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Abstract. This report presents the basic definitions and formal development of DALI, a novel extension of the
CBYV lambda calculus. DALI is based on a proposal by Miller, and provides an elegant and well-behaved notion
of object-variables. The notion is elegant because it avoids any explicit need for a “gensym” or “newname”
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adequate equational theory.

Our development follows the one employed in Taha’s thesis [4] for MetaML[7,5]. The development was easy
to adapt, and some of the major lemmas and proofs remained essentially unchanged. This success is further
evidence of the robustness of both the observations of Takahashi on the notion of parallel reduction and the
original “standardisation” development by Plotkin for the CBV and CBN lambda calculus.
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1 Preliminaries

1.1 A Note Regarding the First Revision

This document presents the technical development of a core calculus of DALI, a CBV language which provides
support for datatypes with bindings. The proofs are given in as much detail as the space would allow it.

Due to the time constraints, many typographical and stylistic changes we wished to make in order to make
the document more readable and compact are still missing. We intend to address these problems regarding our
presentation in a forthcoming revision. e.p.

The document is organized as follows: Section 2 presents definitions of the various notions that will be used
throughtout the proof. Section 3 proves various basic properties of those notions. Section 4 provides the general proof
of confluence, taken directly from [5]. Section b proves necessary lemmas for DALI that are required for the general
argument in section 4. Section 6 gives a general argument for soundness of DALI, adapted directly from [5]. Section
7 provides proofs for DALI-specific lemmas required in Section 6.

1.2 Notes on the Technical Development

The development proceeds in a number of steps. Some of these steps introduce auxiliary constructs that are useful in
constructing the proofs of properties in which we are interested. These constructs include well-known notions, such
as complete development and parallel reduction, which are recast in the setting of DALI.

Each new notion usually has certain basic properties associated with it, about which we prove lemmas (Section
3). These basic properties, beside being useful in latter proofs, also ensure that the definitions of various notions are
sensible and correspond to their equivalents in more well-known calculi.

We introduce a big-step semantics (or evaluation function where the order of evaluation of subterms is determin-
istic), and a reduction semantics (where the order in which the rules are applied is immaterial).

The main result of this paper is that reduction preserves evalaution. That is, applying any sequence of reduction
rules to a term does not change the value to which it evaluates. Thus the reduction calculus can be used to transform
one program into another program with equivalent meaning.

Our development includes the following steps:

— We define a core language (DALI, Section 2) that exhibits only the essential features and properties we wish to
develop theoretically.

— We define a big-step semantics (<), a deterministic partial function that defines the notion of evaluation of DALI
programs.

— We define a reduction semantics (A%), based on primitive notions of reduction (e.g., 3), lifted into arbitrary
contexts to obtain a compatible reduction relation (—),as well as its reflexive transitive closure (—*).

— We define parallel reduction(>>>), for DALI, a relation between terms that allows multiple reductions to be per-
formed at the same time, nondeterministically.

— We define left reduction(—), a function on terms that performs the work of big-step semantics in a number of
small steps.

— We prove important properties of these constructs:

1. A? is equivalent to parallel reduction. This allows us to replace reduction semantics with parallel reductions
in our proofs, since parallel reduction is considerably less dificult to reason about than A?.

2. We prove equivalence of the transitive closure of left reduction (——") and big-step evaluation. Similarly
to parallel reduction, this allows us to reason about ——=* instead of < in our proofs which simplifies the
development.

— The first major result of our work on DALI is the proof of confluence of A?. (Sections 4 and 5) We prove that
parallel reduction is confluent, which by equivalence of the transitive closures of A? and parallel reduction allows
us to conclude that A% is confluent as well.

— Based on Taha’s soundness proof of MetaML [5], the partiality of left reduction function induces a partitioning
of the set of expressions, called expression classes. The three term classes are inductively defined and are called
values, workables, and stucks.

1. Workables are expressions on which left reduction is defined, i.e., can be advanced by left reduction. In other
words, workables may left-reduce, in one or more steps, to either values, stucks or other workables.



2. Values are expressions to which workables may left-reduce in one or more steps but on which left reduction
cannot proceed further. They correspond exactly to the set of values defined in Section 2.

3. Stucks are expressions that cannot be advanced by left reduction, but are not values.

— A further development is to prove certain monotonic properties of parallel reduction with respect to term classes.
In particular, values and stucks can be only further reduced to other values or stucks respectively, and most
importantly, if a result of the parallel reduction is a value, it must have been obtained either from another value,
or from a workable.

— Finally, the main result of this paper, the soundness of reduction semantics, is reduced to proving two goals

1. A (terminating) evaluation of a term to a value implies a finite sequence of A\ steps in which the original
term reduces to the same value.

2. A finite sequence of reductions of a term e to a value v implies that there exists a value v’ to which the
original term evaluates, and which can be then reduced in some finite number of steps to the original value
v.

The first goal is not difficult to prove by straightforard induction. The second goal, however, requires several
transformations:

1. Using the equivalence of evaluation and left reduction’s reflexive transitive closure, and the equivalence of A%
and parallel reduction, the goal is restated in terms of left reduction and parallel reduction.

2. Three important lemmas are used in proving this goal: push-back,transition and permutation. These lemmas
allow rearranging of the order of left and parallel reductions in finite reduction chains until the goal is reached.

The formulation of the soundness proof technique is most directly due to Taha’s work on MetaML[4,5]. In proving
soundness of DALI, we were able to directly directly reuse both the structure and certain key lemmas of this proof.
For others, it was necessary to re-prove them in the context of the new language, but their basic formulation remained
unchanged.

2 Definitions

2.1 ([X,Z,FE C V,B W,S|Set Definitions

We will use a BNF-like notation for specifying a number of inductively defined sets that will be used throughout
this report. Two non-standard notations will be used for conciseness:

— Lambda terms with patterns are written /\fE{fl"“’f"}(f zy¢).er, meaning, a sequence of simple lambda
abstractions Awzj.eq, ..., Axy,.e, corresponding to branches of a lambda abstraction indexed by the various tags

fla afn

— Set difference is written V \ v, meaning, all possible elements of V except the ones matching the pattern
particular pattern v. For example, if N is the set of naturals, then n+1 is a pattern that matches naturals greater
than zero, and N\ (n+ 1) is simply the natural number zero. This notation allows us to avoid having a definition
of stuck terms S that is quadratic in the number of constructs in expressions E.

We will make use of Barendregt’s variable convention, and state the set of bound and free variables in
expressions occurring in any formula or statement should be taken by the reader to be distinct.



Definition 1

x € X Normal variables : = Infinite set of names
z € Z Object variables := Infinite set of names

f e Tags := Infinite set of names containing True and False

FCIF Tag sets = Finite subsets of F

e € E Ezpressions =) x| Aveleel(ee) |me|mel| fe| MEE(fay)eys |
#Hz|#z=>e | A(F#z=>2)e|isOVare |[e=y4 e

C € C Contexts =1 Az.C|CeleC|(e,C)|(Cie)|m C|maC]

MEFALY(f; i) .e) ++(f #).C | fC | (#2= C) | M#z = 2).C

|isOVarC' | C =g e |e=4 C

VL (.0) | 76| #= | %2 = b

) [ Ave | (0,0) | £o | MEF Fagep | 2 | 2= 0 | A(de = 2).e

Av.e)v | MF#F-=x)e) (Fz=b) |we|vw | fw]|#z=w|

w,e) | (v,w) | mp w | mp(v,v)

lw=e|#e=w| e = e

| isOVar v | isOVar w

s € S Stucks =z |selvs|(s,e) | (v,s) | mns|mn (V\(v,0) ]| fs
(MEFFaper) (VNf o) | (#2=5)
EV\#Z)—6|#Z—(V\#Z)|5:e|#z:5
(

b e B Based Values
v eV Values
w e W Workables

e —

|
|
| (A(F#2 = 2).c) (V\ (#2 = b))
| (VA X°) v where \* = Aw.e + MEF f wper + A(#2 = 7).e
| isOVar s
p €R Reductions =01 | m | ma | Ba| B3| # | disovar

2.2 ‘ []:CxE— E‘ Context filling

Definition 2

[NeT=¢ (Ax.C)e'] = Ax.(CleT]) Mtz = 2.C)e'l = (A2 = 2.Cle]) (Ce)le'] =Cle'le (e C)le'] = e Cle]
(#z = O)e'] = (#2 = Cle]) (C=xe)l']=Cle =¢ (e =4 C)[¢] '
(e, O)el= (e, Cle']) (C,e)[e'] = (Cle],e) (w1 O[] = mi (Cle’]) (w2 O)[e'] = w2 (C[e])
(AEF {f}(( wi).ei) + +( 2).O) e = WEFI(f wy).e0) + +(f 2).Cle
(isOVar C')[e’] = isOVar C[¢']

2.3 ‘_[_: = |tEXXXE— E‘ and ‘ [#2=]BXZXX—> E‘ Substitution

Definition 3

Ol = es] = 0
z[e:=e3] = e3
'[r:=e3] = &, x %
Az’ .e[x: = eg] = Az’ .(e[r: = eg])
€1 ea[w: = e3] = (er[x: = eg]) (ea]r: = es])
(e1,e2)[z:=es] = (e1[r: = e3], ea[z: = e3]) O#z=2]=()
me [e:=e3] = m (e[e: = e3]) fol#z=2)= f (b[#z:=x])
ma e [ = e3] = ma (e[x: = e3]) #z[#o=al=x
fel[z:=e3] = f (er[z:=e3)]) He[Hz = x) = #2, # F
NEF (fup)eglei= es) = MEF(fal) (eglo=es]) 42" = blge = ] = + = (oo = 2])
#zle:=e3] = #=
#2 = e[r:=e3] = #2' = (e[x: = e3])
AF-= o) el =e3] = A(#-= 2').(e[r: = e3])
e1 =g ez[r:i=e3] = (er[z: = e3]) =4 (ealr:=e3])
isOVar e[z: = eg] = isOVar(e[z: = e3])

Remark 4 Note that the above definition of substitution uses Barendregt’s variable convention, and thus no explicit
side-conditions on renaming substitutions over binding constructs are necessary.



