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Abstract

This paper considers generic recursion schemes for programs which recurse over multiple inductive
structures simultaneously, such as equality, zip and the nth element of a list function. Such schemes
have been notably absent from previous work. This paper defines a uniform mechanism for defining such
programs and shows that these programs satisfy generic theorems. These theorems are the basis for
an automatic improvement algorithm. This algorithm is an improvement over the algorithm presented
earlier [15] because, in addition to inducting over multiple structures, it can be incorporated into any
algebraic language and is no longer restricted to a “safe” subset.

1 Introduction

In previous work [15, 16] we have shown how programming algebraically with generic recursion schemes pro-
vides a theory amenable to program calculation [14]. This theory provides a basis for automatic optimization
techniques which capture many well-known transformations. Unfortunately, these recursion schemes may
induct over only one structure at a time, and thus cannot capture such common functions as structural
equality, zip, or the function that computes the nth element of a list.

In this paper we generalize the generic reduction scheme to induct over any number of structures (not
necessarily of the same type) simultaneously. We show that this induction scheme has a generic promotion
theorem, and that the theorem supports a normalization algorithm that automatically calculates a number
of previously unrelated improvements to programs, such as deforestation, loop fusion, and partial evaluation.
This is an important step towards an automatic optimization phase in compilers of algebraic programs.

Recursion is the Goto of functional programming. Languages which allow arbitrary recursive programs
lack the structure necessary for automatic optimization. Much recent research has focused on the design of
programming systems whose control structures are exclusively some generic recursion schemes [3, 10, 11]. We
call this programming style algebraic programmaing because of its reliance on algebras and combinators for
encoding control. Notable absent from these works are generic recursion schemes for inducting over multiple
structures.

The goal of this paper is to describe internal program representations for algebraic programs which
are amenable to completely automatic optimization and transformation methods, yet are expressive enough
to encode algorithms which induct over multiple structures simultaneously. These program representations
are suitable for use in the back-end of a compiler for an algebraic programming language. In this work we
do not consider user interfaces to algebraic programming languages, but rather demonstrate that algebraic
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recursion schemes are a practical internal form for representing programs and describe a single automatic
mechanism for performing a wide range of optimizations over such programs.

1.1 Motivation and Background
Consider for example the following inductive type equation that captures natural numbers:

nat = Zero | Succ of nat

The reduction over a nat k can be computed by redm”(fz, fs)k, where f, and f; are functions associated
with the value constructors Zero and Succ. The combinator red”®(f,, f;) is defined as follows:

red”at(fz,fs)Zero = £.0
red”m(fz,fs)(Succ(n)) = fs(l‘ednat(fzafs)n)

Functions f, and fs are called accumulating functions.
For example:
r+y = red”™(A().y, A(r).Suce(r)) ©
The variable  in A(r) is the partial result of the reduction, since it represents the value of the recursive call
red”m(fz,fs) n. It is called an aeccumulative result variable.
The reduction operator can be generalized for most inductively defined data type. One such type is list:

list(o) = Nil | Cons of « x list(«)
where « 1s a type variable. The reduction for lists is very similar to the reduction for natural numbers:

red"st(f,, £.) Nil = fa0)
red**(f,, f.) (Cons(a,1)) = f.(a,red™*(fy, f.)1)

For example, '
length(z) = red"*'(X().Zero, A(a, r).Suce(r)) «

For each such inductive data type there is a generic theorem called the promotion theorem [13, 14]. For
lists this theorem takes the following form:

on() 9(fn())
$e(a,9(r)) = g(fe(a, 7))

g(redlm(fn,fc) r) = fed””(qsn,(bc)l’

This states that the application of any unary function ¢ to a reduction over a list x 1s another reduction over
the same list  whose accumulating functions ¢,, and ¢, are related to the original accumulating functions f,
and f. by the two equations in the premise of the theorem. The first equation calculates directly a solution
for ¢, in terms of g and f,. The second equation, though, cannot be solved directly. This equation must
be rearranged so that the term g(r) can be generalized to a variable in both sides of the equation. That is,
the term ¢(f.(a,r)) must be transformed into a form 7 (¢g(r)), for some term 7 that depends on g(r) but
not on r. Such work was previously reported in [15, 7, 6, 5] where this transformation is achieved by the
generalization phase of the normalization algorithm.
As an example, we will improve length(append(z, y)), where

length(z) = red“”(/\().Zero, Ala, r).Suce(r))
append(z,y) = red""'(f,,f.)x  where { ;ﬂ - ;gi;i).cons(a,r)

We need to find some red””(q/)n, ¢.)x = length(append(z,y)). We apply the list promotion theorem with
g = length and redl”t(fn, fe)x = append(z, y):

D 6.0 9(fn()) = length(f()) = length(y)

2)  ¢cla,length(r)) = g(fe(a,r)) = length(f.(a,r))
length(Cons(a, r))
= Succ(length(r)) by the length definition
= ¢ela,u) = Succ(u) where length(r) was generalized to u



Therefore, length(append(z, y)) is transformed into:
red””(/\().length(y), Ala, u).Cons(a, u)) »

Note that length(append(z,y)) generates an intermediate data structure (a list), since append(z,y) con-
structs a list which is consumed by length. This data structure is not produced when this composition is
normalized into the reduction above.

