solutions are to be restricted to the monochromatic case, e*'“! time
dependencies are pre-imposed upon the various scalar and vector quantities as

follows:

E%,t) = %(é’e—‘wt + &*efet) (IL.8)
B(X,t) = —;—(Ee_‘m' + E*eiu’t) (I1.9)
p(X,t) = —;—(qe_i‘”t + q*ci“’t) (I1.10)
J@E,t) = %(j‘e—i‘”‘ + Jre'o!) (IL11)

The time-independent, complex-valued components &, b, g, and j satisfy

their own set of time independent Maxwell equations:




(IL.12)
V& = 4mgq (2)
Vb = 0 (b)
Vxg - kb = 0 (c)
Uxb + ikE = i‘clj (d)
and

Vi—twg= 0 (I1.13)

where k = =

c

Decoupling is achieved as before by resorting to scalar and vector potentials:

O, t) = > (be ™! + g*e™) (IL.14)
A®,t) = %(a’e““" + Bketol) (IL.15)
for which:
Vi + kP = —4mg (11.16)
V% + k%3 = —44—;5—} (IL.17)
and

Vi = ik (1.18)
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Also:

]
i

—Vy + iki (I1.19)

b = Vxi (11.20)

In source-free regions of space, (p, J ) = 0, and one obtains:

V3y + kg =0 (11.21)
Vi3 + k?3 =0 (11.22)

and
Vi = tky (11.23)

U(X) therefore satisfies the scalar Helmholtz equation and & (X ) satisfies the
vector Helmholtz equation. Expressed in spherical coordinates, the

V2 + k¥ = 0 equation becomes:

2 2 2
N 20, 100, co Wy 190y = 0 (m29)
ar r oor r“ a9 r® sing 90 r° sin“0 do

Standard separation-of-variables techniques lead to the well-documented

solution:

o l )
Wr80) =D D i by (kr) PlY(cosd) e™® (1L25)
=0 m=-1
where c,, = expansion coefficient

h(ll)(kr) = Spherical Hankel Function of 1st Kind
P[™cosB) = Associated Legendre Function of 1st Kind

Also, see note below.t
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Similarly, & satisfies the vector Helmholtz equation, V24 + k%3 = 0, which

expressed in spherical coordinates becomes:

da da
f(v2ar + kza, _ _%_ar _ % 0 22cosﬁ ) — 22 ¢)
r r< o9 r“sin@ r°sing o0d
a Ja oa
+ B(Vzae + kag — _21_209 + __2_2_ ro_ 22cos;) tb)
rsin”e re 08 r’sin’e 9d

1 9 da, 2cos@ 90Qp
2 0o t 3 t 3 ) =
r“sin“0 rsind 9o résin“g 9o

(I1.26)

The forbidding appearance of this vector equation possibly explains why

exact solutions are so infrequently found in the literature.
A general solution of this equation will be derived in Chapter III.
Before embarking on solution techniques, it is essential that several

mathematical identities be put at our immediate disposal. Hence, a compendium

of relevant formulas is provided in the Appendix.

t There are also “2nd Kind” spherical Hankel A’(kr) and associated Legendre
Q*(cos®) solutions to the V2§ + k2 = O equation, but the A}’(kr)P["(cos8) solutions
have been purposelly singled out because:

* 1& must behave as an outgoing spherical wave at r - co . This eliminates the
K7 (kr) solution.

* s must be finite valued at cos® = 1. This eliminates the §™(cos8) solution.



CHAPTER III
SOLUTION OF THE VECTOR HELMHOLTZ EQUATION
IN SPHERICAL COORDINATES

A.) Initial Statement of Problem and Equivalent Formulation

Recall from Chapter II the vector equation of interest:

ViE + k% =0 (IIL.A.1)
subject to
V-a = tk{ (II1.A.2)
where
§ = ¢, BU(kr) P/(cosB) e™® (IIL.A.3)
The vector operation V23 is defined from the identity:
V23 = V(V-3) — VXVxai (II1.A.4)

where from (App.A.11) we have:

—

2r

2

-I: - - 2f -
— Vi(r-a) — — Va +
r r r

16

-

X (Vx3) — =XV x3) (ILA.5)

r
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Take the dot product and cross product of the above relation with T to

obtain:

-v2a = Vif-a) —2Vi (I.A.6)

FxV2a = ViE#xi) — 2Vxa (IIL.A.7)

Since it is required that:

one obtains the equivalent formulation of the vector Helmholtz problem:

(V2 + K2)(F-3) = 2tk (IIL.A.8)
a)

(V2 + k)@ x3) = 2VX3 (I11.A.9)
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B.) Two ‘“‘particular’ solutions for a,

To determine the component a,, utilize the first relation (III.A.8):

2ike,, B (kr) PM(cosd) e™® = (V2 + k%) -3)

= (V2 + k%)(ra,) (IIL.B.1)
daa .
= r(V? + k¥a, + 2— + 2,
r r
Consider a, to be of the form:
- h(l) ¢ im' &
A, = Qg by (kr) Pj(cost) e (II1.B.2)

Use equations (App.B2.1) and (App.C2.1) on this pre-assumed form for a, to

obtain:

(V2 + kBa, = a,.m,r( L+l - p (P41 (IILB.3)
r

12 _ r2 , .,
+ %——_—?ﬂ——)h(llr)(kr) P} (cosB) ™ ¢
r* sin
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Plugging (I11.B.3) into (III.B.1) leads to:
2ikcy, h(ll)(kr) P[*(cosB) e™® = (II1.B.4)

' (g N W) r2 r2 , -
= alvm'( r+1) = pr(pf +1) + 4 = )h(,lr)(kr) PJ(cosB) e™™ ®
r r sin®Q

(1) (1 B
+ 2al'm'( dhl'dfkr) + hr fkr)) P (cosb) ¢ ®

Since the above relation must hold identically, we require strict equality of

indices among all P” and ¢'™? terms. Hence:

¢ =m
p=1
m =m

The P/" and ¢"™? terms therefore cancel and one is left with:

2ikc,, B (kr) = a,,m( s “)r_ Hit1) )h(,l:)(kr) + (IILB.5)

) ®
P (k) | B (kr
+ 2arm( ldf by lf ))

Utilize equations (App.B2.8) or (App.B2.7) to replace the terms enclosed in

the second set of parantheses:



20

(

al,m( U(l'+1) - I(HI))h(ﬁ)(kr) +

-
)
+ 2a,.,,,((z' NN i kh$3’+1(kr))
r

. 1) or.
2tkcy, by (kr) = (II1.B.6)

a’,m( r{l'+1) - 1(l+1))h(;)(kr) +

r

0
+ 2a,,,,,(lch§,"_1(kr) - I’M)

r

To force equality in the first case, set:
' =1-1
To force equality in the second case, set:
' =1+1

These choices for I’ in turn force:

—ic,,  (First Case) (IILB.7)

Irm = 1Ch (Second Case) (111.B.8)

Thus, two independent ‘“particular’ solutions to the inhomogeneous equation

(V2 + k¥)(ra,) = 2ikcy, h(ll)(kr) P[(cos6) e™® have been derived, namely:

— ¢y, hglll(kr) P[*(cosB) e'™® (I11.B.9)
r = e, AL (kr) Pl(cos) e™® (IIL.B.10)
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C.) Two ‘“particular” solutions for a* and a~

To determine the components ag and ag, utilize the second relation

(IL.A.9):
2Vxa = (V2 + k¥)(F x3)

= (V2 + kY(rt x(a,t + agh + a4d))

(V2 + k%) (—rayh + ragd)

Use equation (App.A.2) on the L.H.S. and (App.A.8) on the R.H.S. to

obtain:

. ( 2 9Qy 2c0s0 2 aae)
i = + gy
r 90 rsin@ rsin® odd

N oa Ja
rsind dd or r
R G 9 9 da,
+ 2 + —ay — — =
d’( ar r 9 ae)

. ( 2 0Qy 2cosh 2 00y )
= (= + =gy - ————
r df rsinf rsinf do

A daa
- 6((V2—;+k2)(ra¢) 4+ Zeos® ——‘1)

r2sin%0 rsin’0 8¢

N 1 2cosh 90
+ vi- +k?)(rag) — —)
¢(( )(r o) rsin?g 0od

Equate coefficients of 6 and &, divide through by r, and make use of
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relation (App.A.7) to obtain:

1 2cos0 90g 2 da,
v +k2)a + il R 11.C.1
( r2sin2p ¢ rsin?g 9d r2sing 0 ( )
1 2 cosf 9Qy 2 da,
V2_ +k2)a _—_——_——— = — — III.C.2
( r2sin®0 8 r?sin’9 d¢d r? 90 ( )

Multiply the first equation by ¢ and add and subtract to the second equation

to obtain:
1 2t1cosh 0 2 /70 t 9
V- + +k2)a+ = ——(—+ —)a 1L.C.3
( r2sin®0  r2sin?0 0 r?\ 90 sin® o/ ' ( )
1 21cosf 0 - 2/ 0 t 0
vi- - +lc2)a = —--—(———————)a 1IL.C.4
( r?sin%0  r?sin?0 9¢d r2\ 980 sinf 00/ ' ( )
where + _ .
a’ = ag + a4 (II1.C.5)
a” = Gy — 10y, (I1.C.6)
Define tilde-functions independent of m:
a, = G,e™® (IIL.C.7)
Qg = Gge'™® (111.C.8)
Gy = Gye'™® (II1.C.9)
and:
at = ag + 1a, (I1.C.10)

i~ = dq — idg (IL.C.11)



23

The pair of equations (III.C.3) and (III.C.4) become:

2
(V2— m +22mc;)39+1+k2)d+ - _%(i_ m )dr (II1.C.12)
r25in20 r‘\ 00 sinf
2_
(Vz_m 22mc;)56+1+k2)d_ - _%(iJr m )d, (II1.C.13)
r“sin“0 re\ 98 sin§

From (IIL.B.9) and (IIL.B.10), two options for @, are available. We restrict
attention exclusively to the second of these two options for the developments that

follow:

a, = icy, hslll(kr)P{"(cose) (I11.C.14)
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As with the a, component, two independent ‘‘particular” solutions for a*

and @~ will be derived. The first of the two @™ solutions is derived as follows:

Collect equations (III.C.12) and (III.C.14) and then operate on the R.H.S.
using equation (App.C2.13):

2
(Vz+k2_ (m+1)”  2m(1=cosb) Y., _ (IIL.C.15)

rzsinZB r2sin%g

(1)
1+1(’"

= —=2ic,

= -———-(—-— il ) :C,mh,+1 (kr)P" (cose))
( 1—cosd ) .
sin?9 / 21+1
+ [1P (cosh) + (21+1)P/"*(cosh) + (I+1)P/} (cosh)]

Assume a solution of the form

at = ic,mhslll(kr) [alP,ﬁ"{l(cosﬂ)+ a2P,m+1(c036)]

where the constants @, and @, are to be determined.

Plug this assumed form for &% into the L.H.S. of (III.C.15), and use
equations (App.B2.1) and (App.C2.1) to calculate the effect of the V¥ operation:
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(V2+k2— (m+1)* + 2m(1— cose)) _

r2sin%@ r2sin%0
. I+1)(1+2)—(1+1)((I+2 2m1 cosf (1) pm
_ zc,mal[L W+2)= (D) : )] B (k)P (cost)
r r2sin®g
+ iclmaz[ﬂ+1)(1+22)_l(l+1) 2m(21 zzsﬁ)]h(l) (kr) P+ {cosh)
r r“sin

(1) _
= 2iCpp, hl'; (1 .c;)sﬂ )[almP,"f,-{l(cose) +
r sin“0

+ ay(l+m+1)P*(cosd) +

+ ay(i+1)cos®P™ Y cosB)]

Use equation (App.C2.4) on the third term inside the brackets and pull out
the (21+1) term that gets introduced into the denominator:

5‘3,1(1“) ( 1—cos@ ) 1 .

r? sin’g / 20+1

= 2ic,m

. [(alm(2l+1) + a2(1+1)(1—m))P,"1'{1(c059) +
ay(21+ 1)1+ m+1)P"™*(cosh) +

+ a,(I+D)(I+m+1)P™7 (cose)]
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Equate the above expression to the R.H.S. of (III.C.15) to obtain coefficient

matching conditions for a; and a,:

a;m(21+1) + a,(I+1){I-m) = -1
ay(2l+1)(i+m+1) = —(2{+1)

—ay(I+1)({+m+1) = —(I+1)

Solutions to the above trio of equations work out to be:

-1
= — 1.C.
aq Ttm+1) (II1.C.18)
- ——1 (II1.C.17)

Vo (I+m+1) o

From which one obtains:

—1C Im

I+m+1) h(llw)tl(k’)[PITIl(COSB) + Pz'"+1(cose)] (II1.C.18)
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The second of the two @ solutions is derived in close analogy with the first.

Once again, collect equations (III.C.12) and (III.C.14), but this time operate
on the R.H.S. using equation (App.C2.14):

2

veppr—(m=1) _ 2m(l+cosd) Yo, _ (IIL.C.19)
risin’e r2sin0 '

= 2 (2 ™ (e Y -
- r2(89 sin@ )('c'mhl-Pl(k’)Pz (COSB))

()
- —2ic,, hiyq(kr) ( 1+ cosf ) 1

r? sinfe /2l+1
+ [t-m+1)1—m +2)P/T* (cos8) ~
~ 2+ 1)(I-m+1)(I+m)P™ (cost) +

+ (1+1)(1+ m = 1)1+ m)P7 (cosd))|

Assume a solution of the form
=+ _ . (1 m—1 m—1
at = ic,hisrq(kr) |0, P17 (cos8)+ by P (cosB)

where the constants b, and b, are to be determined.

Plug this assumed form for @% into the L.H.S. of (III.C.19), and use
equations (App.B2.1) and (App.C2.1) to calculate the effect of the V? operation:
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(V2+k2_ (m=1)*  2m(1+cos8) )d“‘ _

r2sin%0 r2sin0

. [+ D){({+2)-(1+1){({+2 2m{1+cosf 1) —
= 'clmbl[( k) 2( Mixz) m(g 5 c203 l]hgﬂ(’")ﬂﬁll(cose)
r r“sin“o :
+ '.Clmbz[(l+1)(l+r22)—l(t+11 _ 2mr(215;czzse)]h?ll(kr)P{""‘(cose)

(1)
= _giclmﬁw_(ﬁ_@ﬁ) [blmpm_'l'l (cosh) —

r? sin%@

— by(I—-m+1)P™ }(cosh) +

+ by(l+1)cos6 P~ 1(cos())]

Use equation (App.C2.4) on the third term inside the brackets and pull out
the (214+1) term that gets introduced into the denominator:

Slil(kr) ( 1+ cosf ) 1 .
r? sin? / 21+1

= '—21:C’m h
+ [(bym(@i+1) + by(i+1)(1~m+2))P1i7" (cosd) —
— by(20+1)(I—m+1)P[" " (cos8) +

+ by(l+1)(I+m—1)P" ! (cosB)]
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Equate the above expression to the R.H.S. of (II1.C.19) to obtain coefficient

matching conditions for b, and b,:

bym(2i+1) + by(I+1)I-m+2) = {(I-m+1)(I-m+2)
b2+ 1)(I-m+1) = (21+1)(I-m+1)(I+m)

by(l+1)({+m—1) = (I+1)(I+m—1)(+m)

Solutions to the above trio of equations work out to be:

b, = (I+m) (I11.C.20)

b, = —(I-m+2) (I11.C.21)

From which one obtains:

G* = icyhiLi(kr)[~(1-m+2)P[27" (cosd) + (I+m)P[** (cosd)]  (IILC.22)
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A completely parallel development for the @~ component proceeds as

follows:

Collect equations (III.C.13) and (III.C.14) and then operate on the R.H.S.
using equation (App.C2.15):

2 2

2
r2sin0 r2sin%@

= __‘_2_ i m N (1) m
T ( 26 ' sind )(’clm hid1(kr) P["(cos6))

h(llll(kr) ( 1+ cosf ) 1,
m

2ic
: r? sin? / 20+1

. [IP,'ZTI(COSO) — (21+1)P**(cosh) + (l+1)P,"1T1(cose)]

Assume a solution of the form

a” = ic,mhsl.,).l(kr) [alP,'i'fl(cos(-))+ azP,mH(cosO)]

where the constants @, and @, are to be determined.

Plug this assumed form for @~ into the L.H.S. of (III.C.23), and use
equations (App.B2.1) and (App.C2.1) to calculate the effect of the V? operation:
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(V2+k2— (m+1)° + 2m (1+ cosh) )d_

r2sin%0 r2sine

(+1)(+2)-(I+1)(1+2) Qm(zlfgzsﬂ) ] R 1 (kr) P23 (cosh)

= 'clm a'l 2
r Y sin

+icy, az[(1+1)Q+22)—l(1+1) + 1+cos9)

T sm

] h,+1 kr)P™*1(cos)

(1)
= 2icy, hl';l ( lijc;)sﬂ )[almP,'Tl'l (cosB) +
r sin“H

+ ay(l+m+1)P"*(cosh) —

— ay(l+1)cosoP™* l(cos())]

Use equation (App.C2.4) on the third term inside the brackets and pull out
the (21+1) term that gets introduced into the denominator:

(1
= 2ic,, hiiq(kr) ( 1+cose) 1

r2 sin?e /2(+1

. [(alm(2l+1) — ay(l+1)(! m)) P11 (cos8)
+ a,(20+1)(I+m+1)P™ " (cos) —

— ay(I+1)(1+ m+ 1P (cosh)|
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Equate the above expression to the R.H.S. of (II1.C.23) to obtain coefficient

matching conditions for a; and a,:

aym(2l+1) — ay,(I+1)(I-m) =
ay(20+1){+m+1) = —(20+1)

—ay(I+D)(I+m+1) = (I+1)

Solutions to the above trio of equations work out to be:

-1
= —— II1.C.24
@2 (I+m+1) ( )

1
= — H1.C.25
% (I1+m+1) ( )
From which one obtains:
1C

a= = ———h{;(kr)[ P27 (cost) — PI"*(cost)] (IIL.C.26)

(I+m+1)
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Similarly, the second of the two @~ solutions is derived as follows:

Collect equations (III.C.13) and (III.C.14), and operate on the R.H.S. using
equation (App.C2.16):

2 2

—1\2 —_
v2ppe_{m—1)"  2m(l-cosf) Y.  _ (IIL.C.27)
r2sin?0 r2sin%@

2 70 m . 1)
B —_r?(%—+ sinf )(zc,mh1+1(kr)P,"'(cose))

s hglj.l(kr ) ( 1—cosf 1
= 2'clm 9 . 9 ) *
r sin’e / 2{+1

+ [1=m+1)(1—m +2)P[37" (cos0) —
— 21+ 1) —m+1)({+m)P (cos) +

+ I+ 1)+ m—1)(1+m)PT (cosd)|

Assume a solution of the form

a- = iclmh(tlll(kr) [blP{’Hl(cose)+ bzP{"_l(cosﬁ)]

where the constants b; and b, are to be determined.

Plug this assumed form for @~ into the L.H.S. of (III.C.27), and use
equations (App.B2.1) and (App.C2.1) to calculate the effect of the V2 operation:
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r2sin%g r2sinZe

(V2+k2_Lm—1)2 _ 2m(1—cosb) )d" -

= e b (+1)(1+2)—(1+1)((1+2)  2m(1—cosB)
= m 1[ r2 r’sin?0

1 m—
]hSll(kr)Pml(cose)

((+1){{+2)-1(1+1)  2m(1—cosb)

r? r? sin%0

+ iy, by [ ] h(llll(kr)P,m_l(cose)

(1) _
= 2i¢;, hlis ( 1-cosh )[—blmP,"}_II(cose) +

r? sin20

+ by(l-m+1)P" }cosh) +

+ by(l+1)cosOP™ ™ 1(cosﬂ)]

Use equation {App.C2.4) on the third term inside the brackets and pull out
the (21+1) term that gets introduced into the denominator:

hglll(kr) ( 1—cosb ) 1,

= 2icC
fm r? sin?9 /20+1

+ [(=bym(21+1) + by(i+1)(1—m +2))Pfi7* (cos6) —
— by(21+1)(I—m+1)P" " }cos8) +

+ by(I+1)(l+m—-1)P" 7! (cos())]
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Equate the above expression to the R.H.S. of (III.C.27) to obtain coefficient

matching conditions for b, and b,:

—bym(20+1) + by(I+1)(I-m+2) = I(I-m+1)(I-m+2)
by(21+1)(I+m+1) = (2+1)(I-m+1)(I+m)

bo(l+1)(I+m—1) = (I+1)(I{+m—1)({+m)

Solutions to the above trio of equations work out to be:
b, = (I+m) (II.C.28)

b, = (I-m+2) (I11.C.29)

From which one obtains:

G~ = icy hiL1(kr)[(1-m+2)PT (cos0) + (I+m)PPY(cosh)]  (ILC.30)
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D.) “General” solutions for ¥, a,, a4, and ay

Two “particular” solutions for the @+ equation have been derived, namely
(II1.C.18) and (I11.C.22). General solutions are always obtainable from the set of
particular solutions by combining them linearly in such a way that the sum of

the expansion coefficients equals 1. In the case at hand, one would have:

~ . m 1 1
at = sz[—tczmhz+1(kr)[(l—+m1’z"f{1(cosﬁ) + (H—W;I—)P{"“(cose)”

+ [ic,m hidy(kr) [~ (1= m+2)P[I7" (cos0) + (1+ m)P,""l(cose)]]
(IILD.1)

where p;,, and ¢, are any two constants such that:

plm+qlm =1

A convenient choice for p,, and g, works out to be:

_ 1{+m+1
Pim = ) (l+1) t iy
- 1(=m+1)
dim 9 (l+1) Im

where 7, is an arbitrary constant. (The motivation behind the above choice of

Pin and g, will be made clear in what follows.)
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Plug these values of p;, and g, into the (IILD.1) equation to obtain:

at =

- {_; +1) hglll( )(P{Q'_]Ll(cose) + P,'"“(cosﬂ)) +

h(l) (kr)(1 m+1)(_(1_m+2)P1’1I1(cose) + (l+m)P1'"_l(cose))}

!
+ —
2 (l+1) f+1
-7 _ch M (kr)(P Y(cost) + P! cosB)) +
(l +m+ 1) l+ 1 1+1
+ iC hi3 1 (k) (—(1—m +2)P27" (c0s8) + (I+m)P/" }(cos6)) }
Collect common factors and re-arrange terms within the brackets to obtain:
it = - (1+1) —m_p (e ){(P,m+1(cose) — (I=m+1)(I+m)P[" cosp)) +

+ (P,'Tfl(cose) + (l—m+1)(l—m+2)P,'f,'.]l(cos(-)))}

T Cim "
i o) (P o) — (0 00 4P o) +

+ (P,m"'l(cose) + (l+m+1)(l+m)P,m_1(cosﬂ))}
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Define new expansion coefficients:

Cim

Im = — (1+1) (IIL.D.2)
Tim Cim
d(l+1)m = -(—l—fml_) (IIL.D.3)

Then make use of the Legendre polynomial identities (App.C2.8,9 and 12) to

obtain:

dP["(cosb)

- . {1 m
at = gy hisa(kr)(— o = 5o P(cose))

} (1) dPJ; ; (cos6) m
— idgym i1 (k) (e — TPl (cos0))

Adjust the index (/+1) - ! on the second term to obtain:

; . (1) dP["(cos8) m
@t = ighity(kr)(— o = 5= Plcost))
dP["(cos0) m

26 s P,m(cos())) (II1.D.4)

- idpy h(ll) (kr) (
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The general solution for the @~ equation proceeds analogously. Recall that

two ‘“‘particular” solutions for @~ as given by (III.C.26) and (III.C.30) have been

derived. The appropriate linear combination of ‘‘particular’ solutions would be:

- - 1 o 1 om
= pzm[wzmhz+1(kr)[sz+J{l(cosB) T UFmen “(6059)]]

Qe

+ Qim [ic,m hglll(kr)[(l—- m+2)Pt 1 (cos0) + (I+ m)P,'"_l(cose)]]
(IIL.D.5)
where p,,, and g, are any two constants such that:

plm+QIm =1

The development from this point onward mimics the development for the

a%t solution provided in the previous paragraphs. Suffice it to simply state the

final solution:

dP"(cos0)
- _ . (1) l m
a7 = igmhisi(kr)(——o— + = P(cost))
dP["(cos8)
. (1 { m
- tdlmhl)(kr)( 20 + im0 P,m(cose)) (II1.D.6)
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Thus, general solutions for @+ and @~ have been derived. These solutions

may now be employed to determine the components @4 and G

Recall from (I11.C.10), (II1.C.11):

Utilizing (III.D.4) and (II1.D.6), the @4 and @4 components become:

9P["(cosh
Gy = z'g,mhglll(kr)———l—(—c?-s——) + id,,, A (kr) ':e P™(cos8) (IILD.7)
Si
dP[™(cosf
; P"(cos®) — d, A} (kr)——-Ll (IIL.D.8)

= =g hil (k) ==
Q4 Gim N1 +1( f)s-m9 40
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Recalling (III.A.3), (III.C.7,8, and 14), and (III.D.2), one obtains general

Helmholtz solutions:

U o= =g+ 1A (kr) PP(cose) e ™ (IILD.9)

a, = —igy, (I+1)h%)(kr) P(cose)e™® (IIL.D.10)
dP[™(cos0) .

ag = igzmhglh(kr)—'—d(e—)e"""’ (IIL.D.11)

. (1) m ;
+ idy, by (k P imd
idym b (kr) == P["(cosb) e

m
sin®

Gy = —GmhiLi(kr) —2=P[(cosd)e™® (IILD.12)

dP|™(cosB) .