24 |_— _ExRXE — E|Notions of Reduction

Definition 5

(Az.e) v

T (01,02)

9 (01,02)

(/\iEL_{k}(f z;).e;) (k)
(A(#z = z).e) (#2=1)
H#z =4 #=

H#z1 =y Hoo

!
—rm
—r s
8
—8s
—#
—#

eglog: = €

ele:= Aw.(b[#z: = z])]
True()

False() if 21 # 22

isOVar #z —isovar True()
isOVar v —isovar False() ifv # #=

25 |.— _CEX E‘ and ‘ _—* _ C E x E| Compatible Reduction and the Reduction Relation

Definition 6

€1 —>p €2

Cle] = Clea &8

2.6 Notation

€1 —> €2 €3 —* €3

e —*e

eq —* eg

Notation 7 (Relation Composition) For any two relations & and ®, we write a ® b @ ¢ as a shorthand for

(adb)A(b0).

2.7 |->» _CE x E|Parallel Reduction

In order to prove the two key lemmas presented in this section, we will need to reason by induction on the “complexity”
of parallel reduction. Thus, we will use the following definition of parallel reduction with an associated complexity
measure. Where complexity is not relevant, we will simply omit it to avoid unnecessary clutter.



M
2.8 -S> E - E

Parallel Reduction with Complexity

N M N M N
€1 > e €1 > e3 €2 > ey €1 > e3 v P U2
0 0 N M+N M+#(x,e5)N+1
0>0 T> Az.e1 > Az.en €1 €3 > e3¢y (Az.e1)vy (>> ) es[z: = vo]
M Mo, N
e] > e ep > e, vl > Uz
M43 (z,e2)N+1 . MA#(en,ef)N+1
(A(#z = x).e1) (#2 =) > ex[w: = Aw.b[#z: = a]] (NEF fi wiei) (fr v1) 3 ep [Tyt = va)
M N M M N, N,
€1 > e3 ey > eq €1 > ey €1 > € v > vy Vg > Uy
M+N M M N+l N+l
(e1,€2) > (e2,€4) T oep > T €2 To €1 > T2 €2 m (v1,v2) > v mo (v1,v2) > )
M Ny, M N
€1 > €3 ef > € €1 > €3 €1 > €9
M I Ny 0 M N
Fea>Fes M fure; > MNeFro e #2394 (#r=oea)>#He=me) M#Ez=a)a > M#: = 0)e
M N
#o # #2o €1 > ey €3> ey
1 1 M+N
#z =y #2>> True() H#21 =4 #2722 >> False() e1 =g es > ey =g ey

X
e> e vE H#z

isOVar v >1> False()

X
isOVar e > isOVar ¢’

isOVar #£z >1> True()

where #(xz, e) is the number of free occurrences of the variable  in the term e.

2.9 Complete Development
Definition 8

lz =

(Aw.e) =

!(61 62) =

(VEFIEI f apcp) (ko)) =
1#2 =
(#z=e) =
((MF#z = z).e)(#z = b)) =
ew =4 e2) =
WH#e = #Z
(#21

) =
#22)
!(isOVare) =
(isOVar#tz) =
!(isOVarv) =

gj\x.!e

(A@.eg)v4

(NEFUR(f 2p.e)) (K v)
(A(#z = x).e) (#2z=>1)

!61 !62 Zf@l €9 3_/—'

f '6
leg[wg: =]
Fz
#z =le

le[e: = Az’ .b[#2z: = 2'])
'61 =ules fe,endZ
True()
False()
isOVarle
True()
False()

of #21 # #22
ife @V

ife # #z



2.10 Big-Step Semantics

Definition 9

el < Azx.e e1 c—>/\fEFU{M’(f zr)er e1 > A(F_=>wz)e
€9 —> €3 ey — k ey 62‘—>#Z:>b3
elr:=e3z) o es  ep[ri=e4] = es ele:= A’ (bs[#z:=2'])] = es
=0 AIve—=Are €1 €3 > ey €1 €9 > ex €1 €3 > eq
€1 ez ez ey e (es,eq) e (ez,eq) €1 <> e

(e1,€2) — (e3,€e4) T e <> e3 moe>es foer > fues MNEFfurer 5 NEFf e

e > #Hz e = #zn
€1 < e eq > H#Hz ey > #2021 F 29
Hr o Hfz #rz=>e o Hr=e Az=>z)e A= a)e e =g ey True()  e1 =4 es — False()

e — F#z e—=v vFEH#z
isOVar e — True() isOVar e — False()

Remark 10 Note that the use of b in the definition of the semantics of the application of a case over object-binders
1s an expensive runtime check. However, we expect that it should be possible to eliminate the need for this check by
an appropriate type system that restricts “analysable” terms to base values.

2.11 |_+—— _E — [E| Left Reduction

The notion of left reduction is intended to capture precisely the reductions performed by the big-step semantics, in
a small-step manner. Note that the simplicity of the definition depends on the fact that the partial function being
defined is not defined on values. That is, we expect that there is no e such that v — e.

Lemma 22 says that the set of workables characterises exactly the set of terms that can be advanced by left
reduction.

Definition 11

ey — €} e— e ey —> €} e— e
(Az.e) v — e[z =] e1 €9 —> € en vey —rve (e1,€2) —> (€], ea) (v,e) — (v,€’)
er—e
Ty € —> Tpe’ 71 (v1,v2) — U3
er—e
T2 (v1,va) = Vo (MWELARY (F a).ep) (k v) — ex[zg: = 1] Jfe— feé
er—s ¢

H#z=>er—Hr= e (A(#z = x).e) (#2 = b) — e[w:= Ax.b[#2": = #]]

ey —> €} e— e #z £ H#2
€1 =g ea—> €] =gz e #Hel=per— #2 =€ #z =y 2+ True() #z =4 2/ — False()
e— e vF£ =z

isOVar e — isOVar ¢’ isOVar #z — True() isOVar v — False()

3 Basic Properties

3.1 Substitution

Lemma 12 (Basic Properties of Substitution) Ve ey, e, €



1. s#yne g FV(e) =

2. #o # #y Ao @ FV(e) =

Proof (Lemma 12). The proof easily follows by structural induction on the expression eO.

3.2 Parallel Reduction
Lemma 13 (Compatibility of Parallel Reduction) VC € C. Ve, es € .
er > es = Cler] > Cles]

Proof (Lemma 13). Prof is by structural induction on the context C.

1. [)[e1] > [][ez]c[ 1 Cled]
e1] > Cles
2. 0> (\z.0)[el] > (he.C)[ex] >l

Cle1] > Clea] e> e

Bl G T Car Y
e>e Cler] > Cles)

Lol o> O Y
e>e Cler] > Cles)

> TS @O Y
Cle1] > Clea] e> e

02 > (Gl
Cle1] > Cles]
T el (O]
Cle1] > Cles)
S0 el > (m O]
9. 11> Clea] > Cles] ras,

(MEPUT((f; i).e0) ++(F 2).C)[ea] > MEFVI((f; i) .e0) ++(F 2).C)es]
Cle1] > Cles]
(f O)eal > (f C)le2]
Cle1] > Cles]
(#2 = O)ea] > (F#2 = C)le2]
Cle1] > Cles]
(A(#z = 2).0)[e1] > (M#2 = 7).C)[es)]
Cle1] > Clea] e e "
(C=g )] > (C=g )fea] "
e>e Cle] > C[ez]
(e = #C)[e1] > (e = #C)[ea]
Cle1] > Cles]

15. 11, TH S [;
> (isOVar C)[e1] > (isOVar C')[es] >l

10. (s sl

11. 111

sl

12. 111

sl

13. 111

14. 111

sl

O [e.p]
Lemma 14 (Parallel Reduction Properties) Ve; € E.

1.VbeBecEb>»e=—ec=b
2. VecE e >>e.



3. VpN¥ei,ea EE 61 —, 60 => €1 > e

4. Veo €E. e —3 e => €1 > €9

5 Ves €E.e1 > e = 7 —* €5

6. Ves ER.eg,eqa EF.e1 > e3,e0 > ea = e1[y: = e2] > es[y: = ea].

Remark 15 Note that from 1 it follows that

1.b—e=—=e=b
2. =0
3 b—Te=e=1b

Proof (Lemma 14).

Part 1 is by a simple induction over the derivation of b € B. Part 2 is by a simple structural induction on e. Part
318 by a case analysis over p.

1. 5y
e>e v>0U
Ax. — L= d by 14.2
(Az.e) v gr elai=v] an (Az.e) v > e[r: = v] Y ¢
2. T
v > v
71 (v1,v2) —x, v1 and 1z >
7 (v1,v2) > v
3. T
vy > Uz
yV2) —rm d ——————
T2 (Ul Uz) V2 al 7T1 (v1,v2) > 05 >
4. Bo
e>e

(A(F#z = z).e) (#2 = b) —p, elr:= Az.b[#z:=z]] and s.by 14.24

A#z=x).e) (#2=0) > e[e:= Aw.b[#z: = z])

5. fs
ie{kIUL g N . o en > €p V>V
('€ (fi x5).€;) (fx v) =g, exler: = €] and OFETHE (f; 20 er) (e 0) > enlor = 1] by 14.24
6. #
#z=y #2—>u True() and #z =y #2z>> True
g # and #ip #e 3
#z = #2' —4 False() #z =y #2' > False() >
7. 6isOVar

isOV — T d
sOVar 7= rue() an isOVar #z > True

8. 6isOVar

isOVar v — False() where v # #z, and V7 #

isOVar v > False() ’

Proof (Property 4 of Lemma 14). If we look at the definition of —, we notice that if e; — e3, then there must
exist some context C', so that e; = C[e’], e2 = C[e”], and &/ —, €.

Thus, to show that e; — es = €1 3> €5, it is enough to prove that for any context C' € C, C[e/] — C[e] —
Cle']l > C[e”]. This, however, follows directly from Lemma 13 (Compatibility of Parallel Reduction).



Proof (Property 5 of Lemma 14). Ve; € EVes € F.e; » e = e —* e By induction on the height of the
derivation e; > es.