Even though the reduction scheme that inducts over one value (henceforth called a unary reduction) is
very powerful, there are still some important functions that cannot be captured by this mechanism. One
class are binary functions such as structural equality. For example, the structural equality over lists is defined
as follows:

listeq(Nil, Nil) = True
listeq(Nil, Cons(b, s)) = False
listeq(Cons(a, ), Nil) = False
listeq(Cons(a,!), Cons(b,s)) = (a=5)Alisteq(l,s)

Function listeq cannot be expressed as a unary reduction since it needs to walk through the two input
lists simultaneously. Instead we need a new recursion scheme F = red"s'™> s{(f £ . fon feo) defined as

follows™:
F(Nil,Nil) = Janl0:0)
F(Nil, Cons(b, 5)) = [ne(O), (b, 9))
F(Cons(a, ), Nil) = fn((a,0),0)
F(Cons(a,l),Cons(b,s)) = fela, (b, F(l,5)))

In that case we have:

listeq(z,y) = red””x“”(/\((), (). True, A((), (b, s)).False, A((a, ), ()).False,
Ala, (b,m).(a=b)Ar)(z,y)

We call red"**"** 4 binary reduction because it inducts over two data structures simultaneously.

This paper extends the theory of unary reductions to capture all reduction schemes that induct over
any number of data structures, which need not necessarily be of the same type. We will present and prove
a very general promotion theorem that captures all types of compositions between these general reduction
schemes. We will use this theorem as the basis of a very effective and efficient normalization algorithm that
improves any safe program in our term language. This algorithm eliminates intermediate data structures,
which might be generated when reductions are nested, passing intermediate results from one to another.

This paper is organized as follows. Section 2 reviews the definition of the unary reduction operator for
any inductively defined data type. These combinators are then generalized in such a way that they can be
used for defining reductions that induct over multiple data types. Section 3 presents two instances of the
promotion theorem, one is for promoting a unary function and the other for promoting a binary function.
The promotion theorem in its most general form is presented in the Appendix. Section 4 presents the
normalization algorithm.

2 Reductions

The type definitions considered in this paper are the inductive types defined by using recursive equations of
the form:

T(ar,...,ap) = Cyrofty | -+ | Cpoft,

where a1, ..., @, denote type variables (abbreviated by the vector @), the C; are names of value constructor
functions, and each type ¢; is an inductive subcomponent of type T(@&). An inductive subcomponent of a
type T'(@) has one of the following forms:

o a type variable in the set aq,..., ap

T(w) the recursive reference to T'(@)

11 X 1o a pair of two inductive subcomponents of T'(@)

St ... 1) where S is a previously defined inductive type constructor

and each ¢; is an inductive subcomponent of T(@)

*The unintuitive “shape” of the domain of the accumulating functions will be explain later.



For example, the following are inductive type definitions:

boolean = False | True
list(o) = Nil | Cons of « x list(«)
tree(er, /) = Tip of @ | Node of 5 x tree(a, 3) x tree(a, §)
bush(«) = Leafof o | Branch of list(bush(«))

Definition 1 (The Functor E) For each value constructor C of type t — T(@) we associate a functor E7,
such that ET(f) = K[T(@),t](f). The combinator K is defined by the following inductive equations:

K[T(@), eu](f) = u

K[T(a), T(@)](f) = f

K[T(@), t1 x t:](f) = K[T(@), L](f) x K[T(@), 2)(f)
KIT(@),S(t1,....t))(f) = map®(K[T(@),t1)(f), ..., K[T(@),1,](f))

where id is the identity function, the product of two functions g and h is defined by (g x h)(x,y) = (g x, hy),
and map® is a map over the inductive type S(aq, ..., a,), that is, it maps the parametric type S(a1, ..., o)

into the type S(f51,. .., 5,).

It is easy to prove that EX(id) = id and EX(f o g) = ET(f) o ET(g), where o is function composition (i.e.
(fog)x = f(g(x))). That is, ET is a functor.