(1)
— dy, by (kr) 0 e'me

Note the two independent expansion coefficients g;,, and dj,,.

The complete Helmholtz solution would be obtained by summing the above

expressions over the range ! = (0 to ) and m = (—{ to +1) .
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E.) Coulomb Gauge

-

For problems of this sort, namely, in those regions of space where (p,J) = 0,

it is convenient to work in the Coulomb gauge where V-3 = 0.

This entails dividing & up into two separate components:

i =30 + &M (IILE.1)

where 3™ and &™ are the “longitudinal” and ‘‘transverse’” components of i,

respectively.

We require the divergence of 3™ and the curl of 3™ of equal zero.

Specifically:
V-al = gk (IILE.2)
Vxa® = Zero (IIL.E.3)
V:a™ = Zero (IILE.4)
Vx3™ = b (ILE.5)

The objective is to define these transverse and longintudinal components of
i such that the vector Helmholtz equation is still satisfied by each component

individually:

(V2+k?)at = Zero (IILE.6)

(V2+k2)a™ = Zero (IILE.7)
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This requirement can be achieved as follows:

(V2+ k2)§“‘) = Zero

V(V-z‘i“") - VXVx3® + k?3® = Zero

V(iktb) — VX(Zero) + k*a™ = Zero
k3 = —ikVi

]

L) = — -V
a . ]

Hence, given a general Helmholtzian (y,3), one can obtain &™) and &™) as

follows:
a0 = —iv\u (IILE.8)
3™ =3 — gw (ILE.9)
Notice:
i — w L R R TR WA TA N

v-am = Vo kV‘l’) = kv U = k( k) = ik (IILE.10)

And from (IILE.8):
VXa'Y = Zero (IHEll)

k3D = Vi (IILE.12)
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Thus:

= —Vy + ik

[o]]

= —V{ + k(3™ + &)

= k3™ (IILE.13)

VX3

oy
It

= VX(E(L’ + 5(1‘))

= VX&™ (ILE.14)

Hence, & and b are independent of the 3™ component. The physics can be
formulated entirely in terms of 3'™. In this situation, one is working in the

“Coulomb’ gauge because V-3™ = 0,

Specifically:
(V2+ k%)™ = Zero (IILE.15)
V-3™ = Zero (IILE.16)
¢ = ika™ (IILE.17)
b = Vx3™® (IILE.18)

The objective now is to extract the transverse components a'™ from the
Helmholtzian ({, &) solutions given by (IIL.D.9 thru 12) using the formulas
(IIL.E.8) and (IIL.E.9).
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One obtains Coulomb gauge solutions 3™

(T) — + _'_i‘!’}_ II1.E.
a; %+ 2o, (I1.E.19)
n |
- —z'g,m(l+1)(h513.1(kr)+d—};-l(;(rkTr)-)P,m(cosB)e'md’

W .
= —ig,,l(l+ l)ﬁl—é_ﬁ)- P[*(cosp) e™™®

L
al) = ag+ LY III.LE.20
0 8 kr 36 ( )

(1) dP"(cos8) .
. 1) ki’ (k ["(cosB) .
~ g (1) — (1) R ) T pime
m
sin@

+ id,, h(ll) (kr) P"(cosB) e™®

]

(1 (1 dPMcos) .
_z.glm(dh, (kr) | Ay (kr)) "(0%8) imey

d(kr) kr de
+ idy, B (kr) si’:e P™(cosh) ™™
o
M = g, + ———ZF ILE.21
% d’ krsin® dd ( )

= gin(Ri31lkr) — L+ DR (k) )5 PI(cost)

dP[™(cos8) imo

(1) (1)

— [m( dh[ (kr) " hi (kr)) .m P,'"(cose)e""d’
d(kr) kr sinf

dP["(cos8) imé

~ dp B (kr)——
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Spherical Hankel identities (App.B2.14) and (App.B2.8) were utilized to re-

express terms enclosed in the large parantheses in the above relations.

NOTE:

Early in this derivation, an optional expression was provided for a,, namely

equation (IIL.B.9):

a, = —z'c,mhslll(kr)P,m(cose)e‘md’

r

This option was then seemingly ignored.

As a matter of fact, had this option been selected, and then developed
according to the program outlined in the Sections leading up to this one, &™
solutions identical to the one given above would have been obtained. It was

therefore decided to forego reporting this parallel development.
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F.) Maxwellian E and B solutions

One is now in a position to obtain expressions for &, and b. From (IILE.13):
é = 1ka'™

and from (IIL.E.19 thru 21), one has:

o .
e, = g,ml(l+1)£l—r(ﬂP,m(cose)e’m¢ (IIL.F.1)

o ) m
dh) (kr hy’ (kr) ) 4P/"{(cos0)
€ = glm( ‘df )y f )) et (IILF.2)
(1) m ;
— kd, by (kr) n6 P*(cosB) e™®
1) ) |
ey = ig,m( dh’df’") + L f’“) ) T P{"{cost) e ™ (IILF.3)

m,
dP|"{(cosb) Jim

— ikdy A (br)——
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Likewise, from (IIL.E.14):
b = Vxam®

and from (IILE.19 thru 21), one has:

1 day’
rsin® d¢

1 60‘3’ cosf

b, = + af" —
r r 00 rsin® $

(IILF .4)

) @) dP["(cosH
9im ( dhl (kr) + h[ (I‘ﬂ)( .m 1 ( ) _ mcosb P"(cosB) +
r d(kr) kr sinf de sin0
meosd m dP"(cosb) ) imd
+ ot P["(cosh) o T e

- Yim —
r

P(cos6 )
de? sinf de sin20 ' (cos6)

) |
= d,l(l+ I)M)-P{"(cose) ¢'mé
r
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1 da™ aa’ 1
— - = - P (IILF .5)

rsin® do or

Girm P r) Py 2 dh‘,"(kr)) m

T(l(l+1) 2 sin®

2 RS P[*(cosB)e™®
,

+d ( dh(ll)(kr) + h(ll)(kr) ) dP,m(COSB) e,'md,
fm dr r de

g ( dh (kr) | B (kr) ) dP["(cos8) ;.
Im + [4
dr r de

+ kg, h(ll)(kr) = P[™(cosB)e’™®

sinf

(IILF .6)

G ( ah (kr) | 2 dh (k) (141) R (kr) ) AP[(c050) ing
k dr2 r dr

r? de

() (1)
. dhy’ (kr) . h (kr)) m_ om imb
+ P )
iy (L (1)) pp(coss) e

7 (1) A
. d 1 (kr) I (kr) m m imd
+ p 0
:dlm( dr r ) sing ' (cosd) e

dP™(cos8) .
+ ikgy B (kr)—— (c056) imo
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Note the symmetry between the & and b solutions. The functional depen-
dence upon (r,0,d) is the same for both vectors, the difference being that wher-
ever expansion coefficients (g,,,d,,) appear in the & solution, (dj,,— ¢;,) appear

in the b solution.

These g, and d;, coefficients are (to within multiplicative constants) noth-
ing other than the transverse electric and magnetic multipole moments, respec-

tively, for the given system.

Also note that even though the above solutions have been derived in
Coulomb gauge, the scalar potential { as given by (II1.D.9) is not zero, despite
frequently invoked claims to the contrary. The argument typically runs as fol-
lows. Since V'a = tk\{, and since in Coulomb gauge V-3'™ equals zero by

definition, then it “necessarily’” follows that s is zero in this gauge.

The fallacy here is that ™ # 4. (See equation IIL.LE.9) The only restriction
placed upon  is that it simultaneously satisfy the scalar Helmholtz equation

(I1.24) and the time-independent Lorentz condition (II.23).

The fact that | assumes non-zero values over space and time not only seems
reasonable on intuitive grounds, but has ramifications in both theoretical and
practical applications. Many problems of genuine physical interest cannot be

properly solved if the scalar potential { is not utilized.
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Using equations (II.8,9,14,15), (IIL.D.9 thru 12), and (IILF.1 thru 6), one
obtains the final formulas for ®(%,t), A(%,t), E(%,t), B(x,t):

L G (14 1)BY (kr) PM{cosB)e ™Be =70t + c.c.

(IILF.7) = > 3> -
{=0m=-I|
) l .
(IILF.8) => 3 —é (1+1)hS)  (kr) PM(cosB) e™P et + c.c.
I=0m=-I|
® dP[™(cosf) . ,
(IILF.9) =3 2 L G B4 (k) ——— (00%8) ime g —ior
I=0 m=-I{ d6
+ %dlm h(ll)(kr)si::e P[*(cosB)e™®e 't + c.c.
Pm(cose) embe

o {
(IILF.10) A, -—-12 > —% ,+1(kr)

0 m=-l
dP™cos8) . .
- —é—d,m h(ll)(kr -——l—(—z-e""d’e—""‘ + c.c.

(1) . .
m (1 I)MP,"‘(cosﬁ)e'""”e_’“’t + c.c.
r

Lo (2 ah} (kr) h‘i’(kr))sz’”(cose)e.-md,e_.-.,,f
g ¥im dr r do

2 kdm A (e )2 e

(ILF.11) E, =
=(

(IILF.12) Eg= >
=0
—tot 4 e

P["(cosB) e ™® ¢

(1) (1)

S ’ dhy (kr) Ry (kr)\_m om imb , —iwt

(IOL.F.13) Ey = > 21 %g,m( o + . )sine P™(cosB)e™®e ™!
m,

SPcos6) (cost) embeiol 4 ¢ c.

= 3 hdim 1 (k)



(IILF.14)

(IILF.15)

(IILF.16)
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o0 I
Br = 2 2-1 ';—dlml(

=0 m=
o I o Y

e § 3yl ) )
RINP N dr r do

(1) (1)
o (G (kr) | R (kr) Y _m mée
id L +— ) " S
2 lm( dr r sin@ Pi(cost)e , :

. dP™(cos8) . ;
¥ ékglmh‘?’(kr)—'(——)eme-'w‘ + c.c.




CHAPTER IV
SCALARS, VECTORS, TENSORS

A.) Transformation of Scalars, Vectors, and Tensors

The conversion from Cartesian components to spherical components is

acheived via the transformation:

r = rsinfBcosd
y = rsinBsind (IV.A1)

2z = rcosf

Using the notational aid of matrix multiplication, the familiar chain rule of
partial differentiation for the operators d/9z, /9y, and 3/3z can be stated in the

succinct form:

(—Q—‘P_W _a_r ﬂ_ it fﬂ}_
oz dr dzr Oz ar
ob || o a0 g0 ov v.A2)
dy dy dy dy a6
L ar 30 a0 | |8
9z \ 9z dz 9z I

Using (IV.A.1) as a basis for calculation, and pulling common 1/r and

53
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1/rsin® terms out from the matrix and into the R.H.S. columnn vector, one

obtains:

£ (o

dz sinfcosd cosBcosd —sind ar

%‘f— = | sinfsind cos@sind  cosd %%Gk (IV.A.3)
kN cosf —sin®@ 0 1 ﬂ )

0z rsinf do )

The spherical-to-Cartesian transformation matrix given on the R.H.S. of
(IV.A.3) is pivotal. Note that the transpose of the given matrix is also its
inverse. It completely characterizes the relationship between Cartesian and
spherical quantities, and as such, will appear repeatedly in upcoming discussion.
The tensor character of any quantity is uniquely determined by the number of
times that this matrix (or its inverse) has to be used to to transform the given
quantity from Cartesian coordinates to spherical coordinates. Scalar quantities do
not require this matrix (or its inverse) in their transformation formulas (zeroth-
order dependence). Vector quantities require its use one time in their transforma-
tion formulas (first-order dependence). Tensor quantitiies require its use two

times in their transformation formulas (second-order dependence).

Specifically, a scalar is any quantity that transforms without the need of a

transformation matrix:
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Y(Cartesian) = Y(spherical) (IV.A4)

A vector is any ordered-combination of three quantities (V,,V,,V,) that

require the use of one matrix in their transformation formulas:

V. sinfcos¢d cosOcosd —sind v
Vy| = | sinbsind cosbsing cosd | |V, (IV.A.5)
v, cosf —sin6 0 Ve

A tensor is any ordered-combination of nine quantities that require the use

of two matrices in their transformation formulas:

T T T%*
TV TW T¥| = (IV.A.6)
Tzz sz Tzz
sinfcosd cosfcosd —sind T" T T sinfcos¢ sin@sind  cos@
= | sinfsind cosBsind  cosd 7o 7% 7o cosfcosd cosOsing —sinb

cosf —sin® 0 Tdr T0 Tob —sindg  cosd 0
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Scalar functions can be created from suitably-combined vector and tensor

functions. A primary example is given by the dot product of two vectors

(Vz»Vy’Vz) and (Uz!Uy’Uz) :

v, v,
U-Vv = (U,U,,0,) |V,| = (U,UgUs) |Ve (IV.A.7)
v, Ve

In particular, if the vector U is taken equal to v , the above would represent

an expression for the squared-norm of V.

Another important example of a scalar function is given by the sum of
diagonal elements of any tensor. When the appropriate terms of (IV.A.6) are
multiplied out and added, it is found that this combination of terms transforms

without the need of a transformation matrix:

T# + TW + T% = T" + T% 4 7%¢ (IV.A.8)

The above scalar quantity is denoted as the trace of any given tensor.

Similarly, vector functions can be constructed from scalar, vector, and tensor
functions. An important example is the vector function constructed from the

partial derivatives of a scalar function, (IV.A.3).
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Another example is the vector function constructed from two other vector

functions (V,,V,,V,) and (U,,U,,U,):

Vy V, - V, Vy sinBcos¢d cos@cosd —sind VeV — V¢ Ve

V,V, — V,V,| = | sinfsind cosBsind cosd VoV, — V, Vg

V.V, - V,V, cosf —sinf 0 V,Ve — VoV,
(IV.A.9)

The above represents the vector cross product of two vectors.

Another example of a vector function is given by the subtracted combination
of a tensor and its transpose. When the appropriate terms are subtracted, it is
found that three independent components are obtained. When arrayed into a
column and transformed according to the rules of (IV.A.6), it is found that these

three components transform not as tensor, but rather as a vector:

(T¥-T%) sinBcosdp cosBcosd —sind (T8 — 7%9)
(T#—~T%)| = | sinfsind cosBsind  cosd (T —T7%)
(T — TV cosf —sinf 0 (Tre— Ter)

(IV.A.10)

The above relation underscores the basic vector nature of the anti-symmetric

part of any tensor.
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And lastly, tensor functions can be constructed from appropriately processed
scalar and vector functions. The simplest example of a tensor constructed from a

scalar would be:

¢ 00
0y 0| = (IV.A.11)
00 ¢

sinfcosd cosBcosd —sind sinfcos¢p sinfBsind  cosh

Yy 0O
= | sinfsin¢ cosBsind cosd 0O ¢ 0 cosfcosd cosfsind —sin®
0 0 ¢

cosh —sin® 0 —sind cos¢p 0

In particular, the above relation holds true for = UV or for

¥ = Trace {TY}. This particular configuration is denoted the diagonal tensor.

Likewise, from the general vector (IV.A.5), one obtains:

o —V: Vy
V, 0o -V, |= (IV.A.12)
— Vy v, 0
sinBcosd cosfcosdp —sind 0 Ve Vo sinBcos¢ sinfsind  cosB
= | sinfsind cosBsind  cosd Vg o -V, cosBcosd cosOsind —sinb
cosf —sin® 0 -V Vi 0 —sind cosdh 0

The above is denoted the anti-symmetric tensor.
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An example of a tensor function that can be constructed from two vectors

(V,,V,,V,) and (U,,U,,U,) is:

z? y’

v,U, v,U, V,U,
vu, v,Uu, V,U,{ =
v.U, v,U, V,U,
sinfcos¢d cosOcosd —sind

= | sinBsind cosOsind  cosd

cosf —sinf 0

V.U, VelUs V,U,
‘ VeU, VoUy VyU,
V¢U, V¢Ue V¢U¢

sinfcosd
. cosfcosd

—sin¢

The above is denoted the dyadic tensor.

(IV.A.13)
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One final word about tensors before proceeding to the next topic. From
(IV.A.8), one observes that a one-element scalar component can always be
extracted from a nine-element tensor array. From (IV.A.10), one observes that a
three-element vector component can also be extracted. Thus, by elimination,
only five elements remain to form the residual tensor once the scalar and vector
components have been extracted. It is therefore possible to decompose the
original nine-element tensor array into its one-element scalar, three-element

vector, and five-element tensor components as follows:

Tll T12 T13
™ 12 78| = (IV.A.14)
T3l T32 T33

(T'+ T2+ T%) 0 0
= % 0 (T11+ T22+ T33) 0
0 0 (T”+ T22 4+ Tas)
0 (T12_ T21) _(T31_ T13)
+ % _(le_ T21) 0 (T23~ 73?)
(T31__ T13) __(T23__ T32) 0
§(2 T _ 22 Tss) (T12+ T21) (T31+ T13)
+ % (T12+ T21) %(_ Ti49 T22 Tss) (T23+ Tsz)

(T3l+ T13) (T23+ T32) _g_(_ Tll_ T22+2 T33)
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Although it may at first appear that there are six independent components
in the third matrix (three on-diagonal elements and three independent off-
diagonal elements), there are actually only five since the trace of the matrix is
identically zero. Hence, the three elements along the diagonal are linear
combinations of only two independent elements. There is some flexibility as to
which two elements of the diagonal are to be taken as independent and which is
to be dependent. With a view to upcoming applications in the spherical
coordinate system, the following two terms are going to be assigned as the

independent elements:
( Tll__ T22) and ( T22_ T33)

In terms of these two components, the symmeteric-traceless component of

the original tensor array assumes the form:

_;_( T11_ T22)+ _:_( T22-. T33) (T12+ T21) (T31+ TlS)
% (T12+ Tzl) _g(Tll_T22)+%(T22__ T33) (T23+ T32)
(T31+ T13) (T23+ T32) _3( Tn_ T22)_%( T22_ Tss)
(IV.A.15)

Other investigators might devise different but equivalent forms for this
matrix. But the one given above serves well in spherical coordinate applications,

as will be demonstrated in upcoming sections of this report.
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The tensor character of partial derivatives of vectors needs to be reviewed.

Recall from earlier discussion that the ordered set of partial derivatives d/9r,

(1/r)8/00, and (1/rsinB)d/d¢d operating on a scalar function Y yields a vector, as

verified by the transformation law (IV.A.3). Since partial derivatives of a scalar

produce a vector, it would be straightforward to assume that partial derivatives

of a vector produce a tensor. Unfortunatey, things are not quite so simple in

non-Cartesian coordinate systems. The curvilinear vector (V,,Vy,V,) contains

coordinate-dependent pre-factors as stipulated by equation (IV.A.5). These pre-

factors have to be included in the overall partial differentiations, and as such,

complicate the final expressions. Utilizing (IV.A.2) and (IV.A.5), one quickly

obtains:
av, av, av,
9z a; az sinfcosd cosBcosd
eV, 9 av, . . .
= Y >| = |sinBsind cosOsind
dy  dy 9y .
ovV. avV. av cosf —sinf
z ¥ 2
dz a9z 9z
av, FYA
ar ar
avV, A%
. 19% 1 o 19% + 1 V.,
r 06 r r 990 r
1 8V, 1 1 9Vs  cost
rsin® dd r ¢ rsin® dd  rsinb ¢
sinfcosd sinfsind  cosO

cosfcosd cosfsind —sind

—sind cosd

0

—sind
cosd | *
0
aV,
ar
19V,
r a0
1 3V 1
rsin® dd r

cosf

r 8in@

(IV.A.16)

Ve
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Note the appearance of extraneous terms alongside most of the spherical
derivatives. Those familiar with tensor analysis will recognize these expressions
as the ‘‘covariant derivatives” for the spherical system, frequently denoted
oV, /aq"

— 'L, V,, where the indices (m,n,p) can assume values (r,8,4) and

where summation over the index p is implied.

Extracting the trace of both sides of (IV.A.16) yields an expression for the

scalar Divergence operation:

av, a4V, oV, av, v, oV,

z Y, o _ r+_2__Vr+_1_ e+co.se 1 o

dz ay 0z ar r r 00 rsin@ rsin@ do
(IV.A.17)

Extracting the anti-symmetric part of both sides and re-arranging terms into

a column yields an expression for the vector Curl! operation:

4

av, avV,
dy dz ]
sinfcos¢ cosbcosdp —sind
av, av, )
Py = |sinBsind cosBsind cosd | ° (IV.A.18)
z ? cosf —sin@ 0
oV, aV,
az oy )
}_avé + cosb _ AL
r 40 rsin® rsin® do
ACCAT
rsin® do or ro ¢
Ve 1 19V,
r 9 r 00
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Extracting the symmetric-traceless part of both sides yields a tensor

comprised of five independent elements. Because of the large size of the matrices

involved, the full equation will not fit onto one page.

.

av, av, av, adV
sG-S 5)
oV, av,
(5 %)
oV, aV,
( axz azz)
(s i)
dy Jz
av, av, vV, %
3 . ayy)+%( ayy a;)
vV, %
( azy Byz)
oV, vV,
( axz (')zz
av, V.
( azy+8_yz

oz dy 3

5

v, vV,
(&%)

(IV.A.19)

) =

oy
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sinfcosd cosBcosdp —sind
= |sinBsind cosBsing cosd | °

cosf —sin® 0
p
i(av,__l_ _lﬁﬁ)+z(lave_0059 __1 "’V¢)
3\ ar r r 480 3\ r 00 rsin® ° rsin® dd
av, adV
. (l____'- _i_lve)
r 06 or
rsin® dd ar ro @

2(3Vr__1_V 13Ve)+2(laVe_‘cose 1 3V¢)
r 00 rsin ° rsin® dd

oV oV
( 1 e+_1_ o co.se V¢)
rsin@ dd r a9 rsin®

vV vV,
(s e,
rsin@ dd ar r

FA% av
( 1 o+l $ co.se V¢) .
rsin® ddb r a0 rsinf
_z("’_vﬁ__l __l_a_"_q)_;:_(_l_a"e_cose __1 aV«b)
3\ ar T 3Ly 90 rsin® ° rsin® 3o

sinfcos¢ sinBsind  cosb
* | cosBcosd cosBsind —sinf
—sind cosd 0
(IV.A.19)
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The Cartesian unit vectors (i,j,k) and the spherical unit vectors (f‘,é,cf)) are

defined so as to linearly combine with vector functions such that the following

equality is guaranteed:

v, V.
(186)[ve| = (11 K)|V,
th V.

v, sinfcosd cosBcosd
(f ) (f)) Vol = (§ H 12) sin®sin¢ cosBsind
Ve cosf —sin®

From which one obtains:

sinfcos¢ cosfcosd
(f ) &)) = (i j E) sinfsind cosfsind

cosf —sin@

(IV.B.1)

- sind> Vr
cosd | | Vo | (IV.B.2)
0 Ve

—sind
cosd (IV.B.3)
0

Taking the transpose of the above and multiplying through by the appropri-

ate inverse matrix puts it into (IV.A.5) format, thereby indicating that the

ordered sets (i,j,k) and (t,8 ,(f)) transform as vectors, as indeed they should. The

inaugural statement for these unit vectors, (IV.B.1), is an example of (IV.A.7).
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Partial derivatives of unit vectors play pivotal roles in many calculations.

Since these derivatives are so fundamentally important in non-Cartesian

formulations, it is beneficial to derive them in detail for the spherical system.

Because there are three coordinates to consider, calculations will be done in

stages and then consolidated at the end into one grand matrix.