L () > (Jand () —° ()
2. 2>z and v —° 2.

e >> 6/ IH e * 6/
3. 51 — ; —————— comp. —* |}
Az.e > Ax.e Ax.e —" Az.e
€1 > €} EEiN er —* ¢}
€3 > el L5 eq —* ¢,
4. > 2 2 comp. —=+ |}

e1 €3 > €} € €1 €5 —* €] €

v ELLY v —*
e>> e REiN e —* ¢
5~ g
> (Az.e) v>> ele: =] (Az.e) v —* (Az.e) v —* (Az.e!) v/ —p, €/[z:= V] comp ¢
6.
b>> b
e>> e
>>ﬂ / 1 pt /
A#Hz=a)e) (#2=0) > [o:= A V[F#z: =2
IH~U/ IH~U/
b —* b
e —* ¢ '
comp. —*
(A(F#z = z).e) (#2 = b) —" (AF#z = 2).€¢)) (#2=V) —p, €/[e:= AV [#2: = 2]] P
ex > ey
" v v
>
7 (WEFCU fagpier) (kv) > e[ =]
’ IH~U/ IH~U/
e —* e},
v —* v '
(MEerf zy.erlk xp.ep) (kv) —* (MEerf zy.erlk xp.el) (kv') —g, e[z =] cotp. —
e1 > e} =L e —* e
3 es > €l LE ez —* €l '
S ” comp. —*
(e1,€2) > (e, €5) (e1,e2) — (ef, €5)
9 e>> e LE e —* ¢ I
: _ — comp.-—*
> me>me me—*me P
e e L5 e —* ¢
10. _ _ Lot
> Ty € > mo e T e —* mo; €’ comp v
11 > Ll N > v = el comp -]
' w1 (vi,ve) 3> 0] T (vi,v2) —p, VI —7 V] ’
12. > S B > % = vz " comp -]
' 7o (v1, v2) 3> vh Ty (v1,v2) —p, vz —" v ’
13, 51 e>> e LE e —* ¢ I
. comp. ——+
> fe>feé fe—"f¢ P
er > e} LA e —* e}
14 R
T T aner > VT (Fape, N apye, — V(g P
15. #2>> #2 and, #2 —0 #2



16.

17.

18.

19.

20.

21.

22.

23.

a

6>> 6/ IH e * 6/

N E S Ese | Fmcorfoe
e £ e —* ¢
4l / - ~ comp. ——* [
€1 > € = ep —* ¢}
en > 6/2 % €9 Lk 6/2
>>ﬂ / 7 . 7 r Comp.__ﬁu
61:#62>>61:#62 61:#62_> el =4 €5
#e=#2
d #2 = #2" — Fal
i Err———— False() #z = 32—y False()
—_ /
i and#tz = #2" — 4 True()
#z=#2>> True()
1t > = s U
71 isOVar e > isOVare' isOVar e —* isOVar ¢’ comp. —
d isOV —50 T .
isOVar #z > True() and isOVar #2 Sover True()
v 4
d isOV —s Fal
isOVar v > False() oo T o T8 se()

Proof (Property 6 of Lemma 14). The property is stated as follows:

Ve, ea,e3,eq ET €1 3> e3, €2 3> eq = eq[y: = ea] > e3fy: = e4]

The substitution property for parallel reduction without complexity follows directly from the substitution property

for parallel reduction with complexity (Lemma 18 on page 14).

Remark 16 From Lemma 14, parts 4 and 5 above we can see that that >*=—".

Proof (Remark 16). By induction on the derivations of —* and >>*, and has two parts.

—e —Fer=e1 > ey

14.4

€] — U = €1 > U
u—" ez IH u>" ey

»>* * *
e —" e2 e1 >* ey

—e1 > ey = e —" ey

Assuming that e; 3> es, it must be the case, by definition of >>*, that there exists some uy, such that e; > w3
and uy >>* ey. By previous property 14.5, then e; —* uy. But for that to be true, there must exist some v’ such
that e; — ¢/ and v’ —* u;.

To show that e; —* e5, there must exist some u, such that ey — u and © —* e5. Let v’ be this u. Now, we
know that e; — v and v —* uy. Since uy >>* €9, then u; —* e5 by the induction hypothesis. Since u —* uy
and u; —* eq, by transitivity of —* we have that u —* e5. Therefore u —* e5 and we are done.O

Remark 17 (Substitution with Complexity) We have already shown that parallel reduction without complexity
is equivalent (in many steps) to normal reduction (in many steps). The same result applies to parallel reduction with
complexity.



3.3 Substitution Lemma for Parallel Reduction with Complexity

Lemma 18 (Substitution for Parallel Reduction with Complexity) Ves, e5,¢e5,e7 € E, X,V € IN.

X 0 Y o Z
eqg>esheg »er— (A7 eN.eyloi=eg] D eslei=er] AZ < X + #(w,e5)Y).

Y Y
Proof (Lemma 18). Proof is by induction on the derivation e4 >> e5. Assumption: eg > er.

1.

2.

4.

and 37 = 0.()[y: = es] >0> Oy:=e7] AZ <0.

0

(>0

x >0> x
(a) If # = y then 37 = Yor[y: = eg] >Z> rly=ef]NZ <Y
7z
(b) fx #y then 37 = 0.z[y:=es] > x[y:=e7] AZ <0
N

> . . . Z1
o ~ © By the induction hypothesis, 377 .e1[y: = e6] > ea[y: = er]AZ < N +#(y, e2)Y By Barendregt’s
Az.ep > Ax.ey
z
assumption ¢ & FV(eg,e7), s0 37 = 71 Axv.er[e: = z][y: = es] > Av.es[w:= ][y = e7] A Z < N 4+ #(y, Az.e2)Y
N

M
€1 > e3 ey > eq

e . By the induction hypothesis, we obtain the following
€] ez > ezeq
(a) 371.e1[y: = eq] §>1 esly:=e7] A 71 < M + #(y, e3)
(b) 375. ealy: = es) §>2 eqly:=e7] AN Za < N + #(y, eq)
Then, 37 = 71 + Za.(e1 e2)[y: = e6] > (ez ea)[Yi=er] AZ < (M + N)+ #(y,e3 €4)Y
€1 ¥> €3 U1 J>V> U2

M4#(x,es)N+1
(Az.e1)vy > es[z: = vs]

71
(a) 3Z1.e1[y:=es] > es[yi=er] A 71 < M + #(y,e3)Y

Z2
(b) 3Z2.v1[y: = e6] > va[y: = e7] A Za < N + #(y, v2)Y
Using the Barendregt’s assumption and definition of substitution, the goal can be stated as follows: 37.

By the induction hypothesis, we obtain:

(Az.e1[y: = es]) (vi]y: = eg]) >Z> es[z: = va][y: = e7]

By property of substitution (Lemma 12) that is equivalent to: 37.

(Az.e1y: = es]) (v[y: = eq]) >Z> ealy: = er][r: = v'[y: = e7]]

By Barendregt’s assumption z is not free in any therms other than e; and es, and inparticular in v’. From this
we can simplify the goal further, and by a series of arithmetical manipulations obtain: 37 = 7y + #(x,¢') 72 +

z

1. (Ax.er) v)[y: = es] D ea[ei=va][y: = er) AZ < M 4+ #(x,e2) N + 1 4+ #(y, €' [x: = V])Y.

M

€1 > ea
M+1
A(#z= x).e1) (#Fz=b) > exlw:= An.b[#z:= 2]
Z1

By the induction hypothess: 37;.e1[y: = eg] > ea[y: = e7] A Z1 < M + #(y, e2)Y. The goal is: 37.

((A#tz = x).e1) (F#2 = b)) >Z> ea[ri= A" b[Fzi =2 Ny =er] ANZ < M 4+ 1+ #(y, ea[r: = A" b2 = 2']])
Since FV(b) = @, this can be simplified to

((A#tz = x).e1) (F#2 = b)) >Z> ealzi= A b[#z =2 [y = er] A Z < M + 1+ #(y, e2)

Then further, by “permutation” of subsitution:

z
(M2 = 2)er) (#z= b)) > efy=er][e:= A/ b[#2:=2'f|AZ < M + 1+ #(y, e2)
Now the goal follows easily when 7 = 77 + 1.



10.

11.

12.

13.

14.

M , N
e Sl v > v

M+#(zr,el )N+1
(MEFUELF 2se0) (fi v1) 3T o = v

71
(a) AZ1.ex[y:=eo] > el ly:=er] AZ1 < M + #(y, e,)Y

Z2
(b) 3Z2.v1[y: = eg] > valy: = e7] A Z1 < N 4+ #(y, v2)Y
Using Barendregt’s assumption and the definition of substitution, the goal can be restated as follows: 37.

By the induction hypothesis we have

(NE faper) (e o))l = o) S ehler= wally: = e] A Z < (M + #(a, )N + 1) + #(w. ch o = va))Y

By property of subsitution (Lemma 12), we obtain 37.

((/\iEFU{k}f zr.er) (fr v1))[y: = es) >Z> eply:=er][zi=vay: = e7]] AN Z < (M + #(z, e, )N + 1) + #(y, e}, [x: = va])Y

By the induction hypothesis, properties of substitution and arithmetic the above goal follows when 7 = 7; +
#(x, e )72+ 1.

M N
€1 > e3 e3> ey

AN By the induction hypothesis, we obtain
(61, 62) > (62, 64)

7y
(a) 371 . e1]y:=ee] > eslyi=e7r] A7y < M 4+ #(y,e3)Y
Z3
(b) 372.ea[y:=es] > ealy:=e7] A Za < N + #(y,e4)Y
. z
Then, it follows 37 = 71 + Za. (eq, e2)[y:=e7] > (ez es)[y:=e7] AZ < (M + N) + #(y, (e3,€4))Y

M
ep>e . . . .
! 7 2 By the induction hypothesis we obtain
T €1 > T e
7 z
AZ1.e1ly:=es] > ealyi=er] A 21 < M + #(y,e2)Y. Then, 37 = Z1.(m1 e1)[y: = es] > (m1 ea)[y:= e7r] A Z <
M+ #(y,e2)Y.
M
.. e] > e . . . .

For the derivation ————————— By the induction hypothesis we obtain

M
Mo €1 2> T3 €3

71
A7y .e1]y:= eg] > ealyi=e7] A 21 < M + #(y,e2)Y. Then, 37 = Z1.(m2 e1)[y: = es]
M+ #(ya 62)Y~
N

v1 > v

VN

> (m2 ea)[y:=e7] A7 <

7 (v, v2) N>;1 v]
By the induction hypothesis we obtain: 37;. v1[y: = eg] §>1 vily:=er] ANZ1 < N 4+ #(y, v])Y.
Then 37 = 71 + 1. (m1 (v1,v2))[y: = es] >Z> vilyi=er] AZ < N+ 14 #(y, vn)Y.
Vg J>V> vh

7o (v, v2) N>;1 v
By the induction hypothesis we obtain: 37;. vy[y: = eg] §>1 vhly:=er] A Z1 < N 4+ #(y, vh)Y.
Then 37 = 71 + 1. (m1 (v1,v2))[y: = es] >Z> hlyr=er] AZ < N+ 14 #(y, v2)Y.