For example:

Ena(f) = i = 200

Econs(f) = idxf = Aa,s).(a, f(s))
ENode(f) = 1idx f X f = A(Z,l,?“)(l,f(l),f(?“))
EBranch(f) = hﬁ( ) = A(l) mapl”t(f) [

Definition 2 (Unary Reduction) The unary reduction operator over the type T is redT(T) and it is
defined by the following set of recursive equations, one for each value constructor C' of T':

red? (FloC=f.oET (redT ()
where variable f is the vector of all accumulating functions f. for each value constructor C' of T.

For example, the tree reduction operator is defined as:

red”““(fi, fa) (Tip(a)) fila)
red"**(fy, f») (Node(b, 1,7)) Fa(byred ™ (fo, fu) L red™ *(f1, fu) 7)

The bush reduction operator is defined as:

redbUSh(fl, I1) (Leaf(a)) fi(a) '
red”*"(f1, fy) (Branch(l)) = fy(map"*'(red"**"(f1, f3))1)

The following are some examples of computations that use unary reduction operators:

append(z, y) = red””(A() y, Aa,r).Cons(a, r)) x

length(z) = red"*'(X\().Zero, Ma, r).Suce(r)) x

reverse(x) = red“”(/\().Nil, A(a, r).append(r, Cons(a, Nil))) »
r+y = 1ed”™(A().y, A(r).Suce(r)) &

ifzthenyelsez = red”“*(A().z,A\().y) ©

sum _tree(x) = red”*°(A(a).a, \(b,m,n).b+m +n)z
reflect_bush(z) = red”™*"(A(a).Leaf(a), A(r).Branch(reverse(r))) &

In order to generalize reduction to capture recursion schemas that traverse more than one data structure
simultaneously, we need to generalize the functor E.

Definition 3 (Generalized Product Type) A generalized product type 7 is either an inductive type T
or a pair 7| X To, where 71 and T are generalized product types.



We use the symbol T for inductive types and 7 for generalized product types.

Definition 4 (Generalized Constructor) The set of generalized constructors GC(T) of a generalized prod-
uct type 7 1s defined inductively using list comprehensions:

Gc(m) [C | Cis a value constructor of the inductive type T']
gc(ﬁ X 7'2) = [61 X €2 | C1 — gc(ﬁ), Co — QC(Tz)]

We will use the symbols C', Cy, or (5 for value constructors and the symbols ¢, ¢1, or ¢o for generalized
constructors.

For example, the generalized constructors for 7(«) = list(«) x nat are: Nil x Zero, Nilx Succ, Cons x Zero,
and Cons x Succ. The generalized constructors for 7(«) = boolean x (list(«) x nat) are False x (Nil x Zero),
False x (Nil x Succ), False x (Cons x Zero), False x (Cons x Succ), True x (Nil x Zero), True x (Nil x Succ),
True x (Cons x Zero), and True x (Cons x Succ).

Definition 5 (Inductive Constructor) A generalized constructor ¢ € GC(7) is inductive (denoted as
inductive(e)) if either ¢ is the value constructor C' of type t — T and type t (the domain of C') contains
reference to T, or ¢ = ¢y X ¢o and both ¢y and cs are inductive constructors.

That 1s, a generalized constructor ¢ of 7 is not inductive if the domain of any of its constituent value
constructors C' : ¢t — T has no recursive reference to type 7. For example, Cons x Succ is inductive while
Cons x Zero is not.

The following combinators are defined in terms of the E functor and they are, in a way, generalizations

of E:
Definition 6 (The Functor D)

bi(f) = id if minductive(c)
DIy = EL) o
DQ ?Z (f) = DI (DZ () } if inductive(e)

Note that D is a functor since it is a composition of functors.

Definition 7 (The Combinator &)

EN(fH) = id if minductive(c)
ENT) = EINf) o :
ngxxgj (f) = Ma,y).E(A2.E2(Mw. f(z,w)) y) = } if inductive(c)
For example:
Dyixrip(f) = id = X(),9)-.(0,9) Deonsxcons(f) = Aa, (y,7r).(2, (y, £(r)))
gNilXTip(f) = ld = A(()al (()al) gConsXCons(f) = A(($,$5),(y; ys))($a(ya f($5ay5)))
DConsXTip(f) = id = /\((aas)ai)~((aa5)ai) DConsxSucc(f) = A(l‘,?“).(l‘,f(?“ )
gConsXTip(f) = id = /\((aas)ai)~((aa5)ai) gConsxSucc(f) = /\((x,xs),n).(x,f(xs,n))
DConstode(f) = /\(a,(z 7“1,7“2)) (aa(laf( )af(r2)))
gConstode(f) = /\((a,s),( )) (Cl,(l, (5 l)a (5,7“)))
DNodexNode (f) = A4, (Jﬂ”l,?”z) (k,73,74)).(3, (4, F(r1), F(r2)), (k, f(rs), f(ra)))
gNodeXNode(f) = A(( l 7”) (]am n)) (Za(jaf lam)a (lan) a(ja f(ra m)a (7”, n)))