First, one differentiates (IV.B.3) with respect to r:

A 000
ot 96 9d| _ (: : - _
[ar - ar] (iiK)[o 00 (0 0 o) (IV.B.4)
000
Then one differentiates (IV.B.3) with respect to 8:
ot 88 od]| _ (IV.B.5)
00 06 06
cosfcosd —sinficosdp O
= (¢ i IE) cosfsing —sinfsing O
—sinf —cosf 0
(sinBcosd sinBsind  cosB ) [cosbcosd —sinBecosd O
= (f 8 (i)) cosfcosd cosBsing —sinf | | cosBsing —sinbsing O
. —sind cosd 0 —sind —cos@ 0
(0 -1 0
= (:84){1 0 o
0 0 O

o))

0)
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Lastly, one differentiates (IV.B.3) with respect to &:

9t 90  ad
= IV.B.6
[ Jod dd 6¢] ( )
(—sinfsing —cosBsing —cosd
= (i j 12) sinfcosd  cosfcosd —sind
0 0 0
(sinfcosd sin@sing  cosf ) { —sinbsind —cosfsind —cosd
= (f ) d;) cosfcosd cosfsing -—sin@ sinfcosd  cosBcosd —sind
—sind cosd 0 0 0 0
0 0 —sinb
= (f ] &)) 0 0 -—cosb
sinB cosO 0

= (sinch; cosfd —(sinbf + coseé))
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These last three relations are incorporated into a single matrix expression:

ot 98 L)
ar or ar
10 196 19
r 00 r 00 r 40

1 ot 1 96 1 9
rsinf do¢ rsin® dod rsin® dd
(0 0
r r
ld) co.se 2
r r sinf

(IV.B.7)

Note an interesting thing here. If the vector (i‘,f),(f)) is identified with the

(V,,Ve,Vy) of the RH.S. of equation (IV.A.16), it is noted all nine elements of

tions involving vectors.

method of calculating covariant derivatives.

the (IV.A.16) array go to zero. Thus, all “covariant derivatives” of unit vectors
vanish identically. This interesting property is exploited frequently in calcula-

It also serves as an alternate (and usually quicker)

It only stands to reason that the R.H.S. matrix of (IV.A.16) should equal

zero because the L.H.S. of this equation is nothing other than the statement that:




a

ok

dz
ok
dy
ok

0z
J
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(IV.B.8)

It
o o o
© o o
o o o

These last two matrix relations epitomize the difference between the Carte-

sian and spherical coordinate systems.

The non-zero behavior of the dn/dg,

terms in the spherical case has profound effects whenever working in this system:.

Consequences of this state of affairs are amply demonstrated in Chapter V.
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C.) Transformation of Differential Operators

As was demonstrated in the previous section, the divergence operation can

be expressed in covariant form:

(Iv.C.1)
V-V
vV, Ve
_ (238 _((242y (18, cos 19
B (az’ay’az) ::y ( ar+r)’(r 69+rsin9)’(rsin9 a¢)) Ze
2 ¢

Mindful of relations (IV.B.7) and (IV.B.8), the gradient and curl operations
can also be expressed in covariant form. Each of these vector operations will be
expressed in their covariant form (in both Cartesian and spherical systems), fol-
lowed by their more familiar representation in component form (spherical system

only).

The gradient is calculated using the diagonal tensor of (IV.A.11):

9 9 9 b o 0y
vy = (E;’E;’EZ) g g ?l, ;E (Iv.C.2)
d 2 1 0 0 1 J v 00 !
_ 9,2 cos A
- (( ar+ r’’ ( r 98 rsine) (rsine ad )) 0 %0 ?
0 0 ¢v)ild
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The curl is calculated using the anti-symmetric tensor of (IV.A.12):

0 ‘Vz Vy i
v = (L8 v, o -V (IV.C.3)
dr dy 9z -V, v, 0 ;

-V Vo~

_ ((9 .2y (19 . cosb 1 9 0 ¢ 7

B ((6r+ )’(r 66+rsin9)’(rsin0 acb)) _VI;b 8 (‘;
[} r

,
5 >

oV oV
f(_1_ ¢+co.sﬁ V- 1 e)
r 4o rsinf rsing do

rsind 9 or r ¢

+ &)(ave+lv —lﬂ)

or 8

The generalization of these formulas to arbitrary curvilinear coordinate sys-

tems should be obvious. {Simply replace subscripts and unit vectors as appropri-
ate in the square-bracketted portions of the above.)

An important covariant differential operation involving the dyadic tensor
(IV.A.13) is to come later, namely, (IV.C.8).
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At this point, it becomes somewhat of a game to create covariant expressions

for higher-order operations. For instance, the scalar Laplacian is given as:

(IV.C.4)
2 = .
Viy = V-Vy ()
dar
_ 9 cosf 1 9 19y
B (( * ) (rae rsine)’(rsine a¢)) r 99
1 oy
\ rsin® dd

One can expand on the above by noting that U-V is a scalar and can there-

fore replace { wherever it appears in the formula:

2777 = 4 . 2 1 9 | cosb 1 d .
ViU V) (( 6r+ r) ’ ( r g6 * rsinB) ’ ( rsin® dd )) (Iv.C.5)
[ 2
or
10
y ~=5 | (UVitUsVet UgVy)
10
| \rsin® dd )
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Then, one lets U = (#,8,$)and V = (V;, Ve, V) to obtain:

VIRV, +8Ve+dVy) = (IV.C.6)
(2, 2y (Lo, coshy (1 9y,
h ((6r+ r)’(r 69+ rsine)'(rsine atb))
[( &
ar
19 . n .
. 28 (:V,+8Ve+dV,)
18
| Lrsine ad

Utilizing (IV.B.7), one obtains an explicit expression for the vector Laplacian

in component form:

(IV.C.7)
_ 9 9 aVy 2cosf 2 Vg
vV o= #(Viv, - £V, - = - Ve — “od
( r P2 r? 090 rZsind °  rlsing 9d )
1 AL 2¢cos8 Ve
+ 8( V2V, ~ Vo + — -
( 6 rzsin26 8 r2 20 rzsinze ad) )

9 oV, 2cos0 BVG)
r2sin2g  © r2sin’9 9d r2sin’9 9o
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Similar strategies can be wused to obtain other covariant derivative

expressions. One important example involves a symmetrized version of the

dyadic tensor (IV.A.13). The particular expression given below, although not

traceless, appears frequently in Chapter V of this report.

dz dy 9z
V.U, +U,V,-V-U V,U,+U,V, V,U,+U,V,

- |v,v.+U, v, V,U,+U,V,~-V-U V,U,+U,V,
V,U,+U,V, V,U,+U,V, V,U,+U,V,-V-U

= (D) Gotrmt) Gamae)

r r 00 rsin® rsin® 9o
V,U+U,V,~-V-U V,Ug+ U, V, V, U+ U,V
. VoU,+ UyV, VoUgt+ UgVo—V-U VoUgt+ UpV,
VoU,+ UV, VoUg+ Uy Ve VoUpt Uy V-V U

= U(V-V)=-Vx(VxU)+V(V-U)-Ux(VxV)

Cay e

>

S

(IV.C.8)
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Corollory:
E,E,—%E® E,E, E,E, 3
(51’3@_’36—) E,E, E,E,~%E® EE, il =
T dy 0z .
L E,E, E,E, E,E,—%E? | \k
J , 2 1 9 cos0 1 0
— e— —_— _.,___+ *
((6r+r)’(r69 rsinﬂ)’(rsinead)))
[ E,E,—~%E* E,E, E,Ey 3
* | | E4E, EoEq—%E® EyE, 8f| =
E4E, E4Eq E4Ey—%E? | |$

= E(V-E)-Ex(VxE) (IV.C.9)
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D.) Extension to 4-D Space

To fully exploit the covariant formalism, it is necessary to extend the
mathematics of the previous sections to four dimensions. The unit vector t in
the ‘‘time-direction” is considered independent of the spatial coordinates.
Conversely, the spatial unit vectors (i J ,E) are considered independent of the

time coordinate.

One obtains natural extensions of Equations (IV.B.3,7,and 8) :

t 1 0 0 0 t
i 0 sinBcos¢d cosBcosd —sind iy
j ~ | 0 sinBsind cosBsind  cosd ) (IvV.D.1)
k 0 cosf —sin® 0 é
For Cartesian unit vectors:
1ot 141 19] 109k
cdt cot cat cat
ot 41 9] ok 0000
9z 0z oz oz 0000
5 o o sk |- [0o000 (IV.D.2)
ay oy ay 0000
I N | H)
9z 9z 0z oz




For spherical unit vectors:
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rsin®

(IV.D.3)
{
10t 10 190 19
c 9t ¢ dt ¢ ot ¢ dt
4 at 2 2
or dar dJr ar
19t 1ot 198 1ad |
r 08 r 00 r 00 r d0
1 ot 1 of 1 98 1 9
rsinb o rsin oo rsin® do rsin ad)J
{
0 0 0
0 0 0
o Lo -1;
y r
1. cosf 1 cos@ -
0 — —-l—-t + ——4
r ¢ r sin@ ( r )
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The transformation laws for 4-scalars, 4-vectors, and 4-tensors are

straightforward extensions of equations (TV.A.4), (IV.A.5) and (IV.A.6) :

Scalars:
U(Cartesian) = Y(spherical) (IV.D.4)
Vectors:
{ 1 0 0 o | [
Q, 0 sinfcosd cosbcosd —sind Q,
Q, ~ | 0 sinBsind cosBsind  cosd Qg (IV.D.5)
Q, 0 cos@ —sinf 0 \Qd,)
Tensors:
{
G)tt ®tz ®ty ®tz
®zt ®zz ®zy ®zz VD6
0, 0, 0, 0,| (IV.D.6)
0, 0, @,y 0,
1 0 0 0
0 sinBcosd cosBcosd —sind
= 0 sin@sing cosBsing  cosd
0 cos6 —sinf 0
'4
O Oy O ®td>1 0 0 Q

®rt ®rr ®r9 ®rd>
®9t ®6r ®99 ®9d>
Ost Or Opp Opo )

sinfcos¢d sinBsing  cos6
cosfcosd cosfsind —sinb
—sind cosd 0

OO O -
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An important distinction between 3-D and 4-D formulations involves vector

length. In the 4-D formalism, one no longer works with a Euclidean metric, but

rather with a Minkowskian metric.

simple-minded extension of (IV.A.7), but is instead given as:

The dot product of two vectors is not a

1 0 0 O

; 0-1 0 O
T Qi = (To’Tl,Tz,Ta) 0 0 -1 0
0 0 0 -1

= Toﬂo - Tlﬂl - T2ﬂ2 - T3ns

(IV.D.7)

The squared-norm of a vector in Minkowskian space would correspondingly

be given as:

1 0 0 O

. 0-1 0 0
00 = (0,2,0.%), o -1 o
0 0 0 -1

= ﬂono - Qlﬂl - anz - 0393

(IV.D.8)
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Summation over the index ¢ on the L.H.S. of the above two equations is
understood. But note that this summation contains minus signs as indicated by
the expressions on the R.H.S.’s. Without this particular selection of signs, the
dot product of two 4-vectors does not properly contract down to a scalar invari-
ant. A prime example of such an invariant is the squared-norm of the event

2

2_g2 42,2

coordinate (ct,z,y,z) , namely, ¢?t

The norm of a 4-vector in Minkowskian space is analogous to the length of a
3-vector in Euclidean space. In Euclidean space, one has the situation of a vector
having components (z,y,2) in one system, and components (z’',y’,2') in another.
Whatever system is chosen, the squared-length of the vector remains the same:
i+ yl+ 22 =72+ y' 2+ 2%, Likewise, in the 4-D case, one would have that
2,2

2 2t'2—-x'2—- r2_ 12.

c2P—zl—yr-22 = ¢ y -z

The diagonal matrix appearing in the R.H.S.’s of (IV.D.7) and (IV.D.8) is the
Minkowskian metric and is denoted m,,. This matrix must be utilized when con-

tracting on any pair of vector or tensor indices.

The cumbersome effects of having to include matrix m,, in formulas can be
relieved somewhat by defining contravariant and covariant vectors. Define the
vector of (IV.D.5) as covariant. Note that the notation convention is to use sub-
scripts on components of a covariant vector. The corresponding contravariant
vector, whose components will be denoted with superscripts, is obtained by tran-
sposing the covariant vector from column to row format and multiplying through

by the metric tensor m,,,;:
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Hence:

1 0 0 0
0 -1 0 0
0 i 2 3 —
(%0808 0°) = (8,0, 0,40} R (IV.D.9)
0 0 0 -1

= (Qm =y, =y, _QS)

Thus, the subscript-superscript notation used on the L.H.S.’s of (IV.D.7) and
(IV.D.8) is now explained:

1y 2o
‘ 0 1l 2 3 b i
Tn; = (TgTyTgT) ﬂ2 - (Tn’_Tl’_TQ’_Ts) QQ
(13 02,

= Toflg — 1162 — Tplly — Tjily YD)

This covariant-contravariant distinction also extends to 4-tensors. Consider
the (IV.D.6) tensor to be doubly-covariant. Note that two sets of subscripts are
used to describe the sixteen components. The corresponding co-contra, contra-

co, and doubly-contravariant tensors work out to be:
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O’ O O ©0 O O Ou3l(; o o o
910 @)1l ®12 ®13 O O3 O B3| |0 —1 0 0
@20 @21 @22 @23 N @20 ®21 @22 @23 0 0 _1 0
0" ;' 0% 6, Oy O3 Oy 05|10 0 0 —1
(IV.D.11)
Likewise:

0 0 0 0
606162 ®3 1 0 0 0 ®00 ®Dl ®02 603
@lo (911 ®12 @la 0 -1 0 0 10 0;; Oy Oy
@, 0, 0% @] |0 0 -1 0[]0y Oy Oy O
e*, €, @, @ 00 0 ~1)10; 05 O3 O
(IV.D.12)
Finally,
(
@00 @01 @02 @03 1 0 0 0 @00 @01 @02 @03 1 0 0 0
o 0! 02 e 0 -1 0 0/]|©0 ©1 O O3]l0 -1 0 o0
o0 @3 P2 e 0O 0 0 -1 O3 Oy O3 Oy 0 0 0 -1
(IV.D.13)

Of the above four tensor types, it is only the two mixed-component tensors,
(IV.D.11 and 12) whose traces form scalar invariants. The rule-of-thumb here is

that contraction must always be performed over one contravariant index (notated
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as a supersript) and one covariant index (notated as a subscript). This combina-

tion of sub- and super- scripts occurs only in the two mixed-type tensors.

However, it is a very simple matter to obtain invariant scalars from the
doubly-co and doubly-contra tensors. Simply extract a trace in the Minkowskian

sense:

Trace {T*"} = T%- 11! 122 T3 (IV.D.14)

Since only the two unmixed-type tensors are used throughout the remainder
of this report, it must be remembered that any ‘“trace” calculation should be
done in the above Minkowskian sense, that is, with one plus sign and three minus

signs, to obtain a scalar quantity.

One final note about notation. In the 3-D formalism, there is no need to dis-
tinguish between covariant and contravariant components; hence, the
subscript/superscript distinction holds no significance. Therefore, it will be my
practice to simply continue using subscripts on 3-D vectors, regardless of their
application. For example, (V,, Vg, V) notation will be used even if this 3-vector

is incorporated as part of a contravariant expression. Likewise for 3-tensors.
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E.) Differential Operators in 4-D Space

The 4-D analog of the divergence operation is nothing more than an

augmented version of equation (IV.C.1) :

Q,
-0
Q = (Lo o0 o 98 :
L, = (s, o =) _q, (IV.E.1)
_ﬂg
Q,
- (L2, (L42), (L2, by 18y
cdt "rar r/ 7V r 98 rsin®’’ ‘rsin® dd —{)y

where the covariant 4-vector €}, is taken to be of the form (£,Q;,Q,, ;) =

(€Q;,Q), where Q, and Q are, respectively, a scalar and a vector in the 3-D sense.

Note also the appearance of minus signs on the last three terms of the above
covariant column vector. If a contravariant vector had been selected, and
notated with superscripts rather than subscripts, there would be no need for

minus signs on the last three components.
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Equations (IV.A.11), (IV.A.12), and (IV.A.13), represent the diagonal, anti-
symmetric, and dyadic tensors, respectively. Four dimensional analogs of these
three tensor types that properly account for the Minkowskian nature of 4-space
are easily constructed and then used to define the 4-D gradient, curl, and an

operation that mimics equation (IV.C.8) .

The 4-D gradient is defined using the diagonal 4-tensor:

v 0 o0 o]t
19 o o8 9 0 -y 0 o0}]i
oy = (/= , % =2 L . E.
v (c ot oz ~ dy az) 0 0 —¢ O ] (IV 2)
0 0 0 —yJig)]

- (li,(_é_+_2.),(li+ 6039),( 1 a)).

¢ dt ar r r 0 rsin® rsing dd
[ o
vy 0 0 O]}t
0 ¢ 0 O0f{]|f
“1lo o -v olls
0 0 0 —-¥)i

- VY

QD
S
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The 4-D curl is defined using the anti-symmetric 4-tensor:

[ w ]
0 uv. U, U (3
-u, o Vv, -v,|l;
19 3 o 9 z : v}t
oxQ, = (<, =, %2 <% A IV.E.3
op (cat oz ' dy az) -Uu, -V, 0 : ] ( )
~U, Vv, -V, 0|k
[ ’ ]

_ (Lo (8 .2y (1 0 , cosh 1 9\,
- ( ’(ar+r)’(rae+rsine)’(rsine a¢))

0 U Uy U,
~U, 0 V4 -V,
Uy -Vy 0 V,
~Uy Vo -V, 0

S > H

= —tv0 + 2V yxy
¢ dt
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The 4-D analog of equation (IV.C.8) is:

10 9 9 9
=L Z = =) IVEA4
(c at  dx = dy az) ( )
("J W, Wy W, t
w, V,U,+U,V,-V-U VU, +U,V, V,U,+U,V, :
w, V,U,+U,V, V,U,+U,V,-V-U V,U+U,Y, il
w, V,U,+U,V, V,U,+ UV, v,u,+U,v,-V-U| k
19 o . 2 1 0 . cosd 1 9
= (== ,(—+=),(——+ .
(cat’(ar r)’(rae rsinB)’(rsinGG(b))
U Wr WO Wd) t
W, V,U,+UV,-V-U V,Ug+U, V4 V,UgtU, Vg ;
" w, VU, + UV, VoUgt+ Ug Vo=V U VoUyt UV, sl =
Wd) V¢Ur+U¢Vf V¢U9+U¢V9 V¢U¢,+U¢V¢"‘{,ﬁ &)

= g(_l_%_“thrv-v”v) + l%\ty-'r 0(V-V) = Vx(VxT) + V(v-0) — Tx(VxV)
[ c
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Corollory:

In the previous formula, let :

U = —(E+iB)
V = (E-iB)
W = (ExB)
Y = %(E’+B?

After the above plug-ins are made, the new matrices get unmanageably
large. They therefore need to be split into two separate halves to fit onto a sin-
gle page. The full equation, including both the Cartesian and spherical matrices

and the final differential operator, extends onto the next two pages:



ay’-a—z

( %(E2+B?) E,B,~E,B,
E,B,~E,B, -E,E,—B,B,+%(E*+B’
E,B,~E,B, -E,E,~B,B,
E,B,~E,B, —E,E,~B,B,

E,B,~E,B, E,B,~E,B,
~E,E,~B,B, ~E,E,-B,B,
—E,E,—B,B,+%(E*+B*) —E,E,~B,B,
-E,E,~B,B, ~E,E,~B,B,+ %(E*+B?) |

16 a , 2 1 0 cosf 1 d
(car G+ D) (Gagt rame) ) -

rsin® rsind d0d

(

%(E%+B?) EgBy—E 4By
E¢By—E4By —E,E,—B,B,+%(E*+B’
E¢B,_E,B¢ _EeEr—BeB,

E,By—EgB, —E4E,—B,B,
E4B,—E,B, E,By—E,B,
—E,Eq—B,B, ~E,E4—B,B,

—E4Eq— BgBy+ %(E2+B?) —E4Ey—ByB,
—E4Ey—ByBy ~E4E4—ByBy+%(E*+B?)

90

(IV.E.5)

W‘, L s

G D D em
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(1 9 . o2 - -
= t{{——(E°+B*) + V-(EXB)} +
(oo (B+BY + V-(ExB))

1
c

+

Q."Q)

(E xB) — E(V-E) + Ex(VxE) — B(V-B) + Bx(VxB)

The use of a few vector identities on the above expression yields:

-

~(m 10E = 14B -
= t(E-——+B—— + VX E-(VxB)) +
(B35, + Brog, + BA(VXE) - E-(VxB)
1 oE B =g L @ SO - =
+ ot XB + Ex—a — E(V-E) + EX(VXE) — B(V'B) + B X(VXB)
c c

Collecting terms yields:

- BE(V-E) - B(V-B) + Bx(vxE+120) + Bx(vxB-1 )

Recognizing that all terms enclosed in smaller-sized parantheses are expressi-

ble in terms of p and J by virtue of Maxwell’s equations (II.1), one final equality

may be made:

I s

= T[f(j E) + ¢pE + jXE] (IV.E.5)




92

To conclude this section, it is necessary to augment the 3-D formulas
(IV.A.14) through (IV.A.19). First, we have the 4-D equivalent of (IV.A.14/15).
It will be shown below that the sixteen-element doubly-covariant 4-tensor can be
decomposed into a one-element scalar part, a six-element vector part, and a
nine-element tensor part. Since all work is done in a Minkowskian 4-space, the
signature combination of one positive and three negative terms in trace

expressions will be recurrently observed.

Also of note here is the particular linear combination of terms used to
construct the on-diagonal elements of the nine-element tensor part. These three
elements are never uniquely defined, but whatever the choice, they must
identically form a Minkowskian sum of zero. My own selection is presented in
the third matrix of the upcoming equation; others might devise different
combinations. My particular choice happens to have advantages when the tensor

is transformed to spherical coordinates, as will be demonstrated later.

The full equation extends over two pages. We have:



|

T01 T02
Tll T12
T21 T22
T31 T32
(TOO_ Tll_
0
(TIO_ TOl)
(T20_ TOZ)

( T30— T03)
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Tos
e (IV.E.6
T23 - . . )
Tas}
Tay— T33) 0
—(Too— T11— Tay— T33)
0
0
0 0
0 0
+
—(Too— T11— T~ T33) 0
0 —(Too— T11— T T33)
—(Tw—Tor) —(Tp—Tos) (T3~ To3)
0 (T13—Ty) (T3 —Ty5)
+
—(T13— Ty) 0 (Tg3— T3p)
(T3,—T13) —(Tp3— T3y) 0




3Toot+ T11)—(T11— Taa)— 5(Toa— T33)

—(
(T1ot Tor)
(
(

N |

Topt Tog)

T30+ To3)

(T10t To1)
L(Too+ T1)+(T11— Taa)+ H{Tae— Ta3)
(T12+ Ta1)

(T3+ Ty3)

(T30t To2)

(Tya+ Ta1)
3(Toot T11)~(T1i— Tao)+ 3(T22— Ta3)
(

Ty3+ T3p)

(T30t To3)
(T3t Ty3)

(Ty3+ T3y)

LToo+ T11)—(T11— To2) = HTpe— Tsa))

94

(IV.E.6)



Next, we have the 4-D equivalent of (IV.A.16):

0 cosBcosd cosOsind

0

—sind

199, 190, 180, 1 84,
¢ ot ¢ ot ¢ ot ¢ ot
i, a, o, 1),
dz dz dz dz
a0, N, aQ, aQ,
dy a9y oy oy
a, N, ), a1},
0z 9z 0z 0z
1 0£), 1 04,
c ot c ot
), a0,
ar ar
1 a8), 190, 1
T T o
1 09, 19, 1
rsin® oJd rsin® dd T
1 0

0
0 sinfcosd sinBsind

cosdb

1 0

0 cosf

1 98
e ot
30,
ar

a0}
l—°+-l—.0,
r 00 r

AL

__cosb

rsind d¢  rsind ¢

0
cosf
—sinf
0

0 sinfcosdp cosOcosd
0 sin@sind cosfsind

0 0

—sind
cosd

—sin6 0

1 99,
c ot
a0,
or
1 04d
T 00
_1 % 1

rsin® . dd r

95

+ cosf Q

(IV.E7)
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It will prove informative to decompose (IV.E.7) according to the prescrip-
tions of (IV.E.6). Because of space limitations, this will be done only for the

spherical side of the equation. Thus, the sixteen-element array on the R.H.S. of

(IV.E.7) may be re-expressed:

(IV.E.8)
(%-‘?;)T‘—v a) 0 0 0
. 0 —(%%—V-ﬁ) 0 0 \
4 0 0 —(%%‘——V ()) 0
0 0 0 —(%%—V ﬁ)
0 (L8 &)
c dt ar
), i}
+ 1 —(%—gt__ art) 0
9 Q) Q ’ 31} a,
’ (%%Te‘%a_aét') -('570_ lr ""lr' 38 )
a0 10 a, 49
_(% at¢ B rsinﬁ ad: ) ( "5:119 b - '3"¢ _—l;nd,)
3€) :10) N 0
(-t_a_te—lr aet ) (% atd, - rsilnG ad: )
a1}, aQ), a,
( arG % 9_% a9 ) —(rsian ad - ar¢ _lrﬂd’)
0, 19}
0 (—1- aO‘b + ::;90 ¢ rs:ne acbe)
_(_1_ 3y . cosh __1 a4y ) 0
r 06 rein® ¢ rsind 9o
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0o |

+60,)_(60, 1 lﬂ)_;(laﬂe_cosﬂ 1 6%)

ar r " r a8 r 80 rsin® ° rsin® 3d

1
a0 ),
( Brt +%—<§—)
9 )
(e
( 1 80, +_1_ an¢)
rsin® Jt¢ c dJt

a1}, an, a(} 3£}, Q)
+ )+( _lgf_..l__._").;.l(.l_ e_co.s() 0,— 1 ¢)
dr 2\ r 360 rsind rsin® Jd

ar r %y 30

a1}, M, 1 1 8%y 1£1 9%  cosd 1 9y
+ - “lg 1) 1156 cosb g
) ( ar r ' r 69) 2(r 30 rsin® ° rsin® 6¢>)
1 904  cosd 1 90
L% _cos g 4
(r 20 rsing © rsin® 6¢)

a} a2
(g o)
rsinf 9t ¢ ot
afl, N
(kgL
rsin® dd ar r
a} a
(__1_ ¢ co.se Q,+ 1 e)
r 90 rsin® rsin® 9o

+60r)_(30' 1g lf&)_i(laﬂe_coseﬂ 1 6%)

ar r " r a8 2\ 30  rsin@ ° rsind® 0d

(IV.E.8)
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There is only one independent element in the first matrix, namely, the scalar

4-divergence as given by (IV.E.1):

~—L —vd (IV.E.9)

There are six independent elements in the second matrix, arrayed so as to
form an anti-symmetric 4x4. There is a one-to-one correspondence between the
six elements of this second matrix and the general antisymmetric matrix as given
in the bracketted portion of (IV.E.3). From this correspondence, it is easy to see

that two 3-vectors are extractable from this anti-symmetric matrix:

{
1 aﬂcb cosf AL
= 0y~ —

r 09 rsin® rsin® od

30, 90
L & _Te lg, (IV.E.10)

And:
( 1 60, B.Qt
¢ ot or
Q) 219
1T 174 (IV.E.11)
¢ ot r a9
¢ odt rsin@ oo

The first of the above vectors should be recognized as the spherical
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representation of the 3-D curl as specified in (IV.C.3). The second of the two

vectors should be recognized as -I—QBQT — V, . Contrast this expression with
c

(IV.E.9).