€1 ¥> €2 .

fe ¥> fes .
By the induction hypothesis 37 .e1[y: = es] §>1 esly:=er] A7y < M + #(y,e2)Y.
Then 32 = Z1.(f 1)y = es] S (f e2)ly: = er] A Z < M +#(y, [ e2)Y.

e J;>f e

N
MEE faie; > MNEPf xy.e}



By the induction hypothesis Vf € F.

Zs
AZ¢ efly:= es] > e}[y:: er) N Zp < Ny + #(y, e})Y

zZ

Then 32 =3 ep Zs (M fagesly:=esl) > fly=er) AN Z <32 Ny 4+ 3 #(y, €})Y.
0
15, ———— and 37 = 0.#z[y:=es] > #zly=e7]] AZ<0+0-Y
#z > F#z
M
er 2> e . . . Z
16. By the induction hypothesis, 37;. e1[y: = es] > ea[y: = e7] A M +#(y, e2)Y . Then,

(#2z = e1) g(#zéez)
A7 = 71.(#2 = e1)[y: = es] >Z> (#z=>e)y=er] N Z <M+ #(y,#72 = e2).

N
€1 > e . . . . Z1
17. ~ By the induction hypothesis; we obtain 37;. eq1[y: = eg] > es[y: = e7] A Z1 <
A#Hz = x).e1 > MF#z = x).e
N + #(ya 62)~
z
Then 37 = Z1. (#2z = e1)[y:=es] > (#2 > ea) [y = er] A Z <N + #(y, #2 = e2)Y
z
18. T ,3AZ = 1.(#2 =g 2)[y: = es] > True()[y: = ex] A Z < 1 4 #(y, True())
#Hz =y #2>> True()
z 2! z
19. ke _T’/.l’E , 372 = 1.(#2 =4 2')[y: = es] > False()[y: = er] A Z < 1+ #(y, False())
#z =4 #2' > False()
M N
€1 > e3 €3> €4
20.
M+N
€] =g €2 > €3 =g €4
By the induction hypothesis we obtain
Z1
(a) 3Z1.e1[y:=es] > es[yi=er] A 71 < M + #(y,e3)Y
Z>
(b) 3Zs.ea[y:=e6] > esaly:=e7] A Za < N 4+ #(y,e4)Y.
z
Then 3Z = Z1 + Z5. (e1 =g ea)[y:=e6] > (es =% ea)[y:=er]| AZ < (M + N) + #(y, (ec =4 €4))Y.
X
e> e . . . Z
21. < By the induction hypothesis, 37;. e[y: = eg] > €'[y: = es] N Z1 < X 4+ #(y,€')Y . Then,
isOVar e > isOVar ¢’
z
37 = Z;.(isOVar e)[y: = es] > (isOVar e/)[y: = e7] A 7 < X + #(y,isOVar ¢').
z
22. - and 37 = 1. (isOVar #z)[y: = es] > True()[y:=e7] A Z <14+ #(y, True())Y.
isOVar #z > True()
v H#z ) z
23. Then, 37 = 1. (isOVar v)[y: = eg] > False()[y: = e7] A Z < 14 #(y, False())Y.

isOVar v >1> False()

3.4 Big-Step Semantics
Lemma 19 (Basic Property of Big-Step Semantics) Ife < ¢’ then e € V.

Proof. Proof is straightforward by induction over the height of the derivation. O [e.p.]

3.5 Classes

Lemma 20 (Basic Properties of Classes)

1. V,WSCE
2. V,W,S partition .



Proof. Proof is by structural induction on e, and then by pattern matching on e. The following table summarizes
this rather tedious proof:

ecE eVieWwWesS
ma (v1, v2) No | Yes [No
ec & eViewleSs Ty W No | Yes [No
() Yes| No |No 72 (V\ (v1,va)) No | No [Yes
x No | No [Yes T 8 No | No |Yes
Ax.e Yes| No |No Exhaustive/Nonoverlapping: Yes
(Az.e) v No | Yes [ No fv Yes| No |No
(A(#z = z).e) (#2=1) No | Yes [ No fw No | Yes | No
NEFrrer) (fv) No | Yes [ No fs No | No |Yes
we No | Yes [No Exhaustive/Nonoverlapping: Yes
vw No | Yes [No
(VAA) v No | No |Yes MEF(fay).es Yes| No [No
sp e No | No [Yes Fz Yes| No |No
v s No | No [Yes
(A(#z = x).e) (V\#z = b)|No| No |Yes #iz v YNes YNO EO
M€ Frier) (VN (fv)) [No|No [Yes e w op &
. . #z2=>s No | No [Yes
Exhaustive/Nonoverlapping: Yes Exhaustive/Nonoverlapping: Yes
(v1, v) Yes| No | No AF#z = x).e Yes| No |No
(w,e) No | Yes |No —
#He =4 #=2 No | Yes [No
(v, w) No | Yes | No w=pc No [ Yes INo
(s,e) No | No [Yes F=pw No [Yes [No
v, 5) No| No [Yes (V\#z) =g e No | No |Yes
Exhaustive/Nonoverlapping: Yes #Z = (V \ #Z) No | No [Yes
71 (v1, v2) No | Yes [No s=ye No | No |Yes
T W No | Yes [No Hz=xs No | No [Yes
T (V\ (Ul, 1)2)) No | No |Yes Exhaustive/Nonoverlapping: Yes
TS No | No |Yes isOVar v No | Yes [No
Exhaustive/Nonoverlapping: Yes isOVar w No | Yes [No
isOVar s No | No [Yes
Exhaustive/Nonoverlapping: Yes

Ole.p.]

3.6 Parallel Reduction and Classes

There is a sense in which parallel reduction should respect the classes. The following lemma explicates these properties.

Lemma 21 (Parallel Reduction and Classes)

M

1. VeeEveV.v>e—=eeV
M

2.VeecE seS.s»>e—ecS
M

3. VeecEweW.e>w=—cececW

Proof (Lemma 21.1). By structural induction on v € V.

.)eVand )>» () €V
e e

SRS SV and Az.e’ € V.



vy > e = a€cV
vy > ey == €V
3. > ey <Y
(v1,v2) > (€1, €2) (e1,e2) €V
v> e 1A, ecV
n >>ﬂ — - e\VU
f v > f e f v eV
5. NE€L fije; > NEF fi wel and M€ fi 2y ef €V
6. #z€Vand #z2> #Hz €V
v v = vev
7. 1 — ¢

#z=> 0> #2200 #ziv’EVeV
8. A#z= ) eVand A(#z = z)e> AFz =) €V

a

Proof (Lemma 21.2).

M
VeeEseSs>»>e—=—=eccS
By structural induction on s € S.

l.zeSand z>>» zand z € S.
e1 > ey 2 e elR

51 > e3 15 ez €S

2. 1 esd)

>

S1 €1 3> e3 €3

v >> 61 21.1

IH,

5>> €9 —

ez eg €S

e €V
6268

v s >e e

e1 €9 €S GSU

(A(#z = 2).) > (\#2 = x).¢)
v>v veV\ (#z=b) =

(A(F#z = z).e) v>> (A(F#2 = x).e) v

vV EVN (#2=0)

41 (M#z=12).e) v €S

esd)

10.

11.

12.

>

>

>

>

>

>

>

>

v v

s> s LN

ses

(v,8) > (v, ')

e>> e =2
51> s NEY

w.hes <Y

e el
s eS

(s1,€) > (s1,¢)

s> s RN

T
/
Tp 8 >p S

v>»v ve V(v

™ s €S
) 2 v eV (v,v)

e)es <

s'es
es)

T V> T, v

s»s I

™ v ES
ses

fs>fs

fses

esd)

MEL farer > /\fefof.e}
vy ve(V\fv) EEN

v € (V\ fv)

(MEF Fares)v>
s> 8

(MEr zp.eh) v
IH

— S/ES

Hr=> s> H#r= 8
v v ve (VB

#2=5 €8
15y € (V\B)

Hr=>v> H#r =0

H#z=0 €S

(/\fEfof.e}) ves ©

esd)

es)

4



e e
v v e (V\#z2) = o e (V\#2)

13.
> v=e> v =¢ vV=¢" €S <!
H#Hz > Fz
v v ve (V\#z) 28 v e (V\+#2)
14. s - ———— el
Hrz=v>Hz=v H#z=v €S
e> e =2, ¢ ek
5> 8 IH €S
15. -
> s=e> s = s s’:e’ESGSU
Y IH s es
16. »1 p - ———— sl
Hr=ps>Hr=y4s #Hz=ps €S
vy > ea v2 €V = es €V
‘v > e (V\A%) =».211 e (V\ x¢
e e (VAA) 2o g (\)€§U
V1 Uy 3> €1 €2 e1 e €S
s>e L5 eE€S
18. 51 - : = =" )
isOVar s > isOVar ¢ isOVare € S
O

Proof (Lemma 21.3).

M
VecEweWe>»>w—eecW

Property 3 follows directly from the previous two properties. O

3.7 Left Reduction

Lemma 22 (Left Reduction and Classes)

L. YweW. (3 € Ewr—¢)
2. Ve (Je' eRer—e)=—eecW
3. YveV.~(Fe' € Evr—€)
4. Vs € S.~(Fe € E.s — ).

Proof (Lemma 22). We only need to prove the first two, and the second two follow. The first one is by straightforward
induction on the judgement e € W. The second is also by straightforward induction on the derivation e — €.

Vwe W. (3’ e Ewr—s€’)
By structural induction on w.

1. (Az.e) v— e[z:=v]and e[z:=v] € E
2. MF#-=x)e) (#F2=b) —e[r:= A" b[#z:=2']] and e[x: = A/ b[#z:=2']| € E

w— w’
3. —1 7/1H,€E~u

wer— W e
A w— w E w ek '
R - — ¢E

vwr— v uw vw’EEe
5 " w— w 2w EeE '
TN e fuw ek <

w— w L5 w e€R

6. —1 I

H#z=w— Fz = w #ziw’EEeE



10.
11.
12.

13.
14.
15.
16.

17.

w— w L5 w e€R '
- (w,e) — (W', €) (w'e) e <
" w— w’ LE w el '
— — . _ - €L
(v, w) — (v, W) (v,w') €E c
w— w' L w €E
it , _WER
w=er—w —e w =e€E
" w— w’ LE w el '
TV g we— #r = #zr=w €k <
#2=#z" > True()and True € E
w— w' LE w ek

o
T W — Ty W
m1(v1,v2) —> v1 and v1 € E
ma(v1,v2) —> vg and vy € E
isOVar #z — True() and True() € E

w w/ I H,

1

isOVar w — isOVar v’

B S,
m, w €E

4

isOVar v — False() where v # #z, and False() € E.

w e€R

isOVarw' € E .