Definition 8 (The Combinator M)
MI(f) = id if ~inductive(c)

c

MPZZR(f) = Mae,y) DI(Az.D2(Aw.f(z,w))y)x  if inductive(c)



Note that if 71 and 75 are the simple inductive types 1] and T5 respectively, then

Properties:
DI (id)
Di(fog)
EX(foyg)
ENZZ(go(f x h))

id
D(f) o D(g)

DI(f)e&l(9)
MTIXT2( )

c1Xceo

o (E1(f) %

T XT3
gcl Xco

M) = (f).

PP

€5 (h))

Proof: Properties 1 and 2 are true because D is a functor (since it is a composition of functors). Property 3
is true for a non-inductive ¢ and for 7 = T. We assume that it is true for 7 = 1 and 7 = 7» (induction
hypothesis). Then for 7 = 1 x 7 and ¢ = ¢1 x ¢3 we have:

71
D,

DI
e

DI(f)e&X9)

= Mz, y)£L((DPE(S
= Aaz,y)En(A2.DR(f
= A y) (LD
= Mo, y)En(AET
= I o)

= (o)

xes () 0 ELZT
(P () o (Az,

9)
Y).ED (A2 E2(Aw.g(z,w

w)) y) )

by Definitions 6 and 7

y) D (DZQ(f))(S“(AZ ER(Aw.g(z,w)) y) x)

Property 4 can be proved as follows:

M5 () o (EIH(S) %

A,

c1Xceo

£ (h))
(M, y). DI (A2 D2 (Aw.g(z,w))y

Az, y) DM (A2 D2 (Aw.g(z,w)) (]
Az, y). DI (Az.E2(Aw.g(z, hw))
Y)ED (A2 E2(Aw.g(f 2, hw)

((/'7'1><7'2

(g0 (f xh))

)o
(f

((f
(Aw.

(Az.E2(Aw.g(z, w)) y)) z)
(€22 (Aw.g(z,w)) y) x)

o (Aw.g(z, w)))y) @)
flg(z,w)))y)

)

x)
2(
) (&
y)z

v)e

Y
)

f)z)

We are now ready to define the generalized reduction scheme:

Definition 9 (Reduction)

redTIXT2 (T) © (01 X Cz) = fcl Xc2

Ve e GC(T) :

o (€7 (/) x E7:(h)
T)@é)) GAGE

induction hypothesis
induction hypothesis

by Definition 7

by Definition 8
by beta reduction
by Property 3
by Property 3
by Definition 7 O

redT(T) occ = feo Sg(redT(T))

For example, the following is the definition of the binary reduction:

T XT3
© gcl Xco

where C and C5 are value constructors of 7] and 75, respectiyely.
For example, the binary reduction operator F' = redhs”l”t(fnn, Fres fen, fee) is defined as:

F(Nil, Nil)

F(Nil, Cons(b, s))
F(Cons(a, ), Nil)
F(Cons(a,!), Cons(b, s))

(
(
(
(

The following are examples of binary reductions:

nateq(z,y) = redémxém(/\((), (). True, A
listeq(z,y) = redh's”h'”(/\((), (). True, A
dp(ey) = red () () NiLA(
firstn(n,z) = red" X" (A((), ()).Nil, A((
bth(d)(z,m) = red PO ().d, A(O),
r—y = 1ed"**" (X ((), ). Zero, A

(0,

( :
), (b, s)).Nil, A((a, 1), (
), (a,1)).Nil, A(4,
i).d, A((a,1),()).a
(), 4)-Zero, A(i, ()

),J ).
), (b, s)).False, A((
( )
( ).

)8

Suce(d),

(red™>72(f))

False, A(¢, ()).False, A(r).r) (2, y)
a,l),()).False, A(a,
)).Nil, Aa,
)).Nil, A(a, r).Cons(a, r)) (n, )
Ala,r).r)(z,n)

(b,7)).r
(b,r)).Cons((a,

Ala=10))(2,y)

b)) (2.v)

A(r).r) (z, y)



3 Promotion Theorems

The general law which applies to all reductions is called the general promotion theorem. In this section we
will present two special cases of the general promotion theorem, which are also the most common cases. The
promotion theorem is presented and proved in its general form in the appendix. These are the unary and
the binary promotion theorems (a unary function composed with one generalized reduction and a binary
function composed with two generalized reductions).

The first promotion theorem is for the case of composing a unary function ¢ with any n-ary reduction.