There are nine independent elements in the third matrix, arrayed so as to
form a symmetric-traceless 4x4. (“Traceless” taken in the Minkowskian sense,
IV.D.14). The six off-diagonal elements are unambiguously defined from the ori-
ginal tensor, (IV.E.7). The three on-diagonal elements are not uniquely defined,
as has been discussed previously. The particular selection utilized here assures
that each of the three on-diagonal elements contains two, and enly two, spherical
components ; and ;. This maneuver allows for some mathematical

simplifications later on.




CHAPTER V
DERIVATION OF CONSERVED
ELECTROMAGNETIC QUANTITIES

A.) Electrodynamics in 4-D Covariant Form

Now that the 4-D formalism has been developed, it is a straightforward

exercise to apply it to Maxwellian electrodynamics.

The first 4-vector quantity that we have at our disposal is the 4-D charge-

current density :

(cp,J) = J° (V.A.1)

The continuity equation for electric charge, equation (1.2), tells us that the

4-Divergence of the above contravariant quantity is zero:

0 = O (cp,J) = O-J° (V.A.2)

ep
- (Ao, 2 0 ) S
cat’ dz ay a9z’ |JY
JZ

cp

10 ,0 2 10  cosb 1 9 JT

- (:5’(—6_r+7)’(—r”56+ rsinB)’(rsinG od )) J®

th

100
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Any vector whose divergence is zero must be expressible as a curl. In the 4-

D case, this means:

(cp,j)=(_1__9_’(36;+g)’(_1__§_+cose)’( 1 a)).

ot r r 00 rsin® rsin® 9
0 Ur Ue Ud, %
"U, 0 Vd> —Ve i-
“|l-ve -V o V.||
= —iv-0 + —l-aa—‘i — VXV (V.A.3)
c

Comparison of the above curl formula with the two inhomogeneous Maxwell

equations, (II.1a) and (II.1d), reveals immediately the identity of the vectors U
and V :

U=--SF%
4w

V=--th
™

Hence, the two inhomogeneous Maxwell equations expressed in the 4-D for-

malism become:
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3 _ (19 (90 2y (1 9 _cosb 13\,
(ep, J) = (c ot ’(6r+ r)’(r 36+ rsinB)’(rsinﬂ a¢)) (V-A4)
(0 —-E, -Ey —Ey| (i}
. L Er 0 —Bd) Be i\
41 Ee B(b 0 —Br é
E<b —Be B,. O ) (i)

What is interesting here is that (V.A.2) forces the existence of an equation

of the form (V.A.4) . There is no arbitrariness in the form of the two inhomo-

geneous Maxwell equations.

The two homogenous Maxwell equations, (II.1b) and (IL.1c), fall out analo-

gously:
19 J 2 1 ¢ cosf 1 0
Z = (==  (—+=),(——+ , . V.A5
ere (cat’(ar r) (rae rsinO) (rsine ad))) ( )
(0 B, By, Byl(i
¢ "‘Br 0 —Ed’ Ee i-
41 _B9 Ed) 0 —Er é
—By By E, 0 |l
|
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Attention is next turned to the electromagnetic quantities u, § and &, the
(scalar) energy, (vector) momentum, and (tensor) stress densities, respectively.
The equations governing these densities are almost as important as Maxwell’s

equations themselves.

Definitions of these densities in terms of the electric and magnetic fields are

provided in virtually all E&M texts:

1 (m2, n2
= L (E?+B A.
vo= 2= ) (V.A.8)
A e
= E XB A
g 4’"6( ) (V.A.7)
1
0ij = 5—(~EiE;j=B;B, +%;(E*+B?) (V.A.8)

The tensor-differential equation that inter-relates all three of these elec-
tromagnetic densities is (IV.E.5). After multiplying through by 1/4m,

identification of the various terms in the two tensor arrays becomes obvious.
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~
[
w
(=}
o

TOO TOI T02
TlO Tll T12 T13
- T2 T2 T2 B = (V.A.9)

T30 T31 T32 T33 fl3

=3

=
N

(1 9 9 b a) €z Oy Oy Oy
€9y Oyz Oyy Oy

w) Cmtey =D p)

€g; Oy Oy Oy

= (li,(%+i),(_1_i+ 0059),( 1 f’)).

c at r r 08 rsinf rsin® d¢
( w
u ¢g, ¢Cgy ng, f
€y Oy Op9 Oy $
. g Og, OTgp OTog || 6 -
0o Tor Too Too) \ b

1
c

[f;(j ‘E) + cpB + jxﬁ]

For those source-free regions of space where (cp,j ) = 0, the L.LH.S.’s of
equations (V.A.4) and (V.A.5) and the R.H.S. of equation (V.A.9) equal zero. In
this special case, certain mathematical properties become operative, consequences

of which are explored in the upcoming section.
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B.) Extracting Divergenceless Quantities from Covariant Expressions

From the previous section, it is clear that the equations of electrodynamics

in source-free space repeatedly reduce to tensor relations of the form:

19 g , 2 19 cosf 1 d
Z = |- ,(—+— ——+ ) . V.B.1
ero (cat’(ar r)’(rae rsine) (rsinB a¢)) ( )
Ttt Ttr Tie Ttd) i
Trt T TrG Trd) $
* Tt qor o6 o || g
ot por T8 oo d‘)
Expanding the above expression, one obtains:
Zero = l%(iT“fH»T"H‘aT'"+&>:r‘¢) (V.B.2)
¢
d 2 \(2 rtyamrr y Aaqrly 3 prd
+ (—+Z)ATH T+ T+ T7?)
ar r
b (2L 00 G0y O 4§ 004 T
r 00 rsind

1 9 \(ppot Laqdryagdd § rdbd
+(rsin9 ad))(tT +TS +8 T+ b T%%)

Mindful that partial derivatives of non-Cartesian unit vectors are not
necessartly zero, the above expression must be expanded out according to the
prescriptions of (IV.D.3). Then, by setting the coefficients of the four t,8,6,4

components to zero, one obtains:
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1 9T" o oS0 \ ot 1 39
2l b (42T 4+ T + (———=)1%
¢ aJt (ar ) ( r 69 rsinﬂ) ( rsin® oo
= Zero (V.B.3)
tr
18T (98 . )T" + ( 4 Los0_ )T + ( 1 8 _\ror
¢ 0t ar r r 60 rsin® rsin® do

_ —}_—T” + %Tdub (V.B.4)

¢
1aT% (L+ 2oy (1 9 Lo ypee (_1___2_)7«»6 =

¢ dt ar r r 06 rsin® rsind dd
= _Lopor ____co.se T . (V.B.5)
r rsin® A

té
16T +(a 2)T,-¢+(____+ COBO)T¢+( 1 _Q_T,N,

¢ 9dt ar r r 06 rsin® rsin® d¢
= —Lper _ <080 a0 (V.B.6)
r r sinf

Any differential relation of the form:

L0 (L Byaa(2 L+ 2y (L

)a = Zero
¢ dt or r rae rsin@

rsin dod

represents a conservation law for the quantity f a®dV. Of the four equations

given above, only (V.B.3) falls into this special category.
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The objective therefore is to extract more conservation laws by converting

the above system of inhomogeneous P.D.E.’s into an equivalent

set of

homogeneous P.D.E.’s. The method is to linearly combine the four equations in

appropriate ways such that the residual terms on the R.H.S.’s of the above

equations exactly cancel one another out.

Mathematically, we seek four functions:

F = F(t,r,0,0)
G = G(t,r,0,d)
H = H(t,r,0,d)
I = I(t,r,0,0)

such that:

1 9 0 9 1 9 cosf 1 d

Zero = (;a ' §+?) ' (?%-‘- rsinﬂ)’(rsinﬁ b )) )
T i te ptd
Tt prr opre pré
ol o ol
Tt pér pée podbd

™y Gy ™

1
c

|cu

(FT*+GT" + HT*+IT!?)

(~1)

t

+ (L+2)(FT+ T+ AT+ IT'Y)
ar r

+ (22 4+ 20 (Pt 4 G T + HT®+ 1T%)
r d6  rsinf

rsin®

+ (= NPT+ GT4 + BT+ 1TH)

(V.B.7)

(V.B.8)
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2 1 cosf 1 d
= P|l="— + (=—+32)T" + (=—+ T 4+ (———=—)T%
¢ dt (ar r) (r a0 rsine) (rsine a¢) ]
tr
+ G l.@i. ___+£)T" + (1_6_ _(:O._S_ﬂ_)Te, + ( 1 _@_ T'bf]
Le Ot dr r r 60 rsin® rsin® do
1 9T 2 1 cos® 1 39
+ H|= + (Z+2)70 4 (= =) 4 (—— )T
Le Ot (ar r) (r 00 rsinB) (rsine 6¢) ]
i td
Lo —+3)T’¢ + (l <o ypes 4 ( 1 _Q_)deb]
Le Ot or r r 80 rsin® rsind 9¢ 7 -
+ Tu[lili + Ttr[_l_ﬁ_(i 4 pie[LoH + pie[L oL
¢ 9t ¢ 0t Lc dt L ¢ dt
+ L) + [ + 77[22] ¢ o[
ar or L Jr L Jr
L 7o 1_3_F_] + Ter[l_aﬁ + o[ L oH 4 poee[L 8L
r 96 r 06 Lr 96 Lr 99
+ T‘“[ 1 _oF Td>r[____1 9G T«w[___} 8H deb[ 1o
rsin® 9 rsin® dd rsin® J0¢ rsin® 9¢
Invoking equations (V.B.3) through (V.B.6), one obtains:
_ (V.B.9)
Zero = F Zero]
+ [ Lres]
Ly r
+ H-__l_Tef+_§9'ﬁ_T¢¢]
L r rsinf
+ I._le)'_c_o.s._Q_TM]
r rsinf
+ Tttll_ai + Tt _l_a_(i] + Tte'lé_fi] + rto[1 2L
¢ dl c dt Lc dt - ¢ dt
+ T"[ﬁﬂ + T"[—aﬁ] e 4 e[l
or or L dr Lar
+ T 1111] + Ter[_l_éﬁ] + roee[LoH + T%L_l'—al
r a0 r 90 Lr 00 r 09
bl 1 ﬁE_ + T 1 a_CL' + T® _I__.G_H_ + To¢ 1 _‘i
* [rsine a¢] [rsine ad [rsine a¢] [rsine a¢]
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Collect terms to obtain:

Zero = TH[LEE) 4 por la_(i] + Tte[lﬁﬂ] + Tt«b[_l_ﬁ{
e ot ¢ dt ¢ at c dt

e (] 4 1 [2] o[ 2E] 4 po]

1 0F
L r 00

+ T + Te'[—}:%g——lfi] + T°°[-1r—%+lc] + roe[L 2

r r r 90

1 9dF 1 4G 1 1 0H cosf
+ T | + T¥|——Z—=1| + T%® -
[ rsin® dd ] [ rsin® o r ] [ rsin® d¢  rsinh I]

+ Td’d)[ 1 _a_I._*.l.G.*. CO.SO
rsing dd r rsinf

H]| (V.B.10)

Since the above relation must hold identically, and since there is no a prior:
knowledge of linear relationships among the various T"V terms, it is required
that each bracketted expression must itself equal zero. We thus are confronted
with sixteen coupled partial differential equations whose solutions must be
determined. Fortunately, the solution techniques are straightforward and need
not be reproduced here. Suffice it to say that there are four linearly independent
solutions which, for the sake of notational brevity, are listed in columnar format

below:

1 0 0 0

0 sinfBcosd sinBsind  cosb

~ |0 cosBcosd cosBsind —sind (V.B.11)

0 —sind cosd 0

Q™
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However, if the T" matrix displays any a priori symmetries, the
requirement that all sixteen bracketted expressions must themselves be
individually set to zero can be relaxed, thus opening the options for more

solutions.

Two T"¥ symmetries of frequent appearance in electrodynamics are the

following:

* Symmetric-Tracelesst THY

* Antisymmetric T"¥

The premier example of the first type of symmetry is the electromagnetic
energy-momentum-stress tensor in source-free space. Specifically, this is equation
(V.A.9), or when written out in terms of its electric and magnetic field

components, equation (IV.E.5) divided through by 1/4w, with the R.H.S.’s of

both equations set to zero.

The premier example of the second type of symmetry is the homogeneous

pair of Maxwell equations, (V.A.5) .

Both these symmetry types will be examined in turn.

+ Traceless in the Minkowskian sense, TH - T —T¥_T% = o




Examine first the case of symmetric-traceless TH" .
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In this case, we have equation (V.B.9) as always, but with the additional

a priori knowledge that 7% = T%_—

T~ T% and that TW = T'*

These

relations can be used to eliminate the T% term as well as the six T™" terms

below the diagonal.

reduces to:

Zero =

T
[ r sin0 ad)

After combining terms appropriately, equation (V.B.9)

(V.B.12)
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Since we require (V.B.12) to hold identically, all the bracketted expressions

must individually be set to zero.

1oF 1, 10H _ , (a)
c dt r r df

ar ¢ ot

r d0 ¢ ot

'1 _6£_+la_f =) (d)
rsinf db ¢ dt
3G 1, 13H _ @)
ar r r 06
190G, 0H 1
gy N W i
r 06 ar r ) ®)
1 oG o 1, _ , (g)

rsin® ad dr r

1 o, 101 cosd ; _ o (b)
rsin® dd r 90  rsin@
__1_6‘H+ cosf o+ 1 ol

r 06 rsinf rsinf oo

=0 (i)

Plug equation (e) into (a) and re-arrange terms to obtain:



(V.B.14)
19F _ _ 4G
¢ ot ar (2)
oF _ 198G
ar a ¢ dt (b)
LoF _ 10 "
r 38 ¢ ot ¢
1_oF _ _1dI
rsin® d¢ B ¢ dt (d)
Sd(lsy - 19,1
6r(rG) r B(rH) (e)
1o,1 - 9.1
rae(rG) ar(rH) (£)
1 0 ¢l - _0,1
rsin® dod ( r G) ar( rI) ()
1 9 1 _ 9,1
sin® 6(b(sin0 H) - d0 (sine I) ()
1 o 1 _ 0,1 .
sin® ad)(sine I) - aﬂ(sine H) (0

Although these nine coupled partial differential equations are a bit more
challenging to solve than the sixteen equations of the previous case, the solution
techniques are much the same and need not be reproduced here. Sixteen linearly

independent solutions (including one ‘““trivial” solution) are obtained.

The sixteen solutions, including the trivial solution (F,G,H,I) = (0,0,0,0),
are intentionally grouped into four groups of four, the significance of which shall

be made clear later on. In columnar format, these four groups of solutions are:




NS Sma™ N Q™

S

1 0 0 0
0 sinfcosd sinfsind  cosh
0 cosBcosd cosfsing —sind
0 -—sind cosd 0

0 0 0 0
0 0 0 0
0 —kr sind kr cosd 0
0 —krcosBcosd —krcosfsind krsind

ot  krsin@cosd kr sinBsind kr cos@

—kr —wtsinfcos¢ —wtsinfsind —wicosd
0 —wtcosOcosd —wtcoshsindg wisind
0 wtsind —wtcosd 0

(k2ri+ 0?t?) 2(kr )(wt)sinBcosd

—2(kr)(wt) —(k?r’+w*t*)sinfcosd
0 (k%r2— w?t?)cosb cosd
0 —(k?r?—w’t?)sind
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(V.B.15)

(V.B.16)

(V.B.17)

(V.B.18)

2(kr )(wt)sinBsind 2(kr)(wt)cosb

—(k*r’+ ’t*)sinfsind —(k*r?+ 0?t?)cosd

(k?rl— w?t?)coshsind ~(k%r?— w?t?)sing
(k%r?—w’t?)cosd 0
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For any of these sixteen solutions (F,G,H,I), we have that:

(}_i’(i+_2_),(li+ cosf ), ( 1 9 )) .

c ot or r r 00 rsind rsin® dd
Tﬁ Ttr TtG de) F
Trt TH' T!B Trd) G
* Tet Te'. Tee T9¢ H = Zero (V.B.lg)
T(bt T(br Td>9 Td)d) I

We have thus extracted sixteen conserved quantities (including a trivial

quantity “Zero”’ ) from the symmetric-traceless tensor TV .

In the case where T"V is specifically identified with the energy-momentum
tensor, the conserved quantities assume actual physical significance, as will be

discussed in the upcoming section.

But first, let us turn attention to the other case of physical interest, namely,

antisymmetric T"",

The derivations for the antisymmetric T"V case proceed in exact analogy to
the symmetric case. To avoid confusion between the two cases, the auxiliary
functions (F,G,H,I) will be renamed (P,Q,R,S). Thus, for the antisymmetric
case, in place of (V.B.7), we have:
= P(t,r,0,d)
= Q(t,r,0,0)

= R(t,r,0,0)
= S(t,r,0,¢)

(V.B.20)

n O v

such that:
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_ (18 9,2y (19  cosb 1 o .
Zero = ( ’(a * )’(r86+rsin6)’(rsin9 6d>))

Ttt Ttr Tte Ttd) P
Trt T Tfe Tnb Q
R
S

"ot per e pes (V.B.21)
Td)t Ttbr T¢9 T¢¢
In this instance, however, it is known a prieri that THY = — T, implying

also that diagonal terms TH"#* are identically zero.

We have equation (V.B.9) at our disposal just as before but with (F,G,H,I)
replaced with (P,Q,R,S), respectively. This time the various bracketted terms

combine linearly to give:

Zero = T"{}-%?——-Z—B] (V.B.22)
¢ r

dar r 90 r

+ T'¢[§_§__L_ﬁ+ls]
dr rsin® od r

T%[_}__Q_S__ 1 8R+ cosf S]
r 90 rsin® d¢d  rsin®

Once again, since we require identicality, each bracketted coefficient must

equal zero.




c 0t rsin® 9o

R_10Q 1
or r 00 r

S__1_00 15 _

R =0

; rsin® b r

145 1 6R+co.s()8 - 0
r 00 rsin® d¢  rsind

After a little manipulation, one obtains:

1@ _ 9P

c dt ar

c dt 20

19, . _ aP

; at(rsmBS) 2%

3 p) = 3@

ar Y

B agy o 29

ar(rsm()S) Py
-a%(rsinGS) = -%(rR)
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The above system is underdetermined, meaning that there are not enough
equations to specify unique solutions. So, instead of obtaining a finite number
- discrete solutions as in the previous cases, the above system admits an infinite

family of solutions interrelated as indicated below:

192

P = D.
- (V.B.25)
Y

Q dr

g - 1iZ

r 06
1 947
S = _—
rsinf 9o

where Z = Z(ct,r,0,0)

Thus, the 4-vector (P,Q,R,S) is a 4-gradient of an arbitrary function
Z(ct,r,0,0).

One is now in a position to assess the above three solution types a bit more
carefully. Recall that (V.B.10) is the necessary and sufficient condition to
guarantee the conservation relation (V.B.8) for the case of T" having no
particular symmetry properties. There are sixteen requirements imposed upon
the functions (F,G,H,I), namely that the sixteen bracketted coefficients of
(V.B.10) be identically set equal to zero. There is a strong parallelism between
these sixteen requirements and the formulas of Section (IV.E) of this report.
First, identify the functions (F,G,H,I) with the generic covariant vector

0,,0,,00,0Q,). Then observe that the sixteen bracketted expressions of (V.B.10)
t r (AR )
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are identical to the the sixteen elements of the ‘‘covariant derivative matrix”’ of
(IV.E.7). Thus, the original objective of this section could have been restated as

follows:

Given a doubly-contravariant tensor TH” that satisfies relation (V.B.1), the
set of covariant vectors (£};,(,,{y,{}y) that would be necessary to guarantee the
conservation relation (V.B.8) are those whose sixteen ‘‘covariant derivatives” are
all equal to zero. These vectors are the curvilinear analogs of constant or

‘“straight’’ vectors in Cartesian systems. The full solution set is given in

(V.B.11).

Next, focus attention on the conditions necessary to guarantee the
conservation relation (V.B.8) for symmetric-traceless T"". In this case, nine
requirements are imposed on the functions (F,G,H,I), as given by the nine
equations of (V.B.14). Upon making the identification (F,G,H,I) =
(Q,,Q,,04,8Qy), it is found that these nine requirements are identically equivalent
to setting the nine elements of the symmetric-traceless part of equation (IV.E.7)

to zero. These nine elements are arrayed out explicitly in the third matrix of

(IV.E.8).

Thus, stated in covariant language, one would say that given a symmetric-
traceless doubly-contravariant tensor T" that satisfies relation (V.B.1), the set of
covariant vectors (£;,),,Qg, ;) that would be necessary to guarantee the
conservation relation (V.B.8) are those whose nine symmetrized, traceless

“covariant derivatives” are all equal to zero. The full solution set is given in

(V.B.15 thru 18).

Lastly, attention is turned to the case of anti-symmetric T"”. In this case,
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six requirements are imposed on the functions (P,Q,R,S), as given by the six
equations of (V.B.23). Upon making the identification (P,Q,R,S) =
(Q;,9,,0,Q,), it is found that these six requirements are identically equivalent
to setting the six elements of the anti-symmetric part of equation (IV.E.7) to
zero. These six elements are arrayed out explicitly in the second matrix of

(IV.E.8) and presented again in equations (IV.E.10) and (IV.E.11).

Stated in covariant language, one would say that given an anti-symmetric
doubly-contravariant tensor T"' that satisfies the relation (V.B.1), the set of
covariant vectors ({};,,,()y,(}) that would be necessary to guarantee the
conservation relation (V.B.8) are those whose six anti-symmetrized ‘“‘covariant
derivatives’” are equal to zero. The full solution set is embodied by the

requirement that these vectors be 4-gradients. Refer specifically to (V.B.25).

Although not explicity examined in the previous parts of this section, it
should not be too large a'leap to consider the case of scalar-diagonal T"". The
covariant vectors that would be necessary to guarantee the conservation relation
(V.B.8) in this case would be those whose diagonalized component of ‘“‘covariant
derivatives” is set equal to zero. Specifically, this is equivalent to setting the first
matrix of (IV.E.8) to zero. In this case, the required ({,{2,,y,{)y) would have
to be expressible as a 4-curl. Maxwell’s equations (V.A.3) provide good examples

of such vectors.
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A note about continuity relations.

It has been previously mentioned that any relation of the form

19 _ 0.2 1.9 , cosh 19
c ot (8r+r)al+(r 68+rsin6)a2+(rsin9 a¢)as

implies a conservation law for the quantity f a’dV, or, alternatively, that a

continutly relation exists for a°. Both these expressions are explained below.