4

Part 2 is proven by induction on the height of derivations of e — ¢’, and by case analysis on e — ¢’.

VecE(Je' €ER er—e)=ceW

(Az.e) v elzi=wv and (Av.c) v € W

e1 — e} B e eW
.>——>ﬂ 7 GWU
e] ea — e} e €162 €W
" e— e 5 eeW
T e e veeE W
e1 — €} L5 e €W
R - —— ewl
(61a62) — (61,62) (61,62) € W
er— e L4, eecW
s — ewl
(v,e) — (v, ¢") (v,e) €W
er—s e H eeW
N — ewl
T € — e meeW
er— e A, e €W
I — ewl
Ty € — Toe T e €W

and 7 (vi,ve) € W
T (Ul,vz) — U1

and s (vy,ve) € W
T (Ul,vz) — U9

;and (WEFVRY (F o) ep) (ko) e W
T ([ agyep) o) s enloem ] et e

" er—>e I eeW I
— I e—— <R
fer— fe feEWe

e— e LE e €W

" U

H#r>er— Hz =€ #zjeEWGW

(M(#z = z).e) (#2' = b) —> and (M(#z = x).e) (#2 =b) e W

ele: = Aa’ b[#2": = 2]
o ep — €} L

EECN er €W
—_———— W
€1 =g €2 e W

4

— [
€] =4 €a > €] =3 €2



er—s e EECN eecW

15. — _
ﬂ #Z/:#ep—)#z/:#e/ ;l§l£,7;/:;,{?g(i’EW7€WU
16. d = €W
#z =y z+—> True() and 3z =g #
i
17. d = W
#z =4 2’ — False() and 7z =¢ #
18. d isOV ew.
isOVar #z — True() and isOVar =
19. - vF #2 and isOVar v € W.
isOVar v — False()
e— e LE e €W
20. — _
fr isOVar e —> isOVar ¢’ isOVare € W el
Ole.p]

Remark 23 (Left Reduction Determinism) From the above it easily follows that for any expression e € E, if
e — ¢, then there is only one derivation by which e — ¢'.0

4 General Part of Confluence

The Church-Rosser theorem [1] for — follows from Takahashi’s property [9] (Theorem 27). The statement of
Takahashi’s property uses the notion of a complete development.

4.1 Parallel Reduction is Diamond
Lemma 24 (Parallel Reduction is Diamond) Yej, e, es € IE.

e Ke>ey = (I €Feg > e Kea).

4.2 Takahashi’s Property

Proof. Take ¢/ =le and use Takahashi’s property(Theorem 27). a

4.3 Main Confluence Result
Theorem 25 (Main Confluence Result) .
Veir,e,ea €EE. e ¢—"e—"ea =3’ €E e —% e "¢

Proof (Theorem 25). Follows directly from Lemma 24. O

5 Special Part of Confluence
Remark 26 By a simple induction on e, we can see that e >>le.
5.1 Takahashi’s Property

Theorem 27 (Takahashi’s Property) Ve, es € E.

e1 3> €5 = €3 ey,



Proof (Takahashi’s property for > ).

Vei,ea € Eoe1 > ea = €2 >ley

By induction on the height of the derivation e; > es.

1.

() > () and () >!().

2. For x > x and =z >z

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.
20.

e 1A e >le
> L
Az.e > Ar.e/ (Az.e’) >!(Az.€)
v ELLY v >l
e>e REN e >le
14.6,,,
> (Az.e) v ele:= '] e'[e:=v'] >!((Ar.e)v) >
4 e>e L4, e >le
> (A(F#2z = x).e) (F#2 = b) > e'[wr= A’ b[#2: = 2']] el = A" b[#z:= 2] > W A(#z = 2).e) (#2 = 1))
v =L v >l
4 ep > €, RECQ el ey U
> 4>,14.6
VT [ are) (k) > =] ehlei= /] AV FOW [ aper) (ko))
er >y = ey Dle
ep >e)  IH el >ley
erea>eren (e €h) (e e2)
es > b = e >ley
e1 > e} LN el >ley
> 7 7 ! >
(61’62) > (61’62) (61’62) >>'(61’62)
e I e >le
> - >
TLe>me (mie’) >!(me)
e>e 1B e >le
> - >
Ty e > mae (mae’) >!(mae)
v > v LN vy >l
. = i
7y (v, v2) > V) vy > (my (v1,v2))
vg 3> v LA, vh >,
> / / 1 )
7o (v1,v2) > V) vh > (my (v1,v2))
ex»e A e >le
>t : |
fe>fe fe >!fe)
er > e} LA e} >le;
> JeF feF 7 JeF I s A()\EF >l
A faper> A fxpe} A fayp.e; > farep)
#z > #z and #2 >4z
e> e LN e >le
> >
Hr=>e> Hr=e #Hz= e Dl (#z=€)
e e EEiN e >le

>1 A#z=z).e> MN#z=> ).

e1 > el ey >eh I € Bleg e pley

e =e3 > e = ¢ (ef = eb) >!(eg = ea)
#z = F#2z>> True() and True() >!(#z = #2)
et

>

A#z = )¢ >N A(F#z = 2).€)

>>,3U

#2 =g 2#2 > False() and False() >1(#z =4 #2')

>>,1,14.5U



21. isOVar #z > True and True() >!(isOVar #z2).

v _
isOVar v >> False() and False() >>!(isOVar v)
e>e rH o sle
23, 1 - : S — ; - _ .
isOVar e > isOVar e isOVar ¢’ »!(isOVar ¢)
Ole.p.]

6 General Part of Computational Adequacy of Reduction Semantics

6.1 Main Soundness Theorem
Definition 28 (Observational Equivalence)
e1 ey =VC € C.Cler] & Clea] |
Definition 29 (Termination)
e l=weV.eg —wv

Theorem 30 (Soundness Theorem)

Vei,eq EE. 61 —r 69 = €1 X eg
Proof (Theorem 30). By the definition of &, to prove our goal

Vei,eq EE. 61 — e = €1 R €3
1s to prove

C € CVey,eq €EE.e7 —> ea ACleq],Cles] € E = (Cle1]d < Clea]d ).

Noting that by the compatibility of —, we know that C' € C.Vey,es € Eoey — ea = Cle1] —> Cles], it is
sufficient to prove a stronger statement:

C € C.Vey,e5 € E.Cler] — Clea] A Cler], Cles] € E= (Cle1]} <= Clea] ).
Noting further that C' € C.Va,b € E.a = C[b] € E = a € E, it is sufficient to prove an even stronger statement:
Vep,ea € ey — eo = (1} = eal}).
This goal can be broken down into two parts:
S1
Ver, e EE ey — e5 = (e1 | == €2} ),

and

S2
Ver,e0 € Biep — ea = (e2d = e1 |} ).
Let us consider S1. By definition of termination, it says:
Ver,es €Fey — ea = ((Gv € V.eg = v) = (Fv € V. ez = v)).
We will show that big-step evaluation is included in reduction (Lemma 34). Thus, to prove S2 it is enough to prove:

Ver,e0 €FBey — ea = ((Gv € V.eg —" v) = (Fv € V. ey = v)).



Confluence (Theorem 25) tell us that any two reduction paths are joinable, so we can weaken our goal as follows:
Ver,ea€Eey — s = (v €V,es€F.eg —" v —" ez Aes —" e3) = (Fv € V.ez = v))

We will show (Lemmas 21 and Remark 16) that any reduction that starts from a value can only lead to a value (at
the same level). Thus we can weaken further:

Vep,ea € Reg — e = ((Ju,vs € V.eg —" v —" v3Aea —" v3) = (Jv € V. ez > v))

In other words, we already know that es reduces to a value, and the question is really whether it evaluates to a value.
Formally:

Vep,ea EF.ep — ea = ((Fuz € V.ea —" v3) = (Fv € V.eg <> v)).
In fact, the original assumption is no longer necessary, and we will prove:
T1
Ves €. ((Jvg € V.ea —" v3) = (Fv € V. ez = v)).
Now consider S2. By definition of termination, it says:
Ver,es €Fey — ea = ((Gv € V.ea = v) = (v € V. ey = v)).
again, by the inclusion of evaluation in reduction, we can weaken:
Ver,e0 €EFBey — ea = ((Gv € V.ea —" v) = (v € V. e = v)).
Given the first assumption in this statement we can also say:
Ver,e0 €FBe — ea = ((Gv € V.eg —" v) = (v € V. &3 = v)),
and we no longer need the assumption as it is sufficient to show:
T2
Ver EE((Fv € V.ey —" v) = (Fv € V.eg = v)).
But note that T1 and T2 are identical goals. They state:
T
VeeE (v eV.e—"v) = (v € V.e = v)).
This statement is a direct consequence of Lemma 31. a

It is easy to show that e — v = ¢ —™ v, as it follows directly from Lemma 34.

6.2 Reduction is in Evaluation
Lemma 31 (Reduction is in Evaluation) Ve € [, v; € V.
e —" vy = (Jug € V.e 5 vz —~ vy).

Proof. We arrive at this result by an adaptation of Plotkin’s proof for a similar result for the CBV and CBN lambda
calculi [3]. The main steps in the development are:

1. We strengthen our goal to become:

e—" vy = (Jug € V.e = v3 —" v1).



. We define a left reduction function — (Section 2.11) such that (Lemma 36): Ve € F,v € V.
er— v e

and Vey,es € F.ey —> ea = 3 — e2 (Lemma 35). Thus, big-step evaluation (or simply evaluation) is exactly
a chain of left reductions that ends in a value.
. Our goal is restated as:

e— v = (s € V.er—" v3 —" v1).

. For technical reasons, the proofs are simpler if we use a parallel reduction relation 3> (Section 2.8) similar to the
one introduced in the last section. Our goal is once again restated as:

e vy — (Jvg € V.e—" v > v1).

. The left reduction function induces a very fine classification (V,W,S) on terms. In particular, any term e € E
must be exactly one of the following three (Lemma 20):

(a) a value e €V,

(b) a workable e € W, or

(c) a stucke €S,

where membership in each of these three sets is defined inductively over the structure of the term. We write v, w
and s to refer to a member of one of the three sets above, respectively. Left reduction at level n is a total function
exactly on the members of the set W™ (Lemma 22). Thus, left reduction is strictly undefined on non-workables,
that is, it 1s undefined on values and on stuck terms. Furthermore, if the result of any parallel reduction is a
value, the source must have been either a value or a workable (Lemma 21). We will refer to this property of
parallel reduction as monotonicity.