Theorem 1 (Unary Promotion Theorem)

Ve € GC(T): ¢.0DI(g) :_gofc

gored”(f) = red”(¢)
Proof: Let = g ored” (f) and ¢ € GC(7). Then

noc = gored (f)oc
= gof.o& (red”(f)) by Definition 9
= ¢.0DI(g)o & (red”(f)) by premise
= ¢.0& (gored (f)) by Property 3
= 6.0 (n)

Thus, by Definition 9, 1 is equal to red” (¢). O

If 7 is the simple inductive type T, then the unary promotion theorem is identical to the simple promotion
theorem for simple reductions, as it is described in [15].
For example, the unary promotion theorem for the simple type 7' = bush(«) is:

¢i(a) = g(fila))
¢s(map™i(g)s) = g(fs(5))

g(red™* (fi, fy) ) = red”™**(¢1,¢y) x

And the unary promotion theorem for the generalized type 7 = list(«) x list(53) is:

nn((), () =
0, (b)) =
(@,0),0) =

- Pee(a, (b, 9(r))) -(a, (
g(redlZStXlZSt(fnn,fnc,fcnafcc) x,y)) = rethtXhSt(¢nna¢nca¢cna¢cc> ($ay)

The second promotion theorem is for the case of composing a binary function g with any two n-ary
reductions.

g
g
g
g

Theorem 2 (Binary Promotion Theorem)

Ver € G(r1), Vea € GC(T2) : beyxes o MPETE(9) = go(foy X hey)
go(red™(f) x red™?(h)) = red™ ()

Proof: Let F = red™(f), H =red™(h), n = go(F x H), and ¢; and c5 are generalized constructors in GC(7)
and GC(r3). Then

gO(FX H)O(Cl XCQ)

go((Foci)x (Hoc))

go((foy o EIN(F)) X (hey 0 E2(H))) by Definition 9
g ° (fcl X h02) © (ggll(F) X ggj(H))

Geyxes © MZ?Z (9) o (EIM(F) x £]2(H)) by premise
Beyxe, ©EN ST (go (F x H)) by Property 4

[ >><<02
T T
¢c1 Xca © gcllx 022 (77)

7]0(61 XCQ) =



NIZMWV(9)]

Nv]

Ne]

N(t1,t2)]

N[Az.€]
Nlred"(f1,. .., fa)]
Nred™ (f) (ct)]

Ng(red™ () 1)]

Ng(red™ (7) tq,red™ (E) t2)]

Ng(ZMVV(g) 2)]
NTg(ZNV(g) 21, TNV (g) 22)]
N(Av.e)t]

N[fe]

raise inverse

— tlegal use of inverse
— v variable
— ¢ construction
— (N, Mt=D) pair
—  Az.Ne] abstraction
— red"(N[AL, .. NfD) reduction
— N[f(E (red” (£)) )] combinator reduction
red” () (VD)
where Ve € GC(7) : .
— 60 = AT N[g(f. (DT (TAV(¢)) 7))] unary promotion
handle inverse = N[g](Nred” (f)])
red™ ™ (BN ], NTa])
where Ve, € GC(m1), Vea € GC(1) binary promotion
— Goyxes = MEL L (#) (T, 73)).
Ng(fer (EIHINV(9)) T1), he, (E22(INV(9)) 72))]
handle inverse = N[g](ANred™(f) 1], N red™(h)¢2])
— = unary elimination
— #H(z1,22) = 2120 binary elimination
—  Nbeta(v,e,t) G reduction
— N[fINel) application

Figure 1: The Normalization Algorithm

Thus, by Definition 9, 7 is equal to red™*™(¢). O

For example, for 71 = list(«) and T5 = nat the binary promotion theorem is:

On:(0,0) = 9(fn(),h:0))
Pns(();5) = g(fa(), hs(s))
ez ((a,7),() = g(fela,r), h2())
¢05(a’ (7“,5)) = g(fc(aar)ahs(s))

g(I’edliSt(fn, fc) X, I'ednat(hz, hs) y) = redliStxnat(¢nza ¢nsa ¢cza ¢cs) (l‘, y)

4 The Normalization Algorithm

In this section we present our program optimization algorithm. It uses the unary and binary promotion
theorems effectively to perform loop fusion. This algorithm, called the normalization algorithm, is presented
in Figure 1. Term ZNV(g) denotes a special intermediate term that should not appear in the normalized
term. To enforce this property, the first rule raises an exception if the normalization algorithm encounters
such a term. Normally, Z\VV(g) is cancelled by g in the elimination phases and no exception is raised. If an
exception is raised, then it is caught by the undergoing promotion phases and no loop fusion is performed.
Otherwise, the promotion theorem is used to fuse the two nested reductions into one. Note that the binary
promotion phase constructs the lambda variables of the new accumulating function by using variable name
concatenation #(z1, £2) = 1. Variables T in the unary promotion and Z7 and #3 in the binary promotion

phase are new variable names.