Integrate the above continuity equation over a volume V:

18 [ ogv = f [(i+2)a1 + (l—a-—+‘ﬁ9—)a2 + ( 1 —Q—)as] dv
c dtYy, yLar r r 90 rsind rsin® dd
(V.B.26)
Use Gauss’s Divergence Theorem on the R.H.S. to obtain:
0
_19A (fa1 + 8a® + &)as)'ﬁdS (V.B.27)
¢ dt s
where
A’ = [a®dV
S = closed surface that bounds volume V

= outward-directed unit-normal to surface S

=3
1

The above is the mathematical statement that the rate at which a quantity
A® decreases within a volume V (L.H.S. of equation) equals the total amount

expelled from that volume through bounding surface S (R.H.S. of equation).
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Overall, no A is lost or gained; hence, conservation of A°. Similarly, there is no
“tele-transport’’ of quantity A? from volume V, to volume V, without passing

through intervening surface S; hence, continuity of A°.

The 4-vector formalism is such that for any (¢° @', a?, a®) satisfying the con-
tinuity equation (V.B.26), it is always the lead component a° that is the con-
served density. The other three components are flux densities that account for

passage through the bounding surface S.

Since attention usually focusses on the conserved physical quantities, it is
typical to emphasize the lead component a® at the expense of the other three.

Therefore, the quantities of interest in equations (V.B.19) are:

Ttt Ttr Tc‘. 0 Tt(b
(V.B.28)

S Q™

This practice of considering only the first row of the core T"" matrix is util-
ized frequently in the upcoming section, where emphasis is placed on the con-

served quantities themselves, and not the attendant flux terms.
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C.) Conserved Electromagnetic Quantities

Although divergenceless 4-vectors have been established for various tensor
types, those associated with the symmetric-traceless energy-momentum tensor
(V.A.9) are the most compelling physically. The sixteen 4-vectors associated with
this tensor, as catalogued in equations (V.B.15) through (V.B.18), have familiar

physical interpretations.

These interpretations become clear when a transformation to the Cartesian
coordinate system is performed. The transformation law, (IV.D.6), re-cast in a

form more suitable to our purposes is:

(v oy °-"¢\ 1 0 0 0
9y Oy O Oy 0 sinfcosd sinOsing cosB .
cgg Ogr Opp Ugp| |0 cosBcosd cosBsing —sind
€04 T4r Tpo Top 0 —sind cosd 0
. |
u cg; cgy €9, 1 0 0 0

€9; O3z Oy O |10 sinBcosd cosBcosd —sind
cg, Oy Oy O, | |0 sinbsind cos@sing cosd
o, |\0 cosb —sin@ 0

(V.C.1)

Consider the first set of divergenceless quantities, namely, those to be
constructed from the T"' tensor and the four column vectors of (V.B.15), and

transform them as prescribed to obtain:



cg,
Cge
94

0
cosf

0

ng

7y

cg, gy 9o | (1 0 0
Ow Orp Orp | |0 sinOcosd sinBsind
Og¢; Ogp Uy | |0 cosBcosd cosOsindg —sin
Tor Tso Tos | 0 -—sing cosd
1 0 0 0
0 sinBcosd sinfsind cosb .
0 cosBcosd cosBsind —sind
0 —sind cosd 0
4
u cg, cg, cg,
€§y Ogy Ogy Oy
. €9y Oyr Oyy Oy .
€g; Oy Ohy O,
1 0 0 0
. 0 sin@cosd cosOcosd —sind .
0 sinfsind cos@sind  cosd
0 cosb —sin@ 0
1 0 0 0
. 0 sinBcosd sinBsing  cosb
0 cos@cosdp cosOsind —sin@
0 —sind cosd 0
(
1 0 0 0 v <
0 sinfBcosd sinBsing cosO | [ €9z Oz
0 cosBcosd cosfsind —sinb gy Oy
0 -—sind cosd 0 g, Oy

2y

w @

O O O =

o QO = O

o = O O
- O O
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(V.C.2)
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In the spirit of equation (V.B.28), restrict attention to only the first row of
the above matrix equation. This is adequate since it is only the conserved

- quantities that interest us here, and not the attendant flux terms.

One obtains for the first set of conserved quantities:

1 0 0 0
[” €9r €ge¢ Cg¢] 0 sinfcosd sinfsind  cosf

0 cosOcosd cosfsind —sin@

0 -—sind cosd 0

(V.C.3)

{ p
u cg, cg, cg,

[1 00 o] €§, Oy Ogy Oy

eq, Oy 0, O = [u cg, g, ng)

€g; Oy Oy Oy

yz

7/

From the discussion that follows equation (V.B.27), it is evident that the
first set of conserved quantities, that is, those constructed from T"' and the four

column vectors of (V.B.15), are going to be:

U= [ udv | (V.C.4)
G, = fvcg,dV (V.C.5)
¢Gy = [, cg,dV (V.C.6)
¢G, = fch,dV (V.C.7)

The above quantities represent electromagnetic energy and the three
Cartesian components of electromagnetic momentum (multiplied by the speed of

light, ¢).
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Proceeding in exactly the same manner for the second set of divergenceless

quantities, that is, those constructed from T"" and the four column vectors of

(V.B.16), one obtains:

( u cg,
cgf Oﬂ'
€99 Ogr

ng, O'¢,,

€y

Tpe

O'¢Q

ng)

G"b

T%

1 0
0 sinfcosd
0 cosfcosd
0 —sind
4
u cg,
cgz GZZ
€qy Oy
€q; O
1

0 sinfcosd cosBcosd —sind
0 sinfsind cosOsind

0

oS O O O

0
0

Ogp | {0  —krsind
0 —krcosOcosd —krcosOsind krsind

cosfsind —sin®

(V.C.8)

0
0
0

—kr cos@cosd —krcosOsind krsinf
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{ \

1 0 0 0 u cg, cg9, ¢4,
0 sinf COS(t) sinesind) cos0 €9z Oz Gzy Oz
0 cosBcosd cosBsind —sinb | |eg, 0, Oy Oy
0 —Sln(b COSd) 0 ng o-zz o-zy 02’3 J
0 0 0 0
0 0 kr cosO —kr sinfsind
. _ . (v.C.8)
0 kr cosO 0 kr sinf cosd
0 krsinfsind —krsinfBcosd 0
{ A
0 0 0 v o9 9y %ifo 0 o0 o0

1

0 sinBcosd sinfsind cosO | [€9z Tz Ozy Tz | |O O kz —ky
0 cosfcosd cosBsing —sinb||cg, 0, 0y 0, [0 — kz O kx
O - Sin¢ COSd) 0 cgz 0'22 o'zy Glz 0 ky - ’CI O

Once again, we need only concern ourselves with the top row of the above

matrix equation. We obtain our second set of conserved quantities:

0 0 0 0

[u ¢gr gg cg¢] 0 0 0 0
0 —krsind kr cosd 0 (V.C.9)
0 —krcosBcosd —krcos@sind krsin®

v ocg; ¢9y ¢9:| (o 0 0 0
1000 €G; Oz Gzy O 2z 0 0 kz —ky

0 —kz O kz
0 ky —kz 0

€9y Oyz Oy

€9; Oz Oy Op
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0 o0 0 0
[“ cg, ¢4y ng] 0O O kz —ky
0 —kz O kzx
0 ky —kz O

(V.C.9)

= (0, m;, m,, m,)

Therefore it follows that the second set of conserved quantities, that is, those

constructed from 7" and the four column vectors of (V.B.16), are going to be:

0 = fVOdV (V.C.10)
oM, = fvmm,dV (V.C.11)
oM, = [ om,dV (V.C.12)
oM, = fvwm,dV (V.C.13)

The above represent the ‘“‘trivial” conserved quantity (Zero) and the three
Cartesian components of angular momentum (multiplied by angular frequency

o).

It is interesting to note that this is the second time that mathematical
developments have yielded conservation laws for Cartestan components of select
vector quantities. Cartesian components are somehow singled out in Maxwellian
electrodynamics, even when working in “impartial”’ non-Cartesian systems such
as the one used here. This trend, in fact, holds globally, as will be demonstrated

in the remaining portions of this section.
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Now that the general scheme of calculation has been outlined, it should not

be necessary to have to repeat the calculations for the remaining two expressions

(V.B.17) and (V.B.18), but rather merely quote the results. The derivations

proceed exactly as they did in the previous two cases.

For the four divergenceless expressions of (V.B.17), one obtains the following

four conserved quantities:

@,

o,

u)Ny

oN,

2z

(v.C.14)

(V.C.15)

(V.C.16)

(V.C.17)

The above four quantities have no mechanical analog such as ‘“Energy’ or

“Angular Momentum” from which to borrow terminology and notation. How-

ever, they possess somewhat the same mathematical form as mechanical Action:

t? tB .
I= ft Ldt = j; (p;¢;— H)dt

The nomenclature (N;, N;, N, N,) is purely arbitrary.
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For the divergenceless quantities constructed from T"" and the four column

vectors of (V.B.18), one obtains:

kwfv((r2+c2t2)(%) - 2ct('r"§))dV
kwfv(2x(tu —-fg)+ (r2—c2t2)gz)dV
Icwfv(2y(tu——f'g') + (r2-c2t2)gy)dV

kwfv(2z(tu—f-§) + (rz—-c2t2)gz)dV

(V.C.18)

(V.C.19)

(V.C.20)

(V.C.21)

These last four conserved quantities are purely electromagnetic in origin,

having no analog in mechanical systems.
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D.) Sixteen Conservation Laws

One can now proceed with the explicit conservation laws as specified by
(V.B.26). It will no longer be adequate to ‘“‘retain the first row only” when
constructing these laws; rather, all four terms of the relevant continuity relation
must be utilized. Each divergenceless quantity will be examined in turn; no more

combining them into related sets of four.

The general form of the conservation law is:

u  cg, cgy €gy
€9y Op Os9 O,y

= Zero (V.D.1)
€do Opr OTgp Uog

~ QN

€9y T¢r O¢o Ood

Written out explicitly and integrated over a volume V, one has that:

—-l——a—-f [uF + ¢cg, G + eggH + cg¢I] dav = (V.D.2)
c dtvYy,
g , 2
= J;[(;+-r—)(cg,ﬁ' + 0, G+ o,eH + O,d,I)

li+ cosg
r 00 rsinf

+ )(CgeF + UG,G + O'QBH + 09¢I)

1 d
+ (rsin(-) E)(ng,F -+ O'd,,.G + O’d,eH + 0¢¢I)] dV
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Applying Gauss’s Divergence Theorem on the R.H.S. yields:

—%%f [uF + ¢g, G + cggH + cgd,I] v = (V.D.3)
v

= § [f (cg,F +0,G + o,0H + O',d,I)
N
+ 6(Cg9F + OOTG + O'eeH + Ued,I)

+ b (cgoF + 04, G + 0goH + cd,d,I)]-ﬁdS

The objective now is to insert allowed (F,G,H,I) solutions into the above
relation to obtain spherical-coordinate representations of conservation laws. The
physical quantity being conserved for each law has been tagged and identified in
the previous section. Recall that these quantities are electromagnetic energy,
momentum, angular-momentum, and so forth. It will prove informative to

examine each conserved quantity in turn.
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For the case that:

(V.D.4)

~ Q™
OO O -

one has, after reviewing (V.C.3) and (V.C.4), a conservation law for electromag-
netic energy, U, times 1/¢. The time derivative on the L.H.S. of (V.D.3) for this
choice of (F,G,H,I) is the rate (Watt) at which electromagnetic energy is
decreasing within volume V, multiplied by 1/¢. The surface integral on the
R.H.S. of (V.D.3) is the rate at which electromagnetic energy is ejected through

bounding surface S multiplied by 1/¢. ¢ is the speed of light in vacuum.

0

sinfcosd

For the case that: (V,D.5)

cos@cosd

~ Q™

—sing

one has, after reviewing (V.C.3) and (V.C.5), a conservation law for z-component
of electromagnetic momentum, G,. The time derivative on the L.H.S. of (V.D.3)
for this choice of (F,G,H,I) is the rate (Newton) at which z-component of elec-
tromagnetic momentum is decreasing within volume V. The surface integral on
the R.H.S. of (V.D.3) is the rate at which z-component of electromagnetic

momentum is ejected through bounding surface S.
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0

For the case that: sinBsind

cosfsind (V.D.6)

~ QY

cosd

one has, after reviewing (V.C.3) and (V.C.6), a conservation law for y-component
of electromagnetic momentum, G,. The time derivative on the L.H.S. of (V.D.3)
for this choice of (F,G,H,I) is the rate (Newton) at which y-component of elec-
tromagnetic momentum is decreasing within volume V. The surface integral on
the R.H.S. of (V.D.3) is the rate at which y-component of electromagnetic

momentum is ejected through bounding surface S.

For the case that: cosd

N (V.D.7)

0

~ QY

one has, after reviewing (V.C.3) and (V.C.7), a conservation law for z-component
of electromagnetic momentum, G,. The time derivative on the L.H.S. of (V.D.3)
for this choice of (F,G,H,I) is the rate (Newton) at which z-component of elec-
tromagnetic momentum is decreasing within volume V. The surface integral on
the R.H.S. of (V.D.3) is the rate at which z-component of electromagnetic

momentum is ejected through bounding surface S.
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For the case that:

(V.D.8)

~N QM
o o o o

one has the ‘“‘trivial’’ identity. Although seemingly not of mathematical interest,
this solution does have its place in the scheme of things. But this issue shall not

be pursued here; it will be deferred to a subsequent report.

0
0
= —krsind (V.D.9)

— kr cosBcosd

For the case that:

~ Q™

one has, after reviewing (V.C.9) and (V.C.11), a conservation law for z-
component of electromagnetic angular momentum, M,, multiplied by wave
number k = w/c. The time derivative on the L.H.S. of (V.D.3) for this choice of
(F,G,H,I) is the rate at which z-component of electromagnetic angular momen-
tum is decreasing within volume V, multiplied by wave number k. The surface
integral on the R.H.S. of (V.D.3) is the rate at which z-component of electromag-
netic angular momentum is ejected through bounding surface S, multiplied by

wave number k.
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0
0
kr cosd
— kr cosfBsind

For the case that:

(V.D.10)

~ Q™

one has, after reviewing (V.C.9) and (V.C.12), a conservation law for y-

component of electromagnetic angular momentum, M,

number k = w/c. The time derivative on the L.H.S. of (V.D.3) for this choice of

multiplied by wave

(F,G,H,I) is the rate at which y-component of electromagnetic angular momen-
tum is decreasing within volume V, multipled by wave number k. The surface
integral on the R.H.S. of (V.D.3)is the rate at which y-component of electromag-
netic angular momentum is ejected through bounding surface §, multipled by

wave number k.

F 0
G 0

For the case that: gl = 0 (V.D.11)
I kr sin@

one has, after reviewing (V.C.9) and (V.C.13), a conservation law for z-
component of electromagnetic angular momentum, M,, multiplied by wave
number £ = w/c. The time derivative on the L.H.S. of (V.D.3) for this choice
of (F,G,H,I) is the rate at which z-component of electromagnetic angular
momentum is decreasing within volume V, multipled by wave number k. The
surface integral on the R.H.S. of (V.D.3) is the rate at which z-component of
electromagnetic angular momentum is ejected through bounding surface S, mul-

tipled by wave number k.
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Similarly:

For the cases that: e (V.D.12)

~ QO
|
ey

kr sinfcosd

—wtsinBcosd

~ |- wtcosbeosd HELS

~ Q™

wtsing

kr sinOsind

—wtsinfsind

- —wt cosBsind (V.D.14)

~ QM

—wtcosd

kr cosf

—wicosfH

wtsingd (V.D.15)

0

-~ Q

one has conservation laws for the electromagnetic quantities that were denoted

/ts Ny, Ny, N, in equations (V.C.14 thru 17), multiplied by wave number k.
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And similarly for the last four allowed vectors:

(k2r2+m2t2)
—2(kr)(wt)
0
0

(V.D.16)

- Q

2(kr)(ot)sinBcosd
—(k*r?+ w?t?)sinfcosd
5 (k%r?— w?t?)cosbeosd (VA7)

—(k*r?—w?t?)sind

~ Q™

2(kr )(wt)sinBsind
—(k*r?+ w?t?)singsind s
= 2D |
(k*r?—w?t?)cosbsind ( 2

(k*r?—w?t?)cosd

-~ Q

2(kr)(wt)cosH

—(k%r?+ w?t?)cosh

—(k%r?—0?t?)sin6
0

(V.D.19)

~ Qo

one has conservation laws for the electromagnetic quantities given in equations

(V.C.18 thru 21).

Thus, fifteen non-trivial conservation laws have been extracted from the

electromagnetic energy-momentum-stress tensor TH'.



CHAPTER VI
DISCRETE SUM EXPRESSIONS FOR
CONSERVED ELECTROMAGNETIC QUANTITIES

Fifteen conservation laws for various electrodynamic quantities have been
presented in the previous chapter, of which seven will be investigated in this
chapter. Recall that the tactic behind these laws is to isolate the time derivative
of the conserved quantity on the L.H.S. of a continuity equation and to supply an
appropriate surface integral on the R.H.S. Equation (V.D.3) is the applicable
template for laws expressed in this in this form. Various functional choices for
the column vector (F,G,H,I) as given in equations (V.D.4 thru 19) infer different
conservation laws. It is incumbent upon us to convert these generic conservation
laws into explicit expressions involving known aspects of the radiating system.
This is achieved by defining a suitable boundary surface S for equation (V.D.3),
replacing all u, g, and & terms in the (V.D.3) surface integrand with their
(V.A.6 thru 8) expansions in terms of E and B, and then replacing all E and B
terms with their Maxwellian solutions (IIL.F.11 thru 16) so as to perform the

relevant surface integrations.

It is at this point that the recursion and orthogonality relations of Appendix

Sections B, C, and D become indispensible.

It is my intent to reproduce calculations for the first conserved quantity
only, i.e., the quantity inferred by (V.D.3)/(V.D.4). In the interest of space, the
calculations for the remaining six quantities will be side-stepped so that final
results can be presented with no undue delay. The calculations asociated with

the first conserved quantity should suffice to demonstrate the methodology for

139
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the other conserved quantities.

For the general situation of finitely-sized radiating objects, the relevant
boundary surface is a pair of concentric spherest of inner and outer radius R,

and R,.

Recall the general form for the seven conservation laws:

0
_laait = § (fal + 0a® + (fyas)°ﬁd8 (VI.1)
c

For the particular geometry selected, the element of differential surface area

becomes:

dS = r’sin0d0dd (V1.2)

and the outwardly-directed unit-normals become:

= +7 (VL3)
on the outer r =R, sphere, and
f= -t (VI.4)

on the inner r =R, sphere.

t The particular merits of this choice of S will be made clear in the discussion that
concludes this section.
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For this geometry, the conservation law of (V.D.3) reduces to:

0 2T am R,
__1;% - [ f f alrzsinededd)] (VL5)
0 0 R,

That is to say, the surface integration is performed over the full range of @
and ¢ on the two surfaces r=R, and r=R,. These results are then subtracted

because fi*T =+1 on the r=R, surface and fi-f=-1 on the r =R, surface.

The corresponding flux quantity, denoted W,o, is defined as:

1 2T oW
=Wy = f f e r’sinddod (VL6)
¢ 0 0

It is these flux quantities that will be derived in the developments that fol-

low.

The actual —9A%/dt value can be evaluated from the W,o quantity very

simply by noting that:

_94°

il [WA.,] " (VL7)

R

1
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For electromagnetic energy, we have (1.32)/(1.33):

190U 57, ; ; 1%
el SE [T(Cgr) + 8(cgp) + ¢(09¢)}'”25m9‘19d¢

2m 7 R,
= [f f cg, r’sin® d9d¢] (V1.8)
0 0

R,

The corresponding energy flux Wy, is given as:

PR
1 2 .
—Wy = c dod V1.9
~Wy J; J; g, r°sin6dodd (VL9)

Use equation (1.19) to express ¢g, in terms of E;, B;:

1w lf%waB E,B,)rsingd0d
CU—47|'0 0(9¢ ¢9)rsm d)
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Use equations (IIL.F.12, 13, 15, 16) to express E; and B; as functions of
(r,0,0):

1 1 2m ~w
—Wy = -—-—f f . (VI9")
¢ 16wy Yo

) (1) m
°°:>- E dhl hl dP’ ime  —iwt 1 m , _
. + wt _ kd h —pnr imd st
[(1=0m=-l glm( dr r ) T ¢ m gt
(2) (2) m
dhp” R N9

—i il * 1(2) _m — ot
r o ! T e tm¢etw _ kdlmhl - lee cm«betw),

) 4 (1) (1) m' . dP L, .
['=0m'=-I

r / sin® do

)] (2) ' dPP
gk (dhy hL m om —im el _ @ T i iwt
zd"""( dr r )sinB Frte ‘ kgrm hr “de © ‘ )

) i (1) (1) apr .

. dhl hl m ; — it . (1) i — it

- E: 2: + pm imd tol k‘d h imd 1w
(l—om—-l Khm( dr r ) simp | ° ° Hlhm B g ¢ °

—ig ( m Ple —imé it o op % h(l) dplme—imtbeiwl).
m\ " dr r 7/ sin@ m=de

0 r (1) (1) m' )
S dhy” . hy adl TP W M o i —i
M P onn? + k vy h U —-—P"n m d’ sot
(1, _ d’m( dr r ) do ¢ ¢ Jrm 1 sind ' ¢ ¢

®  KP\dPl m’ L
+dl* '( dh/ +_’l‘_) ! e—’m d) Tl + kgl h " Pm —im (belwt)] .
do ™1 sing

* r25in0dod o
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Combine terms and use equation (App.D1.1) to obtain:

1 1 ™ o ) { I
=Wy = -——f > 2 E r?sin6dg - (VI.97)
¢ 167 ¥y 1=0 I'=0 m=-im'=-r

: dh” KON dhP KPP\ e dPP m Uit i
. do (S by \(dhy | Ry 20 pm - M _pm [2 5 ] 2imt
(1glm 'm( dr r )( dr r )( sing 40 ' sin Pi de ) T m)m | €

+ tkgim G o (-‘-i%?—)%- -’—'(‘i) h‘;‘(

r

dPP 4P mm' ‘ [ ] )
— PmpPm 2md, , —2iwt
FTPT «in20 1 Ly ) TO(—m)m’ |€

(1) (44)

) dhy ' —mm’ m dP™ dPJ¥ ~2iw
* sk e W) (4 ) (S prer + S T ) [ 900w [e 7

dPp . m' dP®
de sinf do

+ ik* dyp O h(l”h(lp( —% pp

sin® P,’."') [ 2O mym ]e“'h'wt

(1) (1) (2) 2, , _ 1 JPMm dpr
. * dh[ ﬁL_ dh(' il_‘f_ m ! pm' _ _M_pm 0 [ ) ]
+“9‘md‘""( * )( * )( im0 L0 T Tme ' 4o ) 2B

(1) (1 dP™ dPm '
+iky:mgfml(—-‘—dh +-’-’L-)h‘ﬁ’(- - ~ 20

PrPp) [ 28, ]

ar Ty 46 d0  sin%
dhP KD N(mm e, 4P 4PE
b by dig K (SR LY ( 2 ppp . S Vs |
WGy, Gp gy 10 ( dr r )(sin29 vl d6 d9 ) Tom

dPr N m' dPM
de sinf do

+ ik? dym G h(ll)h(l?)( i

Py [ 5 ]
sin6 ') 28 mm

+ce.)
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Perform the indicated summation over m’ to obtain:

Moo o i
Ly, = 1['S 3 3 risinode (V19)
¢ 8 Y0 1=0 1'=0 m=-1

(1) (1) (1) (1) daPr dP; ™
. . ’ dh ﬁ‘_ dhv Lz-"_ m ] m m m ! — 25wt
( zg,,,,d,(_m)( + )( * )( Gne 20 0 T eme ! do )°

T dP™ dP;™ 2
} ’ dh; hy 1) i I m mp-m),-2int
+ tkim 91 - ar ot )#( 20 0 " amie 1t )e

. dhy | K N(m® pmpp 4 SET AP i
. zkd;mdr(—m)h(ll)(_"'““i_)(s;:zep‘ PP+ —— s ), Ziwt

dP; ™ L om dP™
de gind d@

~ ik* diy, gr(—m)h(zl)h(zp( =P

P!’— m) e ~2iwt
sin®

(1 2 p2) dP™ Py
o * dh‘ +ﬁ‘_ dh" +ﬁ[_ m i PP + m pm {
*Gim d""( )( )( sin@ d8 ' sin® ' d® )

(1 ) dPm™ dPm 2
- ikglm glfm( dh +£L-)h(2)( ! J + m

PMP™
de do T l)

(2) (2) 2 dPm 4P
. x g dhy R \(_m? pmpm ST
+ ikdy, drom by ( ir + " )( in%6 PP + TT) )

PP, _m 4RI
40  sind do

+ ik dy g K KD (g P

sin@

Pr)

+ C.C.)
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Use equations (App.C2.3) and (App.C3.3 and 4) to obtain:

1
c

.(-

+

[ -] |
138 30
8 1201 =0m=-

1

1
s h(l)

FI%

(VL")

Gim dr (—m)( dr

'kglm gr(-m)

(1)
( dh;”

r

dhY)

h"

r

h(l)

) h(l)

(1)
y h’ [ ZerO] —2twt
r

2l!l+1)

21+1

C—Zzwt

(—1)™d

[ 21(1+1) y

ik dlm dl' (-m) h(ll) (

dr

r

1)™d
]

)

(_._

| 21+1

ik i g1 (- mp B RS | Zero] ¢ ot

(1)
L h

Gim dl"km( dr

'.kglm g,;m ( dr

r

r

dr

) h(2)

h(Z) [ Zero]

[ 21(1+1) (1+m)!
| 2i+1 (I-m)

[ 21(1+1) (+m)! o

]

. ahs
ik dlm dl”km h(ll) ( d:

) @
+ r‘)

ik?di g1 h R | Zero |

c.c. )

2l+1 (I-m) ou
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Perform the indicated summation over I’ to obtain

l’cglm gl(—m)(‘““"‘*‘ h( ! )h(l)

1 ) l i o
; = .i__E 2 _ﬁ_i_l_))_ l)m 2 o h(l) Eﬁ e 2t wt
I=0m= + ik dy, dy b ( L+ = )
h (1)
o l 'kglm glm ( -_dl— r ) h(lz)
410 m=-1 (2l+1) (l—m)' +ikd. d* h’(ll)( h( +_]ﬂ_)
im Yim dr r

(VL9")

+ c.c.