. Using the above classification, we break our goal into two cases, depending on whether the starting point is a
value or a workable:

G Vo, ve V.
v v = (Guz eV.v=u3 > v1),
G2 YweWveV.
w>" v = (Fuz € V.wr—t vy > v1).

It is obvious that G1 is true. Thus, G2 becomes the current goal.

. By the monotonicity of parallel reduction, it is clear that all the intermediate terms in the reduction chain
w > vy are either workables or values. Furthermore, workables and values do not interleave, and there is exactly
one transition from workables to values in the chain. Thus, this chain can be visualised as follows:

Wy > wy > w1 D> w > v vy

We prove that the transition wy 3> v can be replaced by an evaluation (Lemma 37):

Rl Ywe W,veV.
w> v =>(Jvz € V.w+—T vy > v).

With this lemma, we know that we can replace the chain above by one where the evaluation involved in going
from the last workable to the first value is explicit:

wy > we > w1 > wp —T vy > vy

What is left is then to “push back” this information about the last workable in the chain to the very first workable
in the chain. This is achieved by a straightforward iteration (by induction over the number of & of workables in
the chain) of a result that we prove (Lemma 32):

R2 le,wz € W, v €V.

wy > wy —T v — (Fvz € V. wy —t vy > v1).



With this result, we are able to move the predicate - —1 v3 3" v all the way back to the first workable in the
chain. This step can be visualised as follows. With one application of R2 we have the chain:

wy > wy > weoy —F vs > vy,
and with & — 2 applications of R2 we have:
wy — Vk+1 >>* U1,

thus completing the proof.

6.3 Push Back

Lemma 32 (Push Back) VX € N, wy,ws € W vy € V.

X
w1 > we —T vy = (Fvz € V. wy —T oy > v1).

Proof. The assumption corresponds to a chain of reductions:
W) > Wy — W3 — .. W1 — W, — V1.
Applying Permutation to wy >» ws — w3 gives us (Jexr € F. wy —t e > wg). By the monotonicity of parallel
reduction, we know that only a workable can reduce to a workable, that is, (Jws € W™ wy — T we > w3). Now
we have the chain:
w1 —t Wor 3> W3 — .. Wg_1 — Wi — V1.
Repeating this step & — 2 times we have:
w1 —t Wor —t was —t e WE—1r > W — V.

Applying Permutation to wi_1+ > w, — vy give us (e € Fowp_1/ —T ep > v1). By the monotonicity of
parallel reduction, we know that eg: can only be a value or a workable. If 1t 1s a value then we have the chain:

w1 —t Wor —t was —t W — 1 —t Vg > U1

and we are done. If it is a workable, then applying Transition to wg 3> vy gives us (Jvg € V. wy G I v1).
This means that we now have the chain:

w1 i—>+ Wo/ i—>+ wa/ i—>+ W1 i—>+ Wit '—>+ v > U1

and we are done. O

7 Special Part of Computational Adequacy of Reduction Semantics

Remark 33 (Non-termination and the Finiteness of Trees) The reader should be reminded here that all the
structures that we ever construct in this development are finite trees. Thus, non-terminating computations are not
modelled by infinite derivations, but rather, by the absence of a “conclusive” derivation. In particular, a big-step
derivation is simply absent for a “non-terminating” computation, and thus, the big-step semantics identifies stuck and
non-terminating computations. Svmilarly, a small-step derwation s always defined on a non-terminating computation,
but every finite sequence of small-step can be extended by another step. Thus, no finite sequence of small-steps leads
to a value (or a stuck for that matter). Note, however, that the small-step semantics allows us to distinguish between
a stuck (which cannot be advanced by small-step reduction) and a workable (which can be advanced an arbitrarily
large number of times by small-step reduction).



7.1 Evaluation is in Reduction

Lemma 34 (Evaluation is in Reduction) Ve ¢ E v € V.

e3> v=—¢—" v

Proof. By a straightforward induction on the height of the judgement e < v.

O QW N —

10.

11.

12.

13.

14.

0= () and () — ().
Ar.e < Ax.e and Ax.e —* Arx.e
#z — #z. obviously #z —* #z
AF#z = x).e = ANF#z = x).e and A(#z = x).e —* A(#z = x).e.
NEL £ e NEL f 256 and N€L f zj.e —* NEL f 3y

e1 < Ax.e

€2 — €3
elr:=ez] — ey

€1 €9 “ €4
By induction hypothesis,ey —* Awz.e, es —* ez and e[@:= e3] —* es. Then, by compatibility of —*:

€1 €3 —" (Av.€) e3 —" (Aw.e) e3 —p, elr:= €3] —" eq.

€1 = AF#-= x).e

€9 — #Z = b3

ele:= A’ (bs[#z:=2'])] — es

€1 €9 > €4
rall el e )

er —" AF#H-=>x)e
ey —>* #Z = b3
ele:= A (bs[#z: = 2'])] —* e4

e1 €2 —* (A(F#-= x).e) e —* (AF-= 2).€) (#2 = b3) —p, e[z = Axbg[#z:=2']] —~ ey

el

comp. -+ |}

€1 — /\IELU{k} fz X;.€;
es > fres k<n
eple:=es] > es

el

€1 €2 — €5
rall el e )
€1 — /\iELU{k} fz X;.€;
e —" fres k<n
eple:=eq) —* e5

e1 en —* (NEFULRY i gy e;) €0 —* (NEFVUIRY o wieh) (i €4) —p, enlr: = e4] —* e5bomp' =

€] — V1 % €1 —* U1
€2 — U % €9 —* (%) U
. comp. —*
(e1,e2) = (vi,v2) (e1,€2) —* (v1,e2) —* (v1,v2)
e = (v,v2) & e —* (v1, v2)
off —————= comp. —* |}
T e U T e —* mp (v1,v2) —g, U1
e = (vy,ve) I e —* (v1, v2)
-, comp. —* |}
Ty € < Vg g € —* Ty (V1,V2) —p, V2
€1 <> €2 % €1 —* €9 U
aff — ——  comp. —*
Tk er = fre2 Jrer —* fre2
€1 > v =L e —* v
o1 - comp. —+ |}
H#Hz=> e > Hz>v H#Hz=>eg — " Hz= v
e — #z EEC ep — F#z
€9 — #z LE eg — 2
=1

comp. ——*
€1 =4 e3> True() €1 =g €9 —* #z = ey —* #Hz =H#z —x True() b v



15.

16.

17.

el

What is harder to show is the “converse”, that is, that e —* v = (Jv/ € Vie < ¢'). It is a consequence of the

I

e > #Hz ==

H

ey > 2 H#z#F HF 1K

€1 —*
€9 —*

Fz
#

€1 = ey > False()

€1 =g €3 —* #z = ey —* #z = #2' —4 False

e #Hz ELLY

isOVar e — True()

e—=v vFEH#z LE

isOVar e — False()

stronger result of Lemma 31.

e —" F#z
isOVar e —* isOVar #2z — 4,0, True()
e—"v v##Hz
isOVar e —™ isOVar v — 5., False()

()bomp. — |

comp.—=*{}

In the rest of this section, we present the definitions and lemmas mentioned above.

7.2 Left Reduction is iIn Reduction

Lemma 35 (Left Reduction is in Reduction) Ve, es € .

€1 —> €9 —> €1 — €3.

Proof (Lemma 35). Proof is straightforward, by induction on the height of the first judgement.

1.
2.

10.
11.

12.
13.
14.

15.

16.

17.
18.

19.

© 0o =1 (@]

.
.
"
.

1

1

z']].
—1

If (Az.e) v—> e[z:=v], and (Azx.e) v —g, e[z: = v].

€1 — e} EEN e — e
—_— ————————— comp.—{
€1 ea — €] € e1 ea —r e €2

e— e LE e — ¢
—_— ———————— comp.—}
ve—uve ve—>ve
ey —> e LE e — €
- - comp.——{}

(61a 62) — (61,62) (ela 62) — (61,62)

e— e LE e — ¢
— ———— comp.— |}
(v,e) — (v, ¢") (v,e) — (v,¢€’)

e— e mECN e—>e¢

comp.-- )

T € — T, €

Tp € —> Ty €
71 (v1,v2) —> vy, and 71 (v1,v2) — ¢ 01
ma (v1, v2) —> ve, and 7y (v1,v2) —>¢ 01
(NELVIRY £oiei) (fr v) — exfar: = v] and (NELYUIEY £ i e0) (fi v) — g, exTr = v

er—>e L5 e —>¢e

fer—fé fe— f¢€
(AF#z = z).e) (#2' = b) — ele:= A2’ b[#2:=2']], and (A(#7 = x).€) (#2' = b) —p, e[z:= A2/ b[#2:=

er— ¢
Hr=>er— H#Hr =6

#z #

#z =y 2/ — False()

1

1

1

€1 — €}

/

comp.-- )

#z =y 2+ True(), and #2z = #2 —> 4 True()

— [
€] =g €a > €] =3 €2
er— ¢

#2 =g er— #2 =4

er—>e

isOVar e — isOVar ¢’

isOVar #z — True() and isOVar #z —
If v # #z, isOVar v — True() and isOVar v —

ELN e —> ¢
— comp.——{}
H#r=>e—Hz=e
e £ A
#z=H2 —4 False()
LE er —> ¢}
p comp.-- )
€1 = €a —> €] = €2
LE e — ¢
- - - - comp.—{}
€ #i=e—H#2 =c¢
sovar True()
sovar T7UE()
LE e — ¢
comp.—}

isOVar e — isOVar ¢’



7.3 Left Reduction is Evaluation
Lemma 36 (Left Reduction and Big-step Semantics) Ve € F,v € V.
er—" vE= e,

Proof. The forward direction: Ve € F,v € Vier—"v=—= e v

By induction on the length k of derivation e —*, and then by induction on the size of e. It proceeds by case
analysis on e.

