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Abstract

Sigma-Point Kalman Smoothing: Algorithms and Analysis with
Applications to Indoor Tracking

Anindya Sankar Paul

Supervising Professor: Dr