Combine terms:

I+1 m
—1) (glmgl(—m) + dp, dl(—m))'

(1) (1)
(e (A s

o
1 H{1+1) ({+m)! N .
T _—Z Z (21+1) (I-m)! (9im Gim + i i)
dhy |, K ) KD - K ( dh’ +_h_(zz_))

( ;krz)(( r l dr .
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Use equations (App.B2.8) and (App.B2.6):

1 ke = l
1 = 72 2 =)™ (Gim Gi(=m)) * % i)

l)

'rzh(;)((l+1)-— — khky)e7¥ot + e

) { [ [+m * . . ;
f 2.2 2113 E,Jr %(gzmyzm + dy d2)(—ikr2) [;27]

»&-]o—x

Re-arrange terms to obtain:

1 & d ), e —giet g
:WU = Ty l=20m§l (2”1)("1) e Oy h’l+1(glmgl(—m)) + dlmdl(—m))
+ c.c.

kr & I(1+1)? m =it 110
=3y —("‘—)"(—1) e thfl)hfl)(glmgl(—m)) + dip di—m))

+ c.c.

2 < m * *
=2 Z (gii)) E:+mJ),( Gim Gim + Gim Dim )
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In actual applications, the two frequency-dependent terms in the above
expression are generally not of interest. The essential physical content of the
problem lies exclusively in the de component, t.e., the third term. Therefore, it
is typical to calculate the time-averaged energy flux. From the above, one would

obtain:

Time—Averaged Electromagnetic Energy Flux: (V1.10)

1 _ 12 < 1(i41) (14 m) * .
<WU> 5 z=20m§-1 @1+ 1) (9im G + i i)

c (I—-m)!

Note the positive-definite nature of this expression. Note also the complete
absence of cross-terms within it; the only paired-combination of ¢, and d,

coefficients to appear are those in which the term multiplies itself, and no other.

The initial objective to express radiated energy flux entirely in terms of
known systern parameters has thus been accomplished. The ‘“known’’ parame-

ters in this case are the system electric and magnetic multipole moments, ¢, and

d,,, respectively.

Similar calculations can be performed for the other conserved quantities.
The results will be merely quoted, the derivations being too lengthy to include
here. The relevant fluxes are given in their time-averaged form. Note that for
the most part, a small number of cross-terms appear in each expression, but
never more than a few. The overwhelming majority of cross terms integrate out
of the final expression as a result of orthogonality properties among the two sets

of angular functions.




150

Electromagnetic Momentum Flux (z-component): (VI.11)

e d (I+m) |
(WG“> - .Z,g 2 2l+1) (I-m)!

1(1+2) * .
(21+3) (9(1+1)(m—1)91m + d(1+1)(m_1)d,m) '
(-1(+1)
T (21-1) (9(1—1)(,"—1)9}';,, + d(l—l)(m-—l)dltn) + c.c.
+ (gl(m—l)dl,:n - dz(m_l)g;tn) )
Electromagnetic Momentum Flux (y-component): (VL.12)

2 1 [+m) |
<WG!/> i—z 2 (21+1) %l—m)!

1(1+2)
(21+3)

I-1)(+1
. +L(_2—1):(__17—)_(g(1—1)(m—1)g;:n + d(l—l)(m—l)d;;;) + c.c.

+ (gl(m—l)dl,:z - dl(m-—l)g;.:n) J

(9(z+1)(m—1)97;1 + d(l+1)(m—l)d:n)

\




Electromagnetic Momentum Flux (2-component):

(ve) - -1 52,

1 (I+m)

21+1) (I-m)!

{{+2)(1+m+1)

_(=1)(+1)(i=m)

(21+3) (gu+rym 9im + dirm dm)

(21-1) (90-1m Gim + -1y Oim)

m (glm G — i 9:;;)
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Electromagnetic Angular Momentum Flux (z-component): (V1.14)

* (gl(m-l)g;‘:n + gr(m—l)glm + dl(m-—l)dl,.r;t + dl?m—l)dlm)

Electromagnetic Angular Momentum Flux (y-component): (VI.15)

k(W) = - 43 é M) (em)

y (gl(m-ngi‘; = Gim-1)9im * Gym—1 G, — dz’fm—l)dzm)

Electromagnetic Angular Momentum Flux (z-component): (VI1.16)

o0 l
_ 1 Q+1) (1+m) * *
k<WMz> = '2'12, Z @+1) (I=m) (glmglm + dlmdlm)
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Before proceeding, it is beneficial to examine the above seven expressions in

somewhat greater detail.

It was mentioned earlier that the particular geometry used to calculate the
above flux quantities, namely two concentric spheres of inner and outer radius R,
and R,, was actually more comprehensive than might be initially supposed. Just
how generic this particular choice of geometry actually is for problems of this

sort will be made clear in what follows.

Recall once again the general derivation of conservation laws. We start with

a relation of the form:

_13d® _ o
¢ ot

ol

Integrate over a suitable volume V:

~22 ey = [vaav
¢ dtJ, v

Use Gauss’s Divergence Theorem on the R.H.S.:

0
__1__‘?4_ = Sﬁi.ﬁds
¢ dt s

For any volume V subtended by inner Gaussian surface S; (not necessarily a

sphere) and outer Gaussian surface S, (also not necessarily a sphere), we have:

1 9A°
~194 = fands, - Pa-ads,
¢ ot f.z s,
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NOTE: By ‘““Gaussian surface’, one means any closed, bounded, simply-
connected 2-D surface. (Tori and other multiply-connected domains do

not qualify.)

Take time-averages of the above quantities:

0
(445) - (frass) - (goae) o

We are now in a position to exploit the particular properties of the mono-
chromatic solution, (IILF.7 thru 16).

The E and B quantities display a first order time dependence on eXtol,
The seven conserved quantities of (VI.10 thru 16) all depend quadratically on E
and B, cf., (V.A.6 thru 8). They therefore display a second-order dependence on

e of the form:

A = A eTBOt 4 A, 4 A et (V1.18)

where the A,, A;., and A, terms are {ime-independent double-summations over
the indices ! and m. (If any of the four terms of the auxiliary vector (F,G,H,I)
had contained time-dependent terms, (see equations V.D.4 thru V.D.11) we would
not be able to assert that the A,, A;, and A, are, in fact, time-indpendent.)
The explicit expressions for A,, A,, and A, have been presented in equations
(VL.10 thru 16) and need not concern us here. Merely knowing that they are

time-independent is sufficient to complete this discussion.
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We easily calculate from (VI.18) that:

—%%t—o = kA, e Vot — 2t'kAp82“”’ (VL.19)
Since:
(etimt> = 0 (V1.20)
We derive that:
<_%%‘t_° =0 (V1.21)

Thus, the time-averaged A behavior is steady-state, as it intuitively should

be for conserved quantities.

 Consequently, we have:
<§ﬁa-ﬁdsz> = <§a-ﬁdsl> (V1.22)
s, 5,

The above is the time-averaged equivalent of the law claimed for the concen-

tric sphere case, (VL.7):

ne], - (v

R, R,

but generalized to arbitrary Gaussian surfaces (subject to one modest constraint

to be mentioned below).
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This remarkable generalization to arbitrarily-shaped surfaces follows
inexorably from the simplest of properties of the monochromatic Maxwell
solutions, namely, (VI.18). It allows one to calculate outward fluxes from
radiation sources whose surfaces are seemingly much be too complicated to treat
mathematically. The flux calculation from some vilely deformed Gaussian
surface §,; becomes entirely possible by calculating it instead on some ‘‘simple”

surface S, that completely encloses surface §,.

In practical terms, the method would work out as follows. Calculate the
general flux expression in terms of the field expansion coefficients ¢, and d,,, on
the outlying “‘simple” surface S,. (This has already been done done in equations
(VL.10 thru 16) ). Then use boundary conditions imposed on the problem by the
deformed inner surface S, to determine the specific analytical expressions for g,
and d;,,. Thus, the problem is solved completely, without recourse to surface

integration over the ‘“difficult’’ surface §,.

It is precisely this property that is to be exploited in applications to be
discussed in a separate report. This delightful feature of Maxwellian
electrodynamics would have gone entirely unnoticed if the original radiation
problem had been solved in Cartesian coordinates. Spherical coordinates

highlight many such hidden features of the Maxwellian formulation.

It was mentioned above that there was one minor constraint on the selection
of inner Gaussian surface S;. It turns out that the E and B solutions given in
Chapter III of this report are singular at the origin. (The spherical Hankel
functions ‘“blow-up’ at the point r=0.) Therefore, for all the mathematical

steps to hold, we require that the Gaussian surfaces S; and S, both enclose the
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origin. This represents only a minor restriction in actual applications, but it is

an aspect that should not be overlooked when setting up problems of this sort.

Stated in full generality, with all the attendant provisos and restrictions, we
say that the steady-state flux of conserved electromagnetic quantities from
monochromatic sources, into and out of source-free regions of space subtended by
Gaussian surfaces S; and S, that both enclose the origin, must be equal.
“Source-free” implies that (cp, J ) = 0 within the volume V; hence, the present
formulation would not be suitable for rf-plasmas. Also, the monochromatic
solution is inherently steady-state; thus, we do not consider system transients or
propagation delays in this formulation. Lastly, ‘“into”’ volume V means
propagation inward through inner Gaussian surface §,; ‘“out of”’ volume V

means propagation outward through outer Gaussian surface §,.

The intuitive notion underlying all this mathematics is the following. The
transport of the seven quantities examined above can be compared to a steady-
state fluid flow of incompressible fluid from a point source. For a source-free,
sink-free volume V that is bounded on the inside by Gaussian surfce S, and on
the outside by Gaussian surface S,, both of which enclose the point source, the
amount of incoming flow through S; must exactly equal the amount of outgoing
flow through S,. The fluid can be neither compressed, consumed, or generated

within volume V.

These flux flow relations also serve as the 3-D equivalent of Cauchy’s line
integral theorem of complex analysis. In the 2-D case of complex functions,
certain conditions on the function F(z) assure that the integral of F(z) on a

closed 2-D path will be independent of the path chosen. The analogy to the 3-D
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case is embodied in formula (VI.22). Schematically, we would have Figure 1.

It should also be mentioned that the flux law, especially as stated in the
form immediately preceding equation (VI.17), is the 3-D analog of the

Fundamental Theorem of (one-dimensional) Calculus, namely,

fv-adv = fﬁa-ﬁdsg - ﬁa-ﬁdsl (V1.23)
e

Ss S,

versus

fzza—Fdx = [r] - [F] (V1.24)

Both the above laws express the fact that an integral over a selected region
of N-dimensional space can be expressed in terms of integrals over the (N-1)-

dimensional subspaces that bound the original N-dimensional space.



159

2-D Case: PZ

® Jordan contours I'}, I'y simply-connected
® No poles in region bounded by I'; and I’y

® Cauchy-Riemann equations for u,v, where f =u+1v

Then:

f-f(z]dzl = gSf(z)dzz

Iy

3-D Case:

® Gaussian Surfaces §; and S, simply-connected
® No sources, sinks in region bounded by S, and §,

® Divergeneceless vector &

Then:
$a-nas, = Paids,
S

I5.I 2

FIGURE 1

A Comparison of Flux Integrals in Two and Three dimensions



CHAPTER VII
QUANTUM ASPECTS

Consider the time-averaged fluxes for energy and z-component of angular

momentum:
2 & I+ ((+m)
(WU> = %(; §=:! (2[[_1_1)) %f ) ( fm.g.!'m s dimdlm) (VIIl)
o0 I
(WM2> = hL Z E !(I-I-l) (£+m (gimgfm + dn’m dl'm) (VIIQ)

2k 155 =y (2141) (I-

For the moment, disregard the two summations over | and m in order to

key in on the energy and z-component of angular momentum for a single mode:

_ [l({+1) (I+m)! "

(WU>"m - = (é[""l) “ )! (gfm Tim + dfm dfm) (VII3)
f i m) . .

(WMZ);m - E(?f'l‘l) (f—:)' m(gim Oim T dtm d,'m) (VII4)

At this point, invoke Planck’s energy formula for single-mode radiation as

inferred from his analysis of black body emission spectra:

<U>1'm = <WU> AT = Fo (VIL5)

160
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A7 is a constant with units of time. It can be shown to be equal to (2w)7?,
but rather than committing several additional paragraphs to demonstrate this, I
prefer instead to leave it in the raw form At and advance on to the essential

points of this discussion.

If this formula for single-mode energy is true, it forces the radiated 2z-

component of angular momentum to be:
<Mz>lm = { WMz>thT = mk (VIL6)

as can be quickly ascertained by plugging (VIL3) into (VIL4).

This, it turns out, is a familiar formula from quantum mechanics, but rarely
is it demonstrated how it follows from classical principles. One consequence is
that it allows one to treat the single radiation mode as an entity with well-

defined energy and z-component of angular momentum.

But this is not all. The general formulas for Wy and W,,, (VIL.1 & 2),
contain no cross terms in them, the summations being over g,, and d,, terms
times their own complex conjugates (and none other). Thus, from an energy or
z-angular momentum standpoint, there is nothing to prevent treating the full
radiation field as an ensemble of individual particles, each with its own charac-
teristic energy and z-angular momentum. The particle nature of the ensemble is
embodied in the fact that the energy of one Im mode in no way depends on the
energy of some other mode. There is no wave-like ‘“interference’” among ele-

ments of this ensemble.

This characteristic, in fact, is what might have prompted Einstein to postu-

late the photon concept in the first place.
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One of the more interesting consequences of (VIL.3 and 4) is the following.
The Im-mode can be considered as a sub-species of the more generic /-mode.
The energy and z-angular momentum of the /-mode are obtained by summing
(VIL3) and (VIL4) over the index m, leaving / fixed. The ensemble of /-modes is

interesting in its own right, as will be demonstrated subsequently.

In a thermodynamically equilibrated ensemble of /-modes, one would expect
an equipartition of energy among them. In line with “classical” thermodynamic
reasoning, one would consider this equipartitioned amount of energy to be pro-
portional to temperature. In terms of Boltzmann’s constant kg, one would stipu-

late the [-mode micro-state energy to be:

! (1+1) (I+
z é 2l+1; z m%| (glm ;:n + dlm dlm)AT = kgT (VIL7)

However, in the context of monochromatic waves, which is what is being
examined here, this microstate energy would be better stipulated as being
equipartioned among the sub-specie Im-modes and proportional to frequency
rather than temperature. Hence, in keeping with the experimental observations

of Planck, one would have:

1+1) (1+m)  «

_26"(21+1) (I—m)t Iim Jim PR

2 (2141) (I-m)

At =

d,, dif At = %ﬁw (VILS)

The pre-factor of 1/4 is selected with foreknowledge of the final outcome.
Final formulas become slightly inconvenient with this factor missing at this stage
of the derivation. The primary proportionality constant, K, is simply Planck’s

constant h divided by 2.
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Thus, from (VIL3):

( U)lm = Lo (VIL9)

<U>, = 2 <U>,m (VIL10)

This is the familiar energy formula for the linear harmonic oscillator of
quantum mechanics, a pivotal quantity in the Schrodinger explanation of the

blackbody emission spectrum.

The corresponding /-mode z-angular momentum is:

(Mz>l =3 <Mz>lm (VIL11)
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Thus the [-mode “particle” carries with it an energy given by (VII.10) and a

z-component of angular momentum of zero, as given by (VIL.11).

One now has in hand enough knowledge about radiative /-modes to embark
on a full-blown re-derivation of Planck’s radiation law within the framework of
the electrodynamic formalism. The discussion from this point onward relies
heavily on the methods of statistical mechanics. Many applicable formulas will
be invoked without prior derivation. A familiarity with the statistical
mechanical approach is therefore assumed of the reader for the remaining

portions of this report.

Recall that each /-mode microstate, when present, would possess (I +%)#fo
units of energy. The total energy of the ensemble would be the sum of these
individual microstate energies. However, not all microstates of the ensemble are
“active’’. Hence, the total energy is not a simple sum over l-mode energies but
rather a weighted sum, the weight-factors indicating which percentage of the -
mode microstates are ‘‘active’” and which are ‘“‘dormant”. Imposition of
macroscopic (thermodynamic) constraints on the system are sufficient to
completely determine the appropriate weight-factors for each microstate. The
thermodynamic requirement that the total energy of the system be a fixed
constant forces the weight-factors to assume the familiar Boltzmann form,
exp(— E;/kgT), where E, is the energy associated with the /-microstate, T is the
temperature, and kg is Boltzmann’s constant. For the /-mode described above,

this works out to be exp(—(l{+%)Rw/kgT).

The average energy per radiation mode would be calculated according to

familiar statistical rules:
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(E) = average energy per l-mode

[ Sum of active |-mode energies

Sum of active [-modes

[e2]

(=0

= o (8 KurkaT

(14+%) Foy e~/ Fe/kaT

e "Iﬁw/kgT

hw

Note an interesting thing here. In the limit that A approaches zero, the
above average-energy expression approaches kg7, the very value that would have
been stipulated in the ‘“classical” formulation, ¢f. (VIL7). Therefore, it is evident
that Planck’s quantum formulation properly reduces down to the classical formu-
lation in the limit that A approaches zero, as indeed any quantum theory is

required to.

With thermally-dependent weight-factors properly accounted for, one
obtains alternate expressions for the expansion coefficients ¢;,, and d;,. In place

of (VIL.8), one requires:
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c I{1+1) (i+m)! 2 U ¢ (1+1) (I+m)
2 @1+1) (I—m) ImImBT = 501k 1) (1—-m)

dlm d[:; Ar = (VH13)

_ hko ¢ “UHH)RulksT _ ko 9si Kw \_ —(1+%)Kuw/ksT
= pos = — smh(——)e
4 S U+ H kT 4 2kpT

=0

The essential thing to note here is the form of the weighting function for the
Im-microstate energy. Multiplying the basic energy quantum of equation (VII.8)
with the bracketted function of T in (VII.13) assures that the upcoming deriva-
tion of emission characteristics from the radiating black body will work out prop-
erly. The weighting function advocated by equation (VII.13) is neither the
Boltzmann function exp(—E;/kgT), nor the Bose-Einstein function
((exp(E,/kBT) ) — 1)—1, but rather somethihg that falls midway between these
two choices. The merits of this particular weighting function will be made clear

in the developments of (VII.14).

All this aside, it is important to note what has been accomplished here.
Except for the non-specification of A1, an analytical expression for the magnitude
of each expansion coefficient ¢, and d,, has been supplied. These analytical
expressions are then inserted into the general formulas for E and B as given in
equations (I.23 thru 28). Since Maxwell’s equations provide no restrictions on the
analytical content of the expansion coefficients g;, and dj,, other than their pros-
cription against any dependence on position or time, s.e., that they are forbidden
to be functions of (r,0,4,t), and since the proposed analytical expressions of
(VIL.13) are functions solely of non-geometric parameters such as angular fre-
quency w and temperature T, they are perfectly acceptable candidates for solu-
tion. The consequent electric and magnetic fields yield energy fluxes that
correspond to blackbody emission spectra, as will be demonstrated in the upcom-

ing calculation of (VII.14). These thermally-dependent expansion coefficients for
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E and B indicate that Maxwellian electrodynamics can assume thermodynamic
character when the physical situation calls for it, and indicate exactly where the
thermodynamic aspects must enter the theory. They also demonstrate that vec-
tor wave-functions can be invoked to explain blackbody emission spectra. These
vector wave functions satisfy Maxwell’s equations. (Scalar wave-functions would

satisfy Schrodinger’s equation.)

Enough groundwork has thus been established to perform actual calcula-
tions. The approach used here employs techniques that were developed after
Planck’s time; however, they rely heavily on his ingenious use of statistical prin-

ciples and follow his example at all the key steps.

The energy density associated with an ensemble of radiating /-modes is given

as the normalized six-dimensional integral over phase-space:

[EBw1)d f [f [ [ a—A-rdzdydz]dp,dpydp, (VIL14)

p—space r—space

where 3 = unit-cell volume in plase space

u = electromagnetic energy density

Convert the integration to spherical coordinates:

fff [fh “ —%A-rrzsinﬂdrdethb]pzsinedpd()dcb

p—space

Utilize equations (V1.9 and 10) for the energy density to obtain:
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L fff [ py fzﬂf E¢Bg — Ed,Be)A'rr sderdedd)]p sin0 dpd0d ¢

p—space

e B <~ I{I+1) (I+m) * * :
fff [El=-20m= i) (—m ImIim + i i) | plsind dpdods
p—space

The integration over p-space needs to converted to an integration over v-

space:
p’sin® dpd8dd = (VIL15)
= (kk)’sin0d(Kk)dodd

= #3%%sin0dkdodd
= £%(2) sin0 d(2)dodd

ﬁ3 2
= sinf dwdbdd
3

h \3 2

— (211'v)

= (2")3 sin® d(2mv)d0dd
c

3.2
= h;’ sinf dvdodd
[

When this replacement is made in equation (VIL.14), one obtains:

[EwT)dv = (VIL14")

v

2n o © !
S0 L (e B2 ey (o (m  dmdi)a] Pamodvinis
0 0 v ¢ I=0m=-




Perform the integration over angles:

R |
- [[52 > A (gt + didi)as] v av
v b

S 2l+1) m)!
- =]

wln

; 2 42%:1; El'f‘m;:(g]m Gim + dlmdlm)AT] vedv

Invoke the (VII.13) relation:

fS'n'

v . Ew —(1+%)Ko/kgT 2
[2smh _2kBT)e ] ]v dv

—Om—l

Perform the summation over m:

v c 1_0

fsz Z 21+1)-—— [ZSmh(2kBT)e—(I+*)ﬁw/kBTJ ]vzdv

Re-expand the 2sinh(fw/2 kBT) term as an infinite sum, cf., (VIL13):

(]

z (1+%)hve—(l+%)hv/k5T
= f—sl =0 v2dv

3 o0
, € D o ~(I+%) hu/ksT

=0

Re-perform the summations of (VIIL.12):

- f—s—‘:-[T::;—_"'%hV]v2dV
[

v (4 _1
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Consider the integrand:

_ 8mh v? 3
EwT) = 5 [e"””‘BT—l + m] (VIL16)

The first term is Planck’s analytical expression for blackbody emission as
ascertained from experimental data collected by Lummer and Pringsheim!®®,
among others. It expresses the spectral energy density (Energy per volume per
Hz) from a heated blackbody as a function of light frequency v and temperature
T. The second term is the so-called zero-point energy term, which represents the
residual energy possessed by bodies at absolute zero. This term has interesting
consequences in certain theoretical discussions, but in the context of blackbody
radiation, is not important since it represents that portion of the energy reservoir

that does not interact with the radiating modes.

The first term in (VIL.16) is what is observed experimentally. It is impera-
tive that any postulated configuration for the micro-states eventually infer this
spectral distribution for the macro-state. Since the microstates as specified in
(VIL.13) lead to the required E(v,T) formula, we can confidently assert that they
are the correct choices for this physical situation. Note that Maxwell’s equations
are fully operative in this so-called ‘“‘quantum regime’. No inconsistency exists
between the Maxwell energy expression and the experimentally obseved spectra
of Planck, provided that the electromagnetic expansion coefficients ¢;,, and d,
are selected according to the thermodynamic requirements of (VII.13). This runs
counter to the frequently voiced opinion that the Planck hypothesis is incompati-
ble with classical formulas. The Maxwell expressions for /-mode energy and z-
angular momentum, as supplemented by Planck’s hypothesis, (VIL.5), and ther-
modynamic considerations, are perfectly adequate to explain the observed black-

body radiation characteristics.
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The electrodynamic formulation also has the potential of providing a first-
principles explanation for the Planck hypothesis, (VIL.5). Preliminary mathemati-
cal investigations indicate that (WU> is required to go as w? to lowest order in ®.
This in turn forces (U) to go as w, which conforms nicely with Planck’s “Aw”

Energy Law. This aspect will be pursued in a future paper.