— k=0
1. For all values v, v —™ v, since —" is reflexive. For all other expressions e —™ €, € is not a value, and the
property holds by contradiction.
—k=n+1.
1. ey ea —" (Ax.e) ea — (Az.e) v+ e[x: = v'] —* v where i+ j 4+ k = n. Then, by induction hypothesis

€1 = (Az.e)
eq v
ele:=v]—>v

|

€1 €9 — U

2. €1 ea 1 (NFH_= x)e) ea — (Nxee) (F2 = V) —Le[w= A’ W [#z2:=2']] —" v where i + j + k = n.
Then, by induction hypothesis

e1 > ANFH-=> x).e
€9 — #Z =0
ele:= A’ V[#z=2]| > v

€1 €9 — U

=4

3. €1 €9 — (/\lEFU{O} fi xi.ep) es —) (/\lEFU{O} fi zier) (fo ¥) —t e, [z =] —* v where i + j + k = n.
Then, by induction hypothesis

€] — (/\lEFU{O} fl xl.el)
ey = fo v
gle:=v]—>wv

|

€1 €9 — U
4. (e1,es) —" (v1,e9) —7 (v1,v2), where i 4+ j = n + 1. Then, by the induction hypothesis

€1 <> V1 €9 — Vs
(e1,6€2) = (Ul,vz)(_>

5. m e —" 7 (v1,v2) ! vy, For each step in the n first reductions, clearly the same rule of the left reduction

er— e
applies, namely P — Thus it easily follows that e —" (w1, v2). Applying the induction hypothesis

to this result, we obtain e < (v, v2). By definition of <, from this follows m; e < v;.
6. Ty e —" 79 (v, v2) ! v4. For each step in the n first reductions, clearly the same rule of the left reduction

er— e
applies, namely P — Thus it easily follows that e —" (w1, v2). Applying the induction hypothesis

to this result, we obtain e < (v, v2). By definition of <, from this follows w2 e < vs.

7.
e —" Ty 5 e 2w
feg —"t o fet—=fw
8.
1 n41 v IH €1 <> v

4

o
#r= e —"T e =2w #r=m e o H#r=>v



9. e = ey —>' #2 = ey 7 #2 = #2 —! True, where i 4+ j = n. Then, by the induction hypothesis

e — #z
eq > H#Hz
.
€1 = ez = True()

10. Similarly, '
€1 = e9 —' #2 = ey — #2 = #2' —! False, where i + j = n. Then, by the induction hypothesis

e > #Hz
ey — #2'
.
€1 = e —> False()

11. isOVar e — isOVar #z —* True(), then e ! #2. By the induction hypothesis e < # 2. Then, isOVar e —
True().

12. isOVar e —' isOVar v —' False(), then e —' v. By the induction hypothesis ¢ < v. Then, isOVar e <
False().

The backward direction: Ve € E. Vv € V.e < v = ¢ —" v. By induction on the height of the derivation of

e — v, and then by the size of e.

1. and () —° ().

00

- 0
2. SV y and Az.e — Az.e.

e1 < Ax.e

€9 — €3 7

elz:=e3] = ey . . L (Az.c) ; j 1
3. —————— By induction hypothesis: e; —7 v . Then, e1 e3 —3' (Ax.€) ea — (Az.e) v —>

16276 ela: = es] —F ey

ele:=v] —" 4.
ey > MELURI(F 2) s
€2 > fi €4

i \ieLu{k}
enlw: = ea] = e5 ep —' A (f zf).ey

4, . By induction hypothesis: es —37 k e4 Then,e; €5 —° (/\iELU{k}(fi z;).€;) €3 —)
€1 €9 > €5 l
eglr:=eq) — 5
(/\iELU{k}(fi zi).e;) (k eg) —t e[z = e4] ! es.
€1 = A(F#-= x).e
€9 — #Z = b3
5 ele:= A’ (bs[#z:=2'])] — es

€1 €9 > €4
e1 — M- = x)e
By the induction hypothesis ey —3/ #2z = bs .
ele:= e’ (bs[#z: = 2'])] —" eq
Then, 1 es —' (A(#_ = x).¢) ea — (AF#_ = 2).¢) (F#2 = b3) —' e[e: = A’ b[#2: = 2']] —" ea.

€] —e eg —¢€ ! . .
6. — R : By the induction hypothesis ‘1 '—>j s Then, (e1,e2) —* (e3,e2) —7 (€3, €4).
(61, 62) — (63, 64) €9 —— €4
e (e3,€4) . : . n n 1
7. T By the induction hypothesisie —" (e3, e4). Then, m e —" m (e3,€4) —>" e3.
T € €3
€ — (63, 64) . . . n n 1
8. TS By the induction hypothesis: e —™ (e3,e4). Then, m e —" 73 (e3,€4) — e4.
2 4
el e
9, L "7 By the induction hypothesis e; —" ! e5. Then, f e; —" T f ey,
T e1 = fr ez
10. — - and NE€L £ 26, —0 NE€LF e
/\ZELfZ' €T;.€; ;)/\ZELfZ' €T;.€; fiwiei fiwiei
e —v . . . n+1 n4+1
11. By the induction hypothesis e — v. Then, #z = e — #z = .

#r=o> e H#Hz=>v
12. #2z — #z, and #2 —0 2.



13. Mz = x).e = Az = )6, and Az = x).e —" A(z = x).c.
e — #z
ey = #2 . . ..elb—>i#z
14. o =y e True()’ By the induction hypothesis: ey 3
#2 " True().
e — #z
ey — #2/
#Z/ 3& #Z . . . €1 i—>i #Z
15. = es > True()’ By the induction hypothesis: ey i o
#2' —' False().
16. Rulee — #zisOVar e — True() By the induction hypothesis: e —* #z. Then, isOVar e —" isOVar #z —>

. Then, e; =4 e —t #z =y € — 2 =y

Then, e; =4 e — Hz =y € — 2 =y

True().
e=v v#E#e . . . . : ..
17. - By the induction hypothesis: e —* v (and v # #z). Then, isOVar e —™ isOVar v —>
isOVar e < False()
False().

7.4 Transition Lemma

Lemma 37 (Transition) VX € N.Yw € W,v € V.

X
w>>v:>§|v26V,Y€N.wl—>+ va >v A Y <X

Proof (Lemma 37(Transition)). Proof is by induction on the complexity X, and then on the structure of w.

M N

e>e v

M+#(c,e )N+1
(Az.e) v (>> ) ea: =]

. M N Z

Since, e > ¢’ and v > v/, then by lemma 18, 37 e[x: = v] > '[v:= V| A Z < M + #(z,¢')N. Now, there are
two possibilities.
(a) First, if e[x:=v] is a workable, then since 7 < M + #(x,¢’)N + 1, the induction hypothesis applies to

1. For the workable (Az.€) v,

Y
e[z: = v], and therefore: Jv1.3Y7.e[x: = v] —T vy > €/[2: = v'] AY1 < Z Thus, we obtain our goal as follows:
E'Uz = Ul.HY = Yl.

Y
Az.e) v efzi=v] —1 v > 2= V]AY < M + #(z, )N + 1

b Otherwise if e[x: = v] 1s a value, then vy = elz: = v]. Y = Z.
(b) ,if e[ ] : [ ]
(Az.e) vt ez = 1] §> le:=V]AY < M+ #(z,¢)N +1
M
e>e
M+1
AF#-=x)e) (#2=0) > e[oi= ' b[#z2: = 2]

and Az’ .b[#2: = z'] >0> Az’ b[#z: = 2], by lemma 18 AZ. e[xz: = Az’ .b[#2: = 2']] >Z> ele:= A’ b[#z: =2 ||NZ < M.

Again, there are two possibilities
(a) e[z:= Aa’.b[#z:= 2']] is a workable. Then, since 7 < M + 1, the induction hypothesis applies and we
Y;
obtain Jvy.3Y7.e[z: = Aa'b[#z:= 2']] —F vy > e[z = Aa'b[#z:= 2']] A Y1 < Z. Then, it easily follows
E'Uz = Ul.HY = Yl.,

] M
. Since e > ¢’

2. For the workable (A(#- = z).e) (#z = b)

AFH- = 2)e) (#2 = b) —t e[ei= A’ b[#z = 2] —T vy §> o= A/ b[#2: =2 N AY < M +1
(b) Otherwise, e[z: = Aa’.b[#z:= '] is a value. Then, Jvy = e[x: = Az’ b[#z:=2]].IY = Z.

ANFH-= x).e) (F#2 =2 b) —' e[e:= Aa b[#2: = 2] §> o= Ae’ b[#2: =2 fAY <M +1



10.

11.

12.

13.

14.

15.

16.

17.

The workable w e can never parallel-reduce to a value in one parallel reduction step, so the property vacuously
nolds.

. Similarly, the workable v w can never parallel-reduce to a a value in one parallel reduction step, so the property

vacuously holds.
X
For the workable f w, &i{v .
fw>wv
Y, . .
By the induction hypothesis Jvy. 3Y7. w —t s 0 A Y < XL Then, it easily follows that vy = f v1. Y = V7.

Y
fwr—t foo>foAY <X

M
For the workable #z = w, Wy

i .
Hr=>wS Hr =0
Y;
Then, by the induction hypothesis, Jv;. Y. w—T vy > v A Y] < M.
Y
Then, it easily follows that Jvy = #2 = v1. Y = Vi (#2 = w) — T va > (#2 = v) A Y < M.

M N
w3 v e > Uz

For the workable (w, e), TN :
(w,e) > (v1,02)

Y
Then, by the induction hypothesis Jvs. IY1. w—T v > v; A V7 < M.
From this it easily follows: Juy = (v3,€).3Y =Y, + N.

Y
(w,e) —T (v3,e) > (vi,v2) AN Y <M+ N

M N
v>v1 w > vs
M+N ’
(v,w) > (vi,v2)
Y
Then, by the induction hypothesis: Jvs. V7. w —T v > vy A Y < N.
From this it easily follows: Jvg = (v, v3).IY = M + V7.

For the workable (v, w),

Y
(v,w) —7F (v,v3) > (v1,v2) AY <M+ N
For the workable w = e, it is easy to show that it can never be parallel-reduced in one steps to a value, so the
property holds vacuously.
Similarly for the workable #2z = w it is easy to show that it can never be parallel-reduced in one step to a value,
so the property holds vacuously.

For the workable #2z = #2/ #2z = #2/ >1> True() if #2z = #2z'. Then, obviously, Jvs = True().3Y = 0. #z =
#2' st True() >0> True() A0 < 1.
For the workable #z = #2/, #2 = 2/ >1> False() if #2 # #z’. Then, obviously, Jv; = False().3Y = 0.#z =

#2' —' False() >0> False() AO < 1.