For example, the following is an instance of the unary promotion phase of the normalization algorithm:

Ngred™ (fo, f) )] — 1ed™ (¢, 6.) (N][z])




where

¢n AQ)NTg(FaO)]
¢e = Ma,s)Ng(fe(a,ZNV(g) 5))]

The following is an instance of the binary promotion phase of the normalization algorithm:

Ng(red™ (f, fo) z,ved™ ™ (ho, k) )] —  1ed" (s, b, bezy des) (N2], N o)

where
¢nz = /\(()a())N[[g(fn()a z())]]
Ons = MO, 8)-Ng(fn(), hs(s))]
¢e: = M(a,r), ) Ng(fe(a,7), h-())]
Ses = Aa,rs) Ng(fe(a, INV(g) 1), hs (TNV(9) 5))]

It is not easy to prove the correctness of the normalization algorithm. In general, we need to define
formally the meaning function that maps terms into values and prove that the normalization algorithm
always preserves meaning. The only mechanisms we have to prove this are the promotion theorems. We will
not present the detailed proof here. Instead we will present a sketch of the proof. The detailed correctness
proof for the normalization algorithm which includes only the simple promotion theorem can be found

elsewhere [16].

Theorem 3 (Correctness of the Normalization Algorithm) The normalization algorithm always pre-
serves the meaning of a term.

Proof sketch: All the transformation rules of the normalization algorithm can be easily proved to preserve
the meaning of a term, except for the two promotion laws. We consider the unary promotion phase first.
There are two cases for the computation of the new accumulating functions ¢.: if any of the computations
Ng(f-(DI(ZNV(g)) T))] raises the inverse exception during the normalization process, then there will be
no fusion performed. Otherwise, g is fused with ZAWV(g) during the normalization process. To see why
Ng(f-(DPI(ZNV(g)) T))] computes ¢, we use the unary promotion theorem:

Ve e GC(T) ¢coDZEg) = gofe

& 0.0DI(g) 0 & (TM(g)) = go fo 0 E(TMV(g))
S ¢, 0E(goIMV(g)) = go f. o EI(INV(g)) by Property (3)
& ¢, = go fo 0 ET(TNV(g)) by unary elimination

where g o ZAV(g) was cancelled out in the unary elimination phase. In order to prove that the binary
promotion phase of the normalization algorithm is correct, we use the binary promotion theorem. Let
¢1 € GC(r1) and ¢o € GC(72). Then from the binary promotion theorem we have:

¢C1><02 OM’c}iZ(g) = g° (fcl X h02)
© Peixes O M T (g) 0 (EXHINV(9)) x EI(IMV(9))) = go (fey X hey) o (EL(IMV(g)) x EI2(INV(g)))
G Geixes 0 ELLE(9 0 (TWV(g) x IWV(g))) = g o (fey X hey) o (ETH(INV(g)) x EI2(ZAWV(g)))
G berxes 0 ELLLFH) = g o (for X hey) o (EIHINV(g)) x EI2(TMV(9))) =

4.1 Example of a Normalization by Unary Promotion

We will improve length(zip(z, y)), where:

length(z) = red””(/\().Zero, Ala, r).Suce(r))
sogem,
ap(ay) = red ™ fun, fues fon, Jee) (219) where 37 0 0N (u3)
fee = Aa, (b,7)).Cons((a,b),r) (ud)

From the unary promotion phase of the normalization algorithm:

N[[length(red”ﬂXliﬂ(fnna fres fen, fcc) (xa y))]] - redliStXHSt(ﬁbnna Pncy Pen, ¢cc) (xa y)



where:

D ¢nn = A)dength(fon()) = A()Jength(Nil) = X().Zero
2) Gue = MO, (b 5) dength(fue(0) (b,5) = MO, (b, 5)) Jength(Nil) = A((), (b, 5))Zero
3) den = AM(a,1),())length(fnn((a,1),())) = Al(a,1),())length(Nil) = A((a, ), ()).Zero
4) ¢ec = Ma,(b,r))Jength(fec(a, (b, ZNV(length)(r))))

= Xa,(b,1)). length(Cons(( ,b), ZNV (length)(r))) (by (u4))

= A(a, (b,7)).Succ(length(ZNY (length)(r))) (by combinator reduction)

= Xa,(b,r)).Suce(r) (by unary elimination)

Therefore:

Nlength(zip(z,y))] — red””x””(/\().Zero, A(), (b, 8)).Zero, A((a, 1), ().Zero, A(a, (b, 7)).Suce(r))(z, y)