Planck’s second hypothesis that energy transitions can only occur in quan-
tized jumps of magnitude l[Aw follows as a natural consequence of the electro-
dynamic formulation. Radiative emission occurs when a /-microstate transits to
a I'-microstate, with microstate energies given by (VIL.10). Since boundary con-
ditions force the index ! to be an integer, the “quantum jump’’ phenomenon is
thus explained. There are no fractional-order multipole moments to transit to,
the smallest separation between multipole states being characterized by the

requirement that Al equal one.

It might be argued that the scalar wave-states associated with the quantum
harmonic oscillator also possess this property, and therefore eclipse the need to
investigate vector (electrodynamic) solutions to the same problem. But the elec-
trodynamic formulation has a conceptual advantage in that no need arises to
invoke artificial boundary conditions to get the problem to solve out properly.
When solving the problem using harmonic oscillators, it is necessary to stipulate
periodic boundary conditions on some fictional surface of dimension L2 located
far from the source. The electrodynamic formulation precludes this need. The
electrodynamic boundary conditions conform to the actual contours of the radia-

tion source.



CHAPTER VIII
APPLICATIONS

A.) Simple Example

The formulas of the previous sections represent the culmination of much
mathematical labor, and once in hand, provide information about several aspects
of the electromagnetic radiation field. Applying them to actual device structures
is the best way to illustrate their utility. Three cases of practical interest are to
be discussed in this final chapter of the report. In the initial section, a
particularly simple geometry is used in order to best demonstrate the

methodology.
Consider two halves of a thick spherical metal shell of radius R and infinite

conductivity subjected to alternating potentials * Vcoswt. Determine the total

power, force, and torque radiated from the sphere.

+ Vcosw!?

-V cosw?

FIGURE 2
Spherically-shaped Antenna
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Since the time-dependence is stipulated to be of monochromatic form,
i.e., e ' all the mathematical machinery of the previous two chapters is
operable, in particular equation (IIL.F.7) for electromagnetic potential, equations
(IIL.F.11 thru 16) for electromagnetic fields, and equations (VI.10 thru 16) for

total radiated fluxes of energy, momentum, and angular momentum.

The expansion coefficients ¢;,, in the above formulas are determined from

knowledge of V|, _p.

The expansion coefficients d;, in the above formulas are determined from

knowledge of E ly=R-

We have been provided enough information to solve this problem in its
entirety. Since E is zero inside the thick conductor, and since the tangential
components of E must be continuous across the spherical boundary, one is forced

to require that e = ey =0 atr = R.

Consequently, the following linear combination of €y and €4 at r = R must

also equal zero:

0 = (eq+ iey) _p (VIILA.1)

(1) (1) m
dhy (kr) . hy’(kr) dP["(cost) i
glm( dr r )r=R( do sin ! (contlj ]

dP|"(cos) :
(1) l m m im
+ kd,, h (kR)( T P (cosﬁ))e ¢
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Use equations (App.B2.2) and (App.B2.3) to obtain:

P ((f+1)h5‘11(kR)—fh?il(kR)

(21+1)

) + dinh(kR)) *

dP["(cos y
. ( {"cost) - = P;m(cosﬁ))e’md’
a0 sinf

Solve the above for d,,:

i =g (zh‘,‘ll(m)—(:+1)h£‘i1(k3)) ——
" " (21+1)hY (kR)
Thus,
Iim Gim + Qi Ay = (VIILA.3)
)
i (1 + (fh&‘il—(m)hﬁ‘il)(hﬁl—(Hl)h‘f_l))
e (21+1)hY AP r=R

where the argument £ = kR is understood for all h(f} functions.
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Examine the numerator of the second term within the large parantheses:

(RS = 4+ DR (A - 1+ DAY, (VIILA.4)

= Philihidy — 10+ (R A1 + A2 RL) + (+1)2REL R

Use equation (Appl.B2.15) on the center term:

2 RO p@ 0 @ 1,01,
Eh{Y ALy + 10+1)(A{L A 1+h:+1h5+1*(23+1)2ﬁh1 hi’) +

+ (PR A2,

(21+1) [zh§111h5211 + (i iR = Elsi)—-s 3 “’h‘f’]

Plug (VIIL.A.4) back into (VIII.A.3) to obtain:

I (VIILA.5)

((f+1)h(,‘l hite + EEENEPRE + iRk

*
Tim 9im
m (2! + 1) h[;lj h(fJ
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Hence, for the frequent boundary condition that eq = €4, =0 atr = R,

one has that:

¢ 9 < I(I+1) (1+
- EE 2 (20+1) E m;! i i * WALLAE)
.(( DhiZhiZy + @UEDRD A + thiaahity o 1 )
(2[+1)h1)h(12) k*r? Jr=R

The above formula, although exact and perfectly well-suited for computer
manipulation, is a bit complicated for analytical discussion. Therefore, in an
attempt to simplify things for this section of the report, asymptotic limits of the
above expression will be taken in the two opposing cases where kR is small and
where kR is large. In both these instances, relatively simple asymptotic expres-

sions for (VIII.A.6) can be obtained using (App.B3.8) and (App.B3.9).

For the limitting case that kR is small, one obtains:

((fﬂ)h?ll(x)h?ll(x) + @+1)h () A () + thily(2)hidy(z)

lim
z -+ small (23+1)h }(I)h(z)( )
1 i
—- i+1)=) = — oA
I +1)I2) 5 (VIILA.7)

Plugging the above into (VIII.A.6) yields the following asymptotic value for

o0 l 2
c I(I+1) (I+m)! 1 *
= VIIL.A.8
2 2 E 21_'_1 (!_m)! (kR)2 9im Gim ( )
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In the opposing case that kR is large, one has:

((z+1)h$‘11(x)h§”ll(z) + @+ 1)AP () (2) + 1B () A (=)

lim
z- large 21+ 1)h(11)(17) h(IZ) (:1:)
_ ,(,+1)_1_2_) = 9 (VIILA.9)
X

In this situation, one has the asymptotic value for Wy;:

© {
(1+1) (1+m)  «
W,y ——
U > 10 S =, (@r41) (1—m)) Jim Iim

(VIILA.10)

The expansion coefficients ¢, are determined from knowledge of ¢ at
r = R. In the geometry that we are dealing with here, this works out to be a

simple calculation.

We have from (IILF.7) that:

o0 i 1 .
b= > > —g,m(l+1)h(1)(kr)P,'"(cose)e'm¢

=0 m=-|

Since the geometry being considered in this case displays polar symmetry, it
can be inferred from the outset that § will contain no ¢ dependence. Hence,
only the m =0 terms in the y-summation need be considered. The associated

Legendre polynomials P"(cos6) reduce down to the simple Legendre polynomials

P)(cosB8) and one obtains:
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i o(l+1) h( (kr) P;(cos6) (VIILA.11)

Because of the simple boundary condition at r = R, the { solution can be

evaluated straightforwardly:

+V for 059<%
Vl,—p = (VIILA.12)

-V for %<6 =T
Thus:

+V for 059<%

< (1)
l+1 h kR ) P;(cosf) = VIII.LA.13
=E ) (kR ) Fi{ ) -V for -g—<9 < ( )

Multiply through by P;(cos8)sin d9 and integrate over 6 noting that:

w
f Py(cosB) Pp(cosf)sind d6 = Sy (VIIL.A.14)
0

(20+1)

Therefore:

00

™
> f — g1o(1+1) A (kR ) P;(cos8) P} (cos8)sin® d8 = (VIILA.15)
I=0%0

z k11
= f 2 (+ V) Pp(cos0)sinb do + L (— V) Py(cosB)sin® d 6

0 2
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Utilizing the orthogonality relation (VIII.A.14) on the L.H.S. and (App.C4.4
and 5) on the R.H.S., one obtains:

(VIILA.16)

— g+ 1) A (kR)

" 'rr
(2111) = Vj;zp,(cose)sine do — Vf% P;(cos8)sin6 d6

= v(P(]) - V(=F(P)

= 2V(P1"('g‘))
( 0 for !=even
= 2V -1 1-1)!
CHE (=1) for I=odd
-1
(+1)[(54)]
\
After some algebraic manipulation, one obtains:
( 0 for [=even
(VIILA.17)
= -1 —1)
Gio 1 _(__l_)T (21+12) (=) (I)V for I1=o0dd
4 (1+1) [(11),]2 hy (kR)
2
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Plugging these ¢, values into the general expression for the total radiated

power (VIIL.A.6) yields:

(VIILA.18)

RS l(l+1)(l):-1(21+1)2 [(1-1)]? 2
4

(PP Y eTreY (1+1)* [(1 1)]4 By (kR) B (kR)

only

. ((z+1)h5111h‘”1 + @+1)APAY + it Rl

@r+1)hP AP k2r? Jr=R
2
_ £ i (l)t—ll(2l+1) [(l—l)'] v? .
2,55dg 4 (1+1)° [ri=1\]% h(l) kR)VAP (kR
only [( 5 )] ( ) ( )
(b e Ay
(2l+1)h([1)h{12) k2r2 r=R

The above formula is an exact analytical expression for the total radiated
power from the adjoined pair of oscillating hemispheres as depicted in Figure 2.
But such an expression is too complicated to continue handling analytically. It is

best handled by reducing it to its small-kR and large-kR asymptotic limits.

First consider the case that kR is small. In this case, one has the (VIII.A.8)
relation at one’s disposal. Plugging in the (VIIL.A.17) values for g, yields:

Wy —— £ Y P gy (141 [(1—1)']2 v
ony 2

(VIILA.19)
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(VIILA.19")
e T = i

kR < 0.1 (1+1)3 [(121)] (kR)* A (kR KD (kR)

Using the small-kR asymptotic value (App.B3.8) for the conjuncted pair of

spherical Hankel functions in the denominator, one obtains:

_ < i (L) 13(2z+31) [’—1)']2 1 : V?
2 1 Zodd 4 I+1 ! kR (21—1)%(21—3) - - - 3%12
o A (G Bl e =
2
e B 1y B2i+l) [(l"‘ ] Vz(kR)'“
Y E (z) 3 2 2 . 242
2 124 (1+1) 1-1Y [(21 13(2i-3) 3712
only [( 2 )]

Since kR is taken to be small, only the lowest-order term in the above series
need concern us. Hence:

- o ) [0 ke
kR _,llglnauWU - 9 2)° [0!]4 (1) (VIIL.A.20)
?g 2(kR)?
3 Viw’R?
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Next, consider the case that kR is large. In this case, one has the
(VIIL.A.10) relation at one’s disposal. Plugging the (VIII.A.17) values for g, into
(VIIL.A.10) yields:

2 U(1+1) o1 y-1 (21+1) [(1—1)!]2 v
M s 2, i) () (1+1* =iy AP (kr)AD (kR)
only [(—-2—)] l {
- = 1yi-1 1{21+1) [(1_1)!]2 v2 VILA
_-=od?l(4) (l+1)3 [(.’:.l.)!]4 h(zl)(kR)h(lz)(kR) (VIIL 21)
only 5

Using the large-kR asymptotic value (App.B3.9) for the conjuncted pair of

spherical Hankel functions in the denominator, one obtains:

= ¢

_1_);_11(21+1) [(1-1)!]2 y?

T ] G

2
3 —
& (1) (1-1)]]
= CV2k2R2 1\ 11(21+1) [
I=odd 4 )

A ()
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Hence, for large kR, one obtains:

2 2p2 o® -1}
M ) Ly dfet) (I
kR - large c —odd 4 l+1 -1
only (T)
2 2p2
SACN [Convergent Series in l] (VIIL.A.22)
¢

Note that in both asymptotic limits, the power transfer characteristic goes as

w2, implying that Gin 8Oe€S as .

Also, it is important to note that the above behavior is the radiative
equivalent of a high-pass filter. The radiating source readily transmits high-w
signals, but suppresses low-w signals, the transfer characteristic being quadratic

in w.

If a radiative transfer characteristic that is not high-pass is desired, it is
obvious that (g, d,,) should not display a linear dependence on w, but rather,
some other more desirable dependence. This aspect will be explored in the fol-
lowing section of this report. But for now, it is necessary to complete this section

by examining the values for radiated force and torque.

Since the even-! and non-zero-m g, and d,, expansion coefficients are
identically zero for this particular structure, the time-averaged momentum and
angular momentum flux expressions (V1.7 thru 16) vanish. Hence, for this partic-

ular high-symmetry geometry, i.e., one that manifests odd symmetry in 8 and no
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dependence at all on ¢, no net force or angular momentum is radiated. The only
medium through which this object makes itself known to the external world is
through its transfer of power. It can therefore increase the heat content of its
environment or induce a transition in some photon-detecting device, but no

external “winds” or ‘“whirpools’ are going to be generated.

Because no net force or torque is radiated away, it is clear that the given
boundary conditions for this object disallow electromotively-induced rotation,
translation, or pulsation of it. Less symmetric boundary conditions would relax

these constraints, but also make the problem more difficult to solve analytically.
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B.) Radiative Bandpass Structure

In Section A, a particular electromagnetic structure was given, for which it
was necessary to determine multipole moments ¢, and d;,. The converse
problem, where multipole moments ¢, and d,, are assumed given, but
determination of the inferred electromagnetic structure is required, is t}:}e main
objecive of this section. Besides being an interesting problem in its own right, it

represents a novel application of the formulas of Chapters Il and VI.

For the adjoined hemispheres of Section A, it was ultimately determined
that expansion coefficients ¢, and d;, terms were linear in w. But this -
dependence may not be desirable for many applications. The challenge before us
is to utilize expansion coefficients with some desired property, and then work
from there to determine the boundary surface S that generates these coefficients

electromagnetically.

For example, consider the ‘“‘clever” choice of g,,:

2l +1 \u/ sin(o—w,)T i
f =0
o = (1(z+1))( (0—w,)7 ) o
m

0 for all other m (VIILB.1)

Recall from (VI.10) that the energy flux is given as:

AR < d [(I+1) (I+m) * *
= '2"___2 Z @+1) (I—m)! (glmglm + dlmdlm)

which in our case becomes:
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c sin(@—w, )7 \2 sin(w—w, )7 \4 sin{fw—w,)T \6
Wy = —é—(l " ( (m—w,,)“rT) * ( (0—w,)T ) * ( (w—w,,)*rT)
- < : (1 — (VIILB.2)
- (sm(o o, 'r)z

(0—w,)7

= resonant at w,

This should be contrasted with the results of the previous section, where it
was determined that Wy was quadratic in ; the hemispheres thus behaving as a
high-pass filter for the emitted radiation. In contrast, the Wy of (VIIL.B.2) is a
strongly peaked function of ® at w,, thus behaving as a radiative bandpass filter
centered at w,. The device designer has freedom to select w, for optimized emis-
sion at 1.55um or 10.6pm, for instance. Essentially, a monochromatic diffraction
grating has been concocted. Clearly, the merits of such a choice for g, are obvi-

ous; the problem arises as to how to achieve such a set of ¢, values.

This is where the | expression of (IILF.7) becomes so valuable:

o l
=S S — g (1+1) A (kr) P(cost) ™™
=

0 m=-|

Since all the g;,’s are known, ¥ is completely specified for all regions of
space. Surfaces of constant 5, i.e., equipotential surfaces, represent the candi-

date topologies for boundary surface §.
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The tactic to employ here is to generate surfaces of constant potential
using equations (IILF.7) and (VIILB.1) as guides, or alternatively to calculate the
three components of electric field (III.F.11 thru 13) at any given point to
determine the vector normals of the equipotential surfaces. In actual practice, the
second of the above techniques will most likely be the easier one to implement.
Since ¢ and & are such complicated functions of (r,0,¢) and w,, it is clear that
computer aided calculations are going to be necessary. This portion of the

project is not done here, but instead reserved for a separate report later.

Some qualitiative features can be discussed however. For the proposed ¢,,’s
of (VIII.B.1), the parameter T acts as an inverse measure of frequency bandwidth.
Large 7 corresponds to a sharply-peaked, narrow-range bandpass filter. Small 7
corresponds to a smaller-peaked, broader-range filter. In actual applications,
some intermediate 7 value will probably be called for because ‘“‘tuning” an
extremely narrow-band grating will be difficult on the micron-scale. Further,
there is the danger of mistuning the grating such that it chops out the desired
signal portion of the spectrum. Thus, perfect tuning is probably not altogether
desirable. Intermediate T will perhaps be best, even though it entails pass-
banding portions of the frequency spectrum closely adjoining the 1.55pum or
10.6p.m carrier. Nevertheless, the vast majority of unuseful portions of the
frequency spectrum do get properly suppressed. An enhanced signal-to-noise

ratio should be the beneficial consequence.

Because of the sinusoid nature of the proposed ¢, coefficients, it can be
safely pre-assumed that the boundary surface S is going to be corrugated, in
keeping with diffraction grating structures in general. The equipotential surfaces
traced out by (IILF.7) will be quite intricate, but due to Gauss’s Divergence
Theorem, all the formulas of Chapter VI will still hold, provided that the
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“deformed’’ surface S is topologically equivalent to a simply-connected sphere,
and that the origin of the coordinate system used to define the spherical Hankel
functions lies inside the simply-connected surface. Thus, all the mathematical
machinery of Chapter VI remains completely valid, even for surfaces that at first
glance would not appear amenable to exact analysis in spherical coordinates. In
particular, parallelopieds and cyliners would qualify as suitable structures since
they are simply-connected. Corrugated versions of these structures would also
qualify. Tori and other such non-simply connected surfaces would not qualify,
however. Neither would infinite planes or any 2-D surface that does not close

back on itself.

The particular choice of sinc(z) functions in (VIIL.B.1) was strictly for
convenience and for purposes of illustrating the basic approach. In fact, any set
of functions that display a strong local maximum at some given w, would have
served just as well. Examples would be Gaussian functions, complemetary error
functions, (1 + (w—®,)?))”! type functions, or any combination of such
functions. The philosophy here is to judiciously select an infinite sel of such
functions, shifted such that their local maxima are all centered on the desired w,,
and multiplied with an appropriate amplitude factor in order to properly exploit
the energy flux formula of (VI.10). (In the example of VIIL.B.1, this amplitude
factor was selected as ((2/+1)/1(1+1))* ). These terms can then be used as ¢,
coefficients in the multipole expansion of the electromagnetic field; provided, of
course, that they are not functions of (¢,r,08,¢), which would incur a violation of

Maxwell’s equations.

What has been accomplished here is the simultaneous utilization of the
entire set of multipole moments to achieve a particular end. This is in contrast

to the more typical case where one restricts attention to only the lowest-order
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term in an attempt to achieve the same end. It behooves one to utilize the full
gamut of available resources when optimizing some desired performance
characteristic. The above methods do this, and thus provide for greater power

and flexibility in device design.

Refinements to these ‘“‘crude stroke’” ideas are clearly possible and will be

pursued in a separate report.
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C.) Collimated Beams

This section discusses the phenomenon of collimated electromagnetic beams.
Such phenomena are clearly important. They are routinely observed under a
variety of test conditions both inside and outside the laboratory, especially in the
optical regime, where the entire subject of geometrical optics is based on the

phenomenon. A correct description of such entities seems to be warranted.

It would at first appear that the Cartesian or cylindrical systems would serve
as the correct framework with which to describe the phenomenon because
attenuation along the direction of propagation, viz., the z-axis, is postulated to
be either non-existant or, in the case of evanescent modes, exponentially
dependent upon z. The Cartesian and cylindrical coordinate systems single out
this axis, thus any distinctive properties associated with it would be inherently

easy to handle.

But it is precisely this under- or over-attenuation along the beam-axis that
leads to infinite (or zero) energy and momentum fluxes far from the source, thus
rendering the Maxwellian formalism of Chapter VI completely unusable. Since
energy and momentum fluxes are quantities that typically need to be evaluated
rather than discarded in problems of this sort, one is better served by working in
a system that allows their usage. The spherical system is clearly what is called
for as it automatically provides for E and B solutions that properly attenuate
along the propagation axis of the beam. The objective is to devise spherical
solutions that best approximate a true collimated beam, and utilize these

spherical solutions in lieu of the overly-simplistic beams postulated earlier.

As will be made clear in the discussion ahead, the solution that is going to
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be presented in this section is, in a thermodynamic sense, the exact opposite to
that examined in Chapter VII. In Chapter VII, an equipartition of energy was
stipulated among all available radiation modes. In this section, the energy is
postulated to reside exclusively in only one or two radiation modes, all other
modes being suppressed. This situation represents the most extreme deviation
from thermal equilibrium possible, and hence is induced under “extraorsiinary”
circumstances, such as would be the case at the emission port of a laser cavity or
in the cryogenically-cooled interior of a superconductor. In both these quoted
examples, one or two quantum states are somehow induced to become populated
to macroscopic levels, with an attendant display of quantum properties that

would not be accessible under classical circumstances.

Since the topic discussed in this section is collimated beams, the
electromagnetic emission from the laser cavity would be the more appropriate

example to focus upon.

To begin the discussion, the time-independent vector amplitudes & and b as

derived in equations (IILF.1 thru 6) are re-examined:
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(VIILC.1)

(VIILC.2)

(VIIL.C.3)

(VIILC.4)

(VIILC.5)

(VIILC.6)
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In the situation being investigated, it is assumed from the start that the
radiated energy is contained entirely in just two radiation modes, namely, the
electric multipole moment Im and the magnetic multipole moment I'm’. This
condensation of energy into only a small packet of available modes is the
essential feature of laser action, and as such, forms the mathematical backdrop

for the remainder of this section.

No summations over the indices ! and m are to be taken in the expressions
(VIII.C.1 thru 6) since the two modes indicated are the only ones that are
operative. The goal here is two select the two modes such that the virtually all
the energy is concentrated in a cone of very small angle about the z-axis. In
spherical terms, this means that the Poynting vector 1/8w (& XE*) is constrained
to assume finite values only in regions of space where 6 is very close to zero.
Furthermore, since the emitted laser light is typically linearly polarized, the &
vector is itself constrained to assume finite values only in regions of space where
¢ is zero or 180°. (Refer to Figure 3 for visual representation of angles 8 and ¢.)
Both these constraints can be satisfied by proper choice of im- and I'm'-modes,
but before making this selection, a discussion of the relative magnitudes of the

various terms in the & and b expressions of (VIIL.C.1 thru 6) will prove helpful.

For those frequencies where kr >>1, the h(ll)/ r and dh(ll)/ dr terms in the ¢;
and bJ- expressions are overwhelmed by the /ch(ll) terms and can thus be safely
discarded. Useful approximate expressions for the external electric and magnetic
fields in these regimes are thus obtained by simply eliminating these small-order
terms. Note that if r is to be taken on the scale of centimeters, the requirement
that kr>>1 forces k=w/c to be in the infrared or visible regime. Thus, the
truncated expressions obtained above would present no critical drawback in laser

applications, but would pose serious contradictions in microwave or low-
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frequency applications.

Specifically, asymptotic expressions for & and b in the limit that kr >>1 are

given as:

e, - LZero (VIIL.C.7)

ey ~ — kdpy h‘,‘,’(kr)s’i’:le PP (cos8)e'™ ¢ (VIILC.8)

dP" (cosB) .,
eo ~ — tkdpy h(lll)(kr)—l—d(e—-—)e'md’ (VIILC.9)
b, -  Zero (VIIL.C.10)
(1) m m imd
b, - + kg, hy (kr)— 6P, (cos0)e (VIIL.C.11)
sin
dP["(cos8) .
by - + kg h‘,‘)(kr)—’(———)—e""d> (VIILC.12)
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In this approximation, the time-independent Poynting vector would go as:

wy
il
l
4]
X
=
*
o
+
o
o

(VIIL.C.13)

£ r. « 1), m P
= —{ ik%d._. hy' h pr
87 (1 v Gim b0 101 sinf ! do

+

.1.2 x (1,2 m szm
+ ik*dp g by b —Pf ) + c.c.
sin@ do

Since it was earlier stipulated that the emitted beam must be linearly polar-
ized, the indices m and m' are forced to be 1 or -1. Any other values would lead
to roseate patterns for the transverse electric and magnetic fields. For conveni-

ence’ sake, both these indices shall be set equal to 1.

It should also be noted that boundary conditions typically force the azimu-
thal indices ! and !’ to be equal. (The physical properties of the radiating source
do not permit the electric and magnetic multipoles to possess different azimuthal
symmetries.) Since this is the case, they will be taken equal for the remainder of

this discussion.
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With all these stipulations in mind, the Poynting vector simplifies to:

a de
5 = ézik’(d,m gt — df g,m)h(,"h(f);_-'-"—P"‘—’ (VIILC.14)

ing ' de

1 m dP 1m

m

P
k2+2 sinf ' do

- g%Zikz(d,mg;',‘n - dl*mglm)

ro. % % m mdle
2 t(dlmglm - dlmglm)sine l d_e

-

4rr

where the index m equals 1 in the above formulas.