For the workable 71 w, it is easy to show that they could never reduced in one step to values by a single parallel
reduction step, so the property vacuously holds.

For the workable w5 w it is easy to show that they could never reduced in one step to values by a single parallel
reduction step, so the property vacuously holds.

Mo,
v > vy

M
For the workable w1 (v1, va), .Then, Jvy = v1. Y = M. 7y (v1,vs) —" v1 > VIAY < MA+1.
™ (01,02) > v

Mo,
Vg > Uy

M
For the workable 5 (v1, va), .Then, Jvy = v5. FY = M. 7y (v, ve) —" vy > vhAY < MA41.

M+1
mo (v1,v2) > v

For the workable isOVar #z, isOVar #z >1> True(). Then, Jvy = True().3Y = 0.isOVar #z T True() >0>
True() A Y < 1.



18. For the workable isOVar v, where v # #z, isOVar v >1> False(). Then, Jvs = False().3Y = 0.isOVar v 7
False() >0> False A Y < 1.

19. For the workable isOVar w it is easy to show that it could never be reduced to a value in a single parallel-reduction
step, so the property vacuously holds.

Ole.p.]

7.5 Permutation Lemma

Lemma 38 (Permutation ) VX € N.Vw;, ws € W,e; € E.

X
wy > Wy —> e = (Jea € E.uny —T ey > €1).

Proof (Lemma 38). VX € N.VYwy,wy € W,e; € .

X
w) > wy —> e; = (Jea EEwy T e3> e).

X
Proof is by induction on the complexity X of derivation w; 3> wi, and then my the size of wi. Proof proceeds by

. . . X
case analysis over derivation of wy > ws.

1.

. For the workable (A(#- = z).e) (#z = b),

M N
e>e v
M+#(z,e')N+1
(Az.e) v > e'[z: =]
M+#(w,e)N . .
By Lemma 18, e[z: = v] > e'[z:=v"]. Since M + #(x,e')N < M 4+ #(x,¢')N + 1, and by monotonicity

properties e'[z: = v'] is a workable, then the induction hypothesis can be applied to e[z: = v] to obtain: Jey.c[x: =
v] =1 e3> e1. Then, it easily follows: Jeg = e5.(Az.e) v —le[ri=0] —T ez > e,
M
e > e
M+1 ’
AF#-=x)e) (#2=b0) > ele=db#z=0]]— &
By Lemma 18, 37 e[x: = Aa’ .b[#2z: = 2']] >Z> ele:= A’ b[#z:=2']JAZ < M. Then, by the induction hypothesis:
Jeo. e[x: = Ax' b[#z2: = '] —T €2 > e;. Then, it immediately follows Jez = es. (A(F#- = x).¢) (F#2 = b) —!
efer= e’ b[#zi=2"]] —T e3> €.

For the workable (Az.€) v, ,and €'[z: = v'] — ey.

M N
wy > w] e
M+N
wr e > wi;e
There are five possibilities, and they all must be examined.

M+N
For the workable wy e > w] ¢ — ey,

X M
(a) wy e1 > w) €] — es e} By definition of >, wy > w, and w} — es Then, by the induction hypothesis:
Jeg. wy —T e3> es. Then, deq = e3 e1. w1 e 1 ey > e el.

(b) w e §> v w —— v w” By definition of 3>, e > w’, and by definition of —, also w’ —— w”. Then, by
monotonicity of >, e must be a workable, and the induction hypothesis can be applied to it: Jes.e —7
es > w”. Since w > v, then by transition lemma: Jvs. w —1 vy > v. Then, Jey = vy e3.w e —T
vo e —T vg ez > v w'.
(c) we §> (Az.e1) v —> e1[x: = v] There are two possibilities:
i. e € V. Then, applying transition to w gives: Jvs = Azx.eq.w 1 (Az.eq) > (Az.e;). Then, ez =
(Az.eq) e we —t (Az.eq) e > er[x:=e].
ii. ¢ € W. Then, transition can be applied to both w and e, to obtain Jv; = Azx.eq.w —1 Ax.eq > Ax.e;
and Jvg.e —T v5 > v. Then Jeg = v1 v2. we —T v1 e —T vy vy > ele: =v].

X . .
(d) we> (A(F#z = x).e1) (#2 = b) — er[e: = Aa’ .b[#z: = #']] Similar to previous case.
X
(e) we> (AEFHEY furer) (k v) — e[z:=v] Similar to previous case.
For the workable v w, there are four cases:
M+N .. X M N . . .
(a) vw > v w ——> v W Then, by definition of >, v > ¢’ and w > w'. By the induction hypothesis we
have: Jes.v —T €5 > w”. Then, Jeg = ves. v w —T ves > v W,



10.

11.

12.

13.
14.

15.

16.

M+N ) .
x.ep) w z.et) v — e [r:= v] Since w >3 v, we can apply transition lemma. Thus, dvs.w —

(b) (A.er) w > (Aw.ef) Al ]S > ly transition 1 Thus, 3 +

vy > V.

Now, Jes = (Az.e1) va. (Az.ey) w —1 (Az.ey) vs ! ei[x:= ws]. Then, by the subsituttion lemma:

er[z: = va] > el [x: = v], since e; > €] and vy 3> v.
() (MFz = z).e1) (#2z = w) M>-I§N (A(#z = x).e}) (#2 = b) — €} [x: = Ax.b[#z: = 2']] Similar to previous

case.

xi.e w) > xi.e v) — e} [z: = v] Similar to previous case.

d) (\fEFU{k} f Feey k A\ EFU{k} f f } L ;c Simil .

X X
fw> fw —— fe Then, by the definition of >, w > w’' — e.
By the induction hypothesis, Je;.w —1 e¢; > e. Then, Jes = fer. fwr—T fer > fe.

X
#z = w > #2 = w' —> #z = e. Then, by definition of >, w > w’ —T ¢. By the induction hypothesis
Jeg.wr—T e > e Then, Jeo = #z2 = e #rz = wr—T #2610 > #2 = e
For the workable (w, e) there are two possibilities:

M+N
(a) (w,e) >-I§ (w',e') == (w" ¢’} Then, by the induction hypothesis: Je;. w7 e; > w”.
Then, Jez = (e1,e). (w,e) —T (e1,e) > (w', ¢').

(b) (w,e) M>;N (v,w') — (v,w"). Then, e must be a workable, and e > w’ — w"”. Thus, by the induction
hypothesis Je;.e —T €1 > w”. Furthermore, by the transition lemma: Jv1.w —T vy > v.

Then Jey = (e1, v1). (w, €) —t (v1,€) —t (v1,e1) > (v, w").

For the workable (v, w), where (v,w) > (v, w') — (v',w"”). By the induction hypothesis Je;.w —1 1 > w”.

Then Jes = (v, e1). (v,w) —T (v,e1) > (v, w").

For the workable w = e, there are four possibilites:

(a) w=¢e>uw =¢ — w' = ¢ Then w > w' — w”. By the induction hypothesis: Je;.w —1 e; > w”.
Then Jes = (e = e)w=er— T eg =e>w’ =¢.

(b) w=e> #z=w > #2 = ¢ By transition lemma Jv;.w —T v; > #2. Since e > w’', by transitivity
properties of >, e must also be a workable, and, as w’ — ¢’, the induction hypothesis applies: Jej.e —7
e1 > ¢ Then Jeg = (v =e1)w=er—T vy =er—t v =e) > #2=¢

(c) w=e > #z = #2 —> True() By transition lemma and properties of parallel reduction, w % #z and
er—T #z. Then w=e T #2=c T #2 = #2> True().

(d) w = e > #z = #z' — False() By transition lemma and properties of parallel reduction, w ——* #z and
er—T #2/ Then w=er—"1 #2 = #2 = #2' > False().

For the workable #z = w,there are three possibilities:

(a) #2=w—> #2z = w' — #2 = w". By the induction hypothesis, Je;.w 71 1 > w”. Then Jes = (#z =
er). #r=wr—t H#r=e1 > H#2 ="

(b) #2z = w — #2z = #2 — True() By the transition lemman Jv.w —1 v > #z.. But v must be #z, if it
parallel reduces to #z. So, Jes = (#z = #2). #z = wr— #2 = #z >1> True().

(c) #2 = wvr— #2 = #2' — False() By the transition lemman Jv.w 1 v > #2/.. But v must be #2/, if it

parallel reduces to #z'. So, Jeg = (#2 = #2/). #z = w T #2 = #2/ >1> False().
For the workable #2z = #2', there are two possibilities:

(a) #2=#7 >0> #z = 2" — True(). Obviously Je; = True(). #z = #2' —T True() > True().
(b) #z =2 >0> #7z = 2" — False(). Obviously Je; = False(). #2 = #2' ——7 False() > False().

For the workable, m; w there are two possibilities:

(a) m w > m w' — m w”. Then, by the induction hypothesis, Je;.w —T e; > w”. From this it easily
follows Jeq = 1 e1.m w —T 71 e > m W,

(b) m1 w > m (vi,v2) —7T vy, Then, by transition lemma, Jvz.w % (vs,v4) > (v1,v2). Then, Jes =
m1(vs, v4). T W —t o (vs,v4) > 01

The case for w5 1s symetrical to the case above.

For the workable m1(v1, v2) 3> ma (v, v5) — v}. Then vy > vf.

des = vy. 7 (Ul,vz) '—)1 vy > Ull.

For the workable ma(v1, v2) 3> ma (v, v5) — vh. Then va > v}.

des = vy. mo (Ul,vz) '—)1 vg > Ulz.

For the workable isOVar #z, isOVar #z >0> isOVar #2 + True(). Then Jey = True().isOVar #z 1 ¢5 >0>
True().



17. For the workable isOVar v, where v # #z, isOVar v §> isOVar v/ — False(). Then Je; = False().isOVar v ——T

e >0> False().

18. For the workable isOVar w, there are three possibilities:

(a) isOVar w > isOVar #z — True(). By definition of >, w > #2z. By transition w T #2z. Then Jey =
True.isOVar w —T isOVar #2 +— es > True().

(b) isOVar w > isOVar v — False(), where v # #z. By definition of >, w > v. By transition 3v'. w —T v/ > v.
Then Je, = False().isOVar w —* isOVar v/ +— €5 > False().

(c) isOVar w > isOVar w' —— isOVar w"”. By definitions of > and —, w » w’ — w”. By the induction
hypothesis, Je. w —T e > w”. Then, Jes = isOVar e.isOVar w —T isOVar e >> isOVar w”.

Ofe.p.]
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