4.2 Example of a Normalization by Binary Promotion

We will normalize zip(map(f)(z), map(g¢)(y)), which is a binary reduction applied to two unary reductions,
where:

map(f)(x) = red“”(/\().Nil,/\(a,r).Cons(fa,r))x

The binary promotion part of the normalization algorithm applied to this case is:

N[zip(red"™**(A().Nil, A(a, r).Cons(fa,r))z, red"*!(X().Nil, A(b, s).Cons(g b, 5)) »)]
- rethtXhSt(¢nna ¢nca ¢cna ¢cc> (l‘, y)

From the binary promotion phase of the normalization algorithm we have:

1) ¢nn = AO,0)).zip(Nil,Nil) = A((), ()).Nil

2) one = A, (b,s)).zip(Nil,Cons(g b,s)) = M), (b,s)).Nil

3) ¢ = Al(a,r),().zip(Cons(fa,r),Nil) = A((a,r),()).Nil

4) ¢ = Ma,(b,rs)).zip(Cons(f a, ZNV(zip) r), Cons(g b, ZNV(zip) 5))
= Aa,(b,r-5)).Cons((f a, gb),zip(ZANV(zip) r, ZINV(zip) 5))
= Xa,(b,r-s)).Cons((fa,gb),rs)

Therefore, zip(map(f)(z), map(¢g)(y)) is normalized to
red"SESLON(), ()).NiL A(Q), (b, 8)).Nil, A((a, #), ()).Nil, Ma, (b, 7_s)).Cons((f a, g b), 7_s))(z, y)

5 Related Work

To our knowledge no other work deals with generic recursion schemes over multiple structures. For simple
inductions our work is closely related to Wadler’s work on listlessness and deforestation [18, 8, 17] and to
Chin’s work on fusion [2]. Deforestation works on all first order treeless terms. A treeless term is one which
is exactly analogous to a safe term, but is described in a much different manner due to the lack of structure
imposed on such terms. Chin generalizes Wadler’s techniques to all first order programs, not just treeless
ones, by recognizing and skipping over terms to which his techniques do not apply. His work also applies
to higher order programs in general. This is accomplished by a higher order removal phase, which first
removes some higher order functions from a program. Those not removed are recognizable and are simply
skipped over in the improvement phase. The application domain of our fusion algorithm is more restricted
than the domain of all these methods, but our algorithm is more effective since it is fully automated. In [9]
a new, simple, but very effective, automatic technique i1s presented for implementing deforestation in a
compiler. This method requires that each list-producing functions is expressed as a bueld call and each
list-consuming functions is expressed as a foldr call. The foldr operator is similar to our list reduction while
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the build operator is a dual-like function of foldr (this technique is an automation of the HyloSplit theorem
of Meijer et al. [14]). The technique simply fuses adjacent foldr-build pairs by eliminating them completely
((foldr f) o (buildg) = g o f). We believe that this method could be more effective if folds are promoted
downwards or builds are promoted upwards in a term until they fuse. This can be achieved effectively by
applying promotion theorems.

Our stereotyped recursion schemes as well as the promotion theorems are highly influenced by the
Squiggol school of program construction [13, 14, 12, 1]. Their goal is to construct a calculus of programs
based on some well-behaved recursion schemes, in which their inductive laws, proved once and for all in their
generic form, can be instantiated and used for calculating program transformation as well as for proving
properties about programs without the need for discovering new laws or using explicit induction. The
promotion theorems are examples of a large class of theorems that come for free. We believe that our
notation, which is based on calculus of construction, is more intuitive to functional programmers than their
formalism (also called the Bird-Meertens Formalism), which is based on category theory. Even though their
work is more general than ours, we provide a fully automated system that use the promotion laws effectively.

6 Conclusion

The functional programming style has been criticized because of its waste of resources caused by the building
of intermediate data structures, unused closures, and garbage collection. We believe that this is not caused
by the functional style per se, but by the use of unrestricted recursion which makes it difficult to validate
the application of well known optimizations in unstructured programs.

Recent language proposals to program with the explicit structure of generic recursion schemes are an
attempt to circumnavigate these problems. This paper provides a first step towards automatic optimization
and compilation for such languages. To our knowledge the algorithm presented here is the first algorithm (not
based upon a fixed set of patterns and datatypes) that automatically performs fusion without a memoization
phase, and which deals with multiple inductions.
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The General Promotion Theorem

In this appendix we generalize the promotion theorem to capture any combination of n-ary reductions. In

order to do that, we generalize the combinators £ and M as SCT/T and MZ/T :

g;fll>><<;f22/71><72(f1 « fz) — ggll/Tl(fl) « ggj/fz(fz)
S = DI(/) , ,
ML p) = M, y) MET e ME T (A f(z,0) y) @

Definition 10 (General Reduction) A function f of type  — 7' is a general reduction (denoted as
QT_’TI) of 1t 1s derived from the following rules:

id" e gT—=T where id” is the identity for type T

red”(f) € G~ if red” (F) is of type 7 — T
fi % fo € GimixTa)=(mix72) if feGn~" and fo €G22

For example, length x id™* is a general reduction from g(listxnat)—»(natxnat). We will present a promotion
theorem for any composition g o f, where g : 7/ — o and f € G7T~7 .