The dominant term of the associated Legendre polynomial of order ! and
index m =1 displays a 6 dependence given by sin8 (cose)"l. Neglecting for the

moment the remaining lower-order terms in the P;"(cos8) expression, one has:

B _(si -1y 94 (g 1-1
sin0 ! e Sinb (sme(cose) )( 10 (smO(cosB) )) (VIIL.C.15)
= m (cosG)l_l[(cosB)' - (I-1)sin’0 (cose)l_z]

= m (cose)zl_s[coszﬁ - (l—l)sinzﬂ]

= m(cose)zl's[l - lsinze]
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Plugging this last expression into the Poynting vector expression of

(VIIL.C.14) yields:

A

T

g -

—i(dy gy — i g,m)(cose)zl's[l - lsinze] (VIILC.14")

41r

Since it is desired that the above function display delta-function-like
behavior in 0, it is clear that the index ! must be of very high order, viz., 1000
or more. (Refer to Figure 4 for graphical representation of this high-order
behavior.) With this last bit of knowledge, the program of proper mode determi-
nation is complete; the pair of electric and magnetic multipole moments that best
simulate a collimated beam are those that have index m equal to 1 (or -1) and {
of extremely high value. The emission characteristic of such an Im-mode is
highly collimated (near the source), linearly-polarized, yet asymptotically zero at
infinity. The attenuation characteritic is of the desired 1/r? form to assure

finite-valued energy and momentum fluxes.

A practitioner in the field might be aghast at the prospect of having to deal
with a 1000th-order radiation mode, but such apprehensions are actually ground-
less when it is remembered that 1000th-order spherical Hankel and associated
Legendre functions need not be calculated in order to determine total radiated
power, force, and torque from such an object. General formulas derived in
Chapter VI provide exact values for these quantities that do not require detailed
knowledge of the field configuration. Knowledge of the multipole expansion
coefficients ¢;,, and d,,, as determined from boundary conditions are sufficient to
to completely determine radiated fluxes. For instance, from (VI.10), one has for

the time-averaged energy flux:
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1 1R+ (£ m) * * -
(WU> - _2_12 g 2l+1)( )!(glmglm + dlmdlm)

In the above formula, the two summations extend over only one term,
namely, m equal to 1 and [/ equal to 1000. Plug in the appropriate values for ¢,
and d, to obtain an ezact expression for the radiated emergy flux. Perform

similar simple calculations for the other radiated quantities to complete the phy-

sical description of the radiating object.

» N

>y

FIGURE 3

Configuration of Coordinate Axes in Discussion of Collimated Beams
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CHAPTER IX
CONCLUSION

The previous chapters have been devoted to the topic of electromagnetic
fields in charge-free space. It has been shown that radiation fields emitted from
stationary Gaussian surfaces find their natural expression in the spherical
coordinate system. Treating partial differentiation as a tensor operation allows
one to conveniently re-cast various differential identities such as divergence,
gradient, and curl into the spherical system. Tensor-based arguments have thus
been used to re-formulate Maxwell’s equations into spherical form. A method of
solving the homogeneous vector Helmholtz equation in the spherical system has

been presented.

It has been noted that divergenceless functions of space and time possess
many remarkable conservation properties. These conservation laws assumed
especially cogent forms when expressed in the spherical system, and
identifications of several electrodynamic quantities such as 1 / 81r(E2+Bz) to
quantities already familiar to us from fluid mechanics, such as power density,
have been discussed. The material objects of mechanical physics (point masses,
fluids, and so forth) are the tangible agents of energy and momentum transport;

electromagnetic fields are the intangible agents of such transport.

It has also been demonstrated that a radiating Gaussian source is in a sense
entirely characterized by its Maxwellian “DNA code”, i.e., its infinite set of
electric and magnetic multipole moments. First-order combinations of these
moments with their respective Maxwellian space-time function describe the

electromagnetic properties of the external fields. Various quadratic combinations

200
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of these multipole moments describe the mechanical properties (power, force, and
torque) radiated by these fields. This interplay between mechanical and
electromagnetic properties indicates that “particle theories” (such as relativistic
dynamics) are extractable from ‘“wave theories” (Maxwellian electrodynamics)
and vice versa. This duality between wave and particle theories has been a pre-
occupation of physicists since the time of Hamilton. This concept has not been
exploited in the present investigation, but should certainly provide impetus to

develop the theory further.

Another aspect explored in this investigation is the fruitful fusion of
statistical mechanics and electrodynamics in explaining the emission spectra of
radiating blackbodies. The electromagnetic formulas for energy and z-
component of angular momentum are shown to be strongly reminiscent of their
quantum mechanical analogs. Subjecting the individual energy components to
the quantum hypothesis of Planck, and then developing the mathematics
according to the dictates of statistical mechanics leads to a re-derivation of the
blackbody emission spectrum. (The quantum of energy, Aw, must still enter the
theory as an ad hoc hypothesis, however. The classical formulas do not yet

supplant Schrodinger’s or Heisenberg’s first-principles approach.)

The interesting lesson gleaned from this exercise is that the classical (i.e.,
Maxwellian) formulation contains the quantum solution as a special case. Once
the electric and magnetic multipole moments are set equal to
thermodynamically-determined functions of temperature and angular frequency,
the blackbody emission formula falls out readily. This state of affairs upsets
familiar notions about the hierarchy of physical theories. Typically, classical
formulas are considered as a sort of sub-species of the more comprehensive

quantum formulas. (Specifically, if & is allowed to approach zero in a quantum
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formula, the corresponding classical formula is recovered.) However, when
classical formulas are supplemented with electromagnetic fields, the above
hierarchy is likely to be reversed. It is possible that the classical theory forms
the covering set for the corresponding quantum theory, and not the other way
around. In order to explore this possibility to its fullest, it is necessary to expand
the present formulation to include the case of non-zero (p, J ). This augmentation

to regions of charged space should provide additional impetus to develop the

theory further.

This is perhaps an opportune moment to mention a rough analogy between
the E & M formulation and the two familiar versions of quantum mechanics,
namely, the Schrodinger and the Heisenberg models. In the Schrodinger
formulation, the physical content of any problem is entirely contained within a
(scalar) wave function { that is itself a function of space and time. To obtain
physical information from the ¢ function, it must be acted on by some
mathematical operator, then multiplied by its complex conjugate, and finally
integrated over space to obtain a numerical value for the given mechanical
quantity. Schrodinger’s ¥ function therefore acts as a half-density, that is, a
function that must be multiplied by an altered version of itself before forming a
true density that can then be integrated over space to provide the sought-for
parametric value. This is directly analogous to Maxwell’s € and b functions,
which also must be combined quadratically before being integrated over space to

- obtain a numerical value for some given mechanical quantity.

Contrast this with the Heisenberg formulation where physical quantities are
represented as infinitely-extended matrices with components p;,,. These matrices
are then multiplied with other matrices to obtain relations such as

-~ ~

Zp — pf = th. Heisenberg’s matrix elements p,, correspond to Maxwell’s g,
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and d,,, the electric and magnetic multipole moments. The energy, momentum,
and angular momentum formulas of Chapter VI are somewhat akin to matrix-
multiplications. The major difference to be aware of is that Heisenberg’s
matrices are square NX N’s whereas the Im-multipole matrices are triangular,
with 2/+1 elements in each row /. Otherwise, the mathematical analogy holds

fairly well.

Lastly, practical applications of the general formulas of earlier chapters are
considered. Spherically-shaped antennas, surface diffraction gratings, and
collimated beams are treated in the spherical formalism. Clearly, these
treatments are rudimentary; more thorough-going analyses will be required to

generate truly operational models.
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APPENDIX
MATHEMATICAL FORMULAE

A.) Vector Differential Operators in Spherical Coordinates

o avV, 9 19V, cos AL
V'V = + =V, + = + Vo + — App.A.l
ar r ' r 90 rsin®@ °  rsin® 9 (App-A-1)
LY L A1y . 1 ay
V¢ = KA + §— + ——— App.A.2
b=y, F 30 T ® T 96 (App-A-2)
o .19V  cost 1 9V
VXV = - + Vo—
g ( r 090 rsin® ¢ rsin® dad )
0 - -——V App.A.3
(rsinB od ar r ‘b) (App )

3V9 1 laVr)
dar r % 4 d0

+d‘>(

a2 2 9 1 9? cosd 9 1 9’
Vi = ——‘g— 4 200, S Ny —27——‘5— (App.A.4)
ar r or r“ 90 r“sing 00 rsin“g oo

- R 2 2 9Vy 2cos0 2 oV
VIV = £ (VEV, - SV, - - Ve — —
( ' P2 r? 98 rlsing rlsing 9 )
A 1 g dV, 2cos0 3V¢
+ 8(Viv, — Vo + — - App.A.5
( r2sin?@ ® r2 06 r2sin’e 9d ) (App )
] 1 AL 2cos8 9V
+ (Vv — 14
d)( ® r2sin%0 ¢ r2sin’e 9o rlsin’9 9 )
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Several expressions that prove useful in Chapter III are provided below.

Utilize (App.A.4) on the dot product ('r’{/') and multiply the whole

expression by T:

PV V) = ri[VH(rV,)| (App.A.6)

v,
= #(r2V2V, + 2r ar' +2V,)

Multiply (App.A.1) by T:

H(V-V) = 1 ~ o+ 2V, + — + Vo + — App.A.7
HV-V) r(r ar T LT sin@  ®  sin® dd ) (App-A.7)

Utilize (App.A.5) on the cross product (f X V):

VHEXV) = VR (=rVa)+d(rVs)] (App.A.8)
- i(% at:(/;b * 3::2 Vo * rsi2n(') %‘g—)
S R T
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Take the cross product of (App.A.8) with F:

- . Ve 1 2cos8 IV
IXVEHEXV) = — 8(r?V2Vy + 2r + 2V — =
( ) ( b ®  sin% °  sin2e 94 )
. Ve 1 2c0s0 Vo
- &(r?ViVy + 2r + 2Vy — =V, + —
( ¢ or ®  sin% ® sin ad))
(App.A.9)
Take the cross product of (App.A.3) with F:
- ., 0V, av, ., 1 9V, aVy
IX{(VxV) = -6 + Vo + + - -V
B (VxV) ( e Bl d e a6 | or )
(App.A.10)

Multiply equations (App.A.6), (App.A.7), (App.A.9), and (App.A.10) by 1/r?

and combine linearly to obtain:

L9 - B+ Fxwxh) - -’%xvz(‘r’ x¥) = (App.A.11)
i G(Vz Yo = rzsi1n29 Vot 722— aa:r B ri:?:ge a;;d’)
PO e s ¥ e )

= V¥V
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B.) Spherical Hankel Functions
1.) Table of Lowest-Order Functions

Functions of First Kind:

(App.B1.1) h((;)(z) = - =
x
iz .
(App.B1.2) K@) = - £ (1+i)
z T
1z .
(App.B1.3) hg)(x)= .- (1.*.&__35_)
I z T
(1) e’ 6: 15 151
App.B1.4 h = (1+______)
(App.B1.4) 3 (2) . P S
(1) . e 10: 45 105¢ 105
(App.B1.5) 4 (z) i y 1 st
1 2 15¢ 105 420i 945 = 945¢
(App.B1.6) h(5)(:t:)=—e (1+ L -~ 3‘+ —+ 5')
z T T T I T

In general:

(App.B1.7)
h(ll)(z) _ (_i),ﬂ_e_"i[l Ly i (- (+2) 1
z 2 =z 2.4 z?

_ U=(-nig+n)+2)(i+3) § o
2.4-6 73 ]
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Functions of Second Kind:

(App.B1.8) h(oz)(x) = e;,;

(App.BL.9) ED(z) = - e;" (l_i')

(App.B1.10) RO (z) = —i e;" (1_3;1'_%)

(AppBL11)  h§(z) = e;" (1_%_%+%)

(App.B1.12) hO(e) = i e;"‘ (1_ 12;_% —lgf—i+%°f4-5—)
e - {2

In general:

(App.B1.14)

@, « _ ver € Eq. 41 (-0 D(I+2) 1
hl (:L‘) - (')l ! T [1 9 x 2.4 x2

(=)= I+ ) +2)(1+3) i

+ + PR
2.4.6 z3 ]
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B.) Spherical Hankel Functions

2.)

Recursion Relations, Wronskian Relations, Other Identities

Throughout this section, paranthesized superscripts (a) and (B) are

used. These superscripts may assume the values 1 or 2. Therefore, the

expression h(lu)(kr) assumes one of two forms:

(App.B2.0)

(App.B2.1)

(App.B2.2)

(App.B2.3)

(App.B2.4)

(App.B2.5)

(App.B2.6)

h(ll)(kr) = Spherical Hankel Function of 1st Kind

h(zz)(kr) = Spherical Hankel Function of 2nd Kind = (h(ll)(lcr))*

(—d—2—+31)h‘,‘"(kr) = [ )b r

dr® r dr r?

dh(la) (kr) _

d(kr) 21+1 [1AE=1 ) = @+ )R )]
13 (kr) _ (@) L)
kr 21+1 (i1 i (k)]

21
2,2

R (ke YL () = Ry (kr) R (kr) = .

ALy (kr) Ry (k) = AiLy(kr)hi (kr) = (

(1) (2 .
dhy’ (kr) (2 (2) dh;’ (kr 21
__l_(_lhl (kr) — hy (kr) 1 (kr) = .

dr dr kr
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For the relations that follow, the argument (kr) of the function h(,u )(kr)
is understood. Hence, h(la ) = h(,“ )(Icr) :

(App.B2.7)

(App.B2.8)

(App.B2.9)

(App.B2.10)

(App.B2.11)

(App.B2.12)

(App.B2.13)

(App.B2.14)

(App.B2.15)

(@
(Z+)rldy = kS - (z+1)—h-lf‘—1—
r

dr
_i+l h(u) 1+1 h(a) _ kh(u)
(dr r) ;o= (1+1)— I+1

d 1y SN R gl+2) (@)
(d—+")( ) = hisy
r r r r

{e)
d 1 h{ _ @ k)
(dr+—r_)( r ) - 2hl r hivy
d 1\ b\ 1+2)? @ ko
(L () - (L2, —
r r r r r
() 2
d _]_; dh _ l .2 (a) _’i (o)
(L L) - (L Rt
dh(‘!) h(“) (o)
___tliiL + (1+2)_&L kh
r
(o) (o)
dhl h1 (o)
{ = —kh
dr r , i+1

() B} (o) (B) (=) (8) (o) ®)
= hiZ hiZy + hiZi ki + hidihiZy + hiiihisy
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B.) Spherical Hankel Functions

3.) Conjuncted Forms

The conjuncted pair of spherical Hankel functions hg)(z)h(;)(z) occurs so
frequently in electromagnetic formulas that it warrants its own discussion. A

new function DJ(z) is defined as follows:

D}(z) = zzh(;)(x)h(;)(x) (App.B3.1)

Although not derived here, it can be shown that the DJ(z) function satisfies

its own fourth-order differential equation:

diD3 d3D? d2Dg

4 » 3 P 2 2 2\ .2 P
+ 2z +(4z°+ 1+ (p—q) + (ptqgtl))z

dz* dz® ( ( ) ( ) ) dz?

z

aD?
+ (8:1:2 — 1+ (p—q)? + (p+q+1)2):z:—dmL +

+ (1= (p=9) = (p+g+t1) + (p—q)*(p+q+1)")Df = 0

(App.B3.2)
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From (App.B3.2), it is a quickly ascertained that:

L - ﬁp—q)z—l)ﬁp+q+l)2—l)

4.2

(p—0)*-9)(p—q)*-1)((p+a+1)*-1)((p+q+1)*—9)
16-4!

1
D"=a[ — +
P 1 2

+

1
.’124

. b [_1__1_ (- 4)(pta+17-4) 1 |
21 2 8-3! 23

N ((p—g)*-16)((r—g)*~4)((p+g+1)’~4)((p+q+1)*~16) 1

32.5! z°

(App.B3.3)

After plugging in any pair of hg)(x) and h(;)(x) functions into the above D]

expression, it is found that the amplitudes @, and b, are given as:

a, = (—i)r9 (App.B3.4)

b, = (—i)(”_")[f(p—q)(p+q+1)] (App.B3.5)




For the special case that p = ¢ = [, one obtains:

Diz) = 1+
i(z) 4.2 2 16-4!

Some low-order values for the D/(z) function are:

D) = 1
1 1
DXz) = 1+ —137 + %
3y 6 . 45 . 225
D3 (Z) = 14 xz + x4 + xo
D:(z) - 14+ ::_(g_ + 1345 n liZ5 4 11:325

L(@r-1) 1, 9-1((21+1)*~1)((21+1)*-9)
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a»',_.

(App.B3.6)

In the two interesting limits of small z and large z, one obtains the asymp-

totic forms for D/(z) = z? h(ll)(x)h(,z)(:c):

(20-1)*(21-3)* - - - 3%1°
21

lim z? h(ll)(x) h(lz)(:v)

z- small z

lim :c2h(1”(x)h(,2)(x) = 1

z- large

(App.B3.8)

(App.B3.9)
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C.) Associated Legendre Functions
1.) Table of Lowest-Order Functions

NOTE: The definition of Associated Legendre Polynomial P"(cosf) for
non-negative m in terms of the simple Legendre Polynomial P;(cosf) as used

in this report is given as:

d™ P(cos6
P™(cosf) = (—l)m(sine)m-(dLe)m) (Magnus-Oberhettinger phase)
cos

Beware that some authors omit the (—1)™ factor in their definition of
P[™(cosB), and consequently, minus signs that appear in the odd-parity
expressions below will not appear in these authors’ tables of the same func-

tions.

This sign discrepancy also impacts recursion and integral formulas of
upcoming sections. Any odd-parity P;"(cosf) term in formulas of subsequent
sections must be preceded with a minus sign if the Magnus-Oberhettinger

phase is not used. (Ref. 17)




P (cosh) =

Pl{cos8) =

P (cosh) =

P (cosB) =

P} (cosp) =

P} (cosh)

PJ(cos8) =
Py 1 (cost) =

P, *(cosh) =

—sinf
cosB

=sinf

3sin%
—3sinfcosb
%(3 cos’8—1)
-;—sine cos@

-l—sin26
8
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(App.C1.1)

(App.C1.2)

(App.C1.3)

(App.C1.4)

(App.C1.5)
(App.C1.6)

(App.C1.7)
(App.C1.8)

(App.C1.9)




P3(cosp) =

PZ(cosb) =

P (cos)

P23 (cosh)

P; 1 (cost)

P;%(cosh) =

P 3(cost) =

P {(cos0)

P32 (cosh)

P} (cos8)

P} (cos®)

P2(cosh) =
P;(cosp) =
P;%(cosp) =
P 3(cosh) =

P, *(cosp) =

—15sin%9
15sin%6 cosh
- %sinﬂ (5cos?6—1)
—;—(5 cos®8—3cosB)
%—sin() (5cos?0—1)
L 5in%gcoso
8
L sin%0
48
105sin0
~105sin®9 cos6
l?s-sinzﬁ (7cos®6—1)
~ —g—sin0(7 cos®0—3cosf)
%(35cos46 —30cos?0+3)
1. 3
z—sme(7 c0s°0— 3cosf)
1 .2 20_
ra 8(7cos“0—1)
L sin®0cosd
48

1 . 4
——sin"0
384
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(App.C1.10)

(App.C1.11)

(App.C1.12)
(App.C1.13)
(App.C1.14)
(App.C1.15)

(App.C1.16)

(App.C1.17)
(App.C1.18)

(App.C1.19)
(App.C1.20)
(App.C1.21)
(App.C1.22)
(App.C1.23)
(App.C1.24)

(App.C1.25)




C.) Associated Legendre Functions
2.) Recursion Relations, Other Identities
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d® | cos® d

App.C2.1 —+ P 0 -1

(App.02.1) (2= VP (cost) = [~

(App.C2.2) P%_,(cosB) = P™{(cosb)

(App.C2.3) P ™cos8) = (—1 -(mgTP, (cos®)

(App.C2.4) cos@ P;"(cos@) = 2111 -(l—m+1)P,'f'H(cose) + (l+m)P,"ll(cosB)]

(App.C2.5) sin@ P*(cosh) = 2111 P 1T1(cosh) — P,"L“;l(cose)]

(App.C2.6) sin® P;"(cosh) = 2111 (I-m+1)(!-m+2)P/ 7 (cos) —

— (1+m)(1+m—1)P[7" (cos6)]

(App.C2.7) 2m cosg P["(cosB) = P,m+l(cose) + (l+m)(l—m+1)P,m_1(cosﬁ)]
sin

(App.C2.8) 2m—,lé-P,m(cose) = —[P1 (cos8) + (1= m +1)(I—m +2)P[;" (cosh)]
sin -

(App.C2.9) 2m— 5 P™(cos0) = P"‘H(cosB) + (l+m)(l+m——1)P,"_'_Il(cosG)]
sin




dP["(cos)
(App.C2.10) 40

dP["(cos)
(App.C2.11) T

dP"(cosh)
(App.C2.12) —

de
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cosf

= m——— P™(cos6) + P,m+1(cose)

sinf

= —m<ELP[(cosh) — (I+m)(i—m+1)P" " {cosh)

sin@

= 2P (cosh) - 3 (1+m)(I=m+1)P[" " (cosh)
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For the relations that follow, the argument (cosf) of the function P["{cos8) is

understood. Hence, P;/" = P™(cos0) .

(App.C2.13)

dP" m

— PM =

de sin@
(App.C2.14)

dP" m

- P =

do sin@

(App.C2.15)
)

! + .m
de sin@

(App.C2.16)

dpP/" m
do sin@

le-_-

( 1—cos0

— )21+1 (1Pt + U+ PP + (1+1)PRTY]

( 1+ cos

l{l-m+1)(l-m+2)P
S ) gy - m (- m+2) P

— 2+ )(l-m+1)(I+m)PM !

+ (14 1)(1+m—1)(1+m)Pr7!]

(1;:;’;’9 ) 2111 [- iprtt + @i+nPP* - g+ )P

20+1

_ (1‘°°59) - (- m 1) - m+2) P!

sin%0

- 2+1)({-m+1)(I+m)P""

— (1+ 1)+ m—1)(1+m) P!
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C.) Associated Legendre Functions

3.) Definite Integrals

(App.C3.1)

(App.C3.2)

(App.C3.3)

(App.C3.4)

0

™
f P"P;"sin0d#
0

[ e
o LsinB d6

w
f _m PImPIm do =
sin®

m
r

(I+m)! _ym
(l-—m)! B +( 1) 8m(—-m')

= dP" dP["
[ 4o  do

c%

2 (l+m)!8
2+1 (I-m)l "
dpP*
+ 2 _pp l ]sinede = Zero
sinf de
2 |
m2 P,'"P,""]sinede _ 20(1+1) (I+m) 5y
sin6 20+1 (I—m)l
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C.) Associated Legendre Functions
4.) Indefinite Integrals

e2 92
(1I+1)-r (I +1)) P"P["sin0d — (m2—m'2)f ,1 PP de =
8, 0, sin@
dPl" dP" .18,
= [sinGP,m — sinf P}"] (App.C4.1)
de de 0,

A sub-case of (App.C4.1) that proves useful in Chapter VIII is the instance

' =m' = 0, for which one obtains:

92 92 1
1(1+1)f P"PQsinbdo — mzf _eP,"‘Pgde =

91 61 sin
dP? dP" 192
= [sinBP,’"-— — sin@ Py ] (App.C4.2)
de do 8,

Utilize the explicit (App.C1.1) expression for Pg to obtain:

dle ]92

= — sin®
s

0,

Make use of (App.C2.11) to re-state the R.H.S. as:

0
= [mcoseplm + (l+m)(l—m+1)sin9PIm—l] 2

9,
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Consider further that m = 0:

11+1) | P,sinode = [l(l+1)sin9P,'] :
9, 6,
Implying:
0, )
f P;sinfd6 = [sinGPl"} 2 (App.C4.3)
0, 8,
In particular:
f2PISiI16dB = [SiDGPI‘l]_z- = PI“(—E-) - Pl_l(O) = Pl_l(l;—)
0 0
(App.C4.4)
And:
™
T
f P;sin8d§ = [sinBP,“] = P (mw) - PI"(%) = — pl-l(l;.)
: :

(App.C4.5)
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D.) Complex Exponentials
1.) Definite Integrals

2 L,
(App.D1.1) f eMmPe T IdG = 2md, .
0
27 .,
(App.D1.2) _[; e™cospe ™ Pdd = T(B(minm + dmo)m )
2n »
(App.D1.3) j; e singe " Pdd = —iT(Spiym — 8(m—~1)m )
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