Lemma 1 For any f € QT_’TI, g:7 —a, and c € GC(7):

E(gof) = M7 (9)o &7 (1)
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Proof: If 7' = T and f = id or f = red”(f) we have £ (g o f) = DI(g) o EI(f), which is true because of
Property 3. We assume the theorem is true for 7y and 7. For (f1 x f2) € Grix72)=(11X72) and ¢ = ¢1 X ¢3
we have:

ENSE(go(fi % f2) = M, y)-En (A= E2wg(fi(2), f2(w))) y) z ,
Az, ) ME O ME (wg(z,0)) (€277 (f2) ) (€177 (1) @)
(M, y) MEE 2 MBI (g (2, w) ) ) o (E177 (1) x €227 (f2)

MZiizz/T{XTé(g)OSTIXT2/TIXT2(f sz) O

c1Xceo

The combinator Z., for f € G7=7 and ¢ € GC(7), is defined as follows:
Ic(id_T) = ¢
T.(red™(f)) = fe
Teyxer (1 X fo) = Zei(fi) x Ley(f2)

Note that the first equation may be derived from the second, since for any inductive type 7" we have
id = redT(f), where f. = ¢ for any value constructor ¢ of 7.

Lemma 2 For any f € G 7 and c € GC(r):
foc = TP & ()

Proof: If 7= 7' =T and f = id then Z.(f) oScT/TI(f) =coEl(fy=c=foc. For 7' =T and f = red” (f)
we have Z.(f) = f.. Then foec = f. 0 &I(f), which is the definition of reduction. We assume the theorem
is true for 7y and . For f = (f1 x fa) € G xm2)=(11%X72) and ¢ = ¢; X e5 we have:

foc = (fix fa)o(er xea)

(f1OC1)><(f20162) )

(Zer (F1) 0 ELTH(R)) X (Ley (f2) 0 €277 (f2)
(Zer(F1) % Zeal(f2)) o (€077 (F1) €277 (f2)
7.(f) o 7 (1) D

Theorem 4 (General Promotion Theorem) Let f € 77 and g : 7' — . Then

Ve e Go(r): ¢.o M7 (g) = goT.(f)
gof = red” (q/))
Proof: We will use Lemmas 1 and 2. Let n = go f and ¢ € GC(7). Then

noec = gofoc
= goI(f)oST/T(f) by Lemma 2
= cho/\/lT/T() g1/ (f) by premise
= ¢.0&(gof) by Lemma 1
= ¢.0&(n)

Thus, 7 is the reduction red”(¢). O

The following two rules extend the normalization algorithm, presented in Figure 1, with a general
promotion phase. Therefore, the unary and the binary promotion phases as well as the unary and binary
elimination phases of this algorithm can be replaced by the following rules:

e G WE) .
- _ where f €G"™" | g: 7 — «, and Ve € GC(7) :
MO 60 = NEL#) D) ML) (0) )]
handle inverse = NgJ(N[f(H)])
Nzl (9)T)] — #(T) general elimination

general promotion
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where EZ7(g) creates multiple copies of the function ZAV(g) into a product that has the same shape as c:

&Ll (g) = EI(INV(9))
5];1?222( ) = ‘(’I;lch( )X ‘(’Igfch( )

For example, we will normalize nth(d)(append(z, y), n), where:

nth(d)(z,n) = red”s””m(/\((), 0).d, A((),9).d, A((a,1),()).a, A(a,r).r) (z,n)

We have f € GUistxnaty=(listxnat) anq f = red””(/\().y, Ma, r).Cons(a,r)) x id™*.

The general promotion part of the normalization algorithm applied to this case is:

Nnth(d)(red"™**(A().y, AMa, r).Cons(a, r)) z,id"*(n))] — r1ed" "™ (¢, dns, bez, bes) (x, 1)

e D b = A0 O)nth(d)(y, Zero)
2) éns = M), 1).nth(d)(y, Suce(i))
3) ¢ = Al(a,r),().nth(d)(Cons(a,r),Zero) = A((a,r),()).a
4) ¢es = Aa,ri).nth(d)(Cons(a, ZNV(nth) r), Succ(ZAV(nth) 7))
= Aa,r4).nth(d)(ZNV(nth) r, ZMV(nth) i) = M a,rs).r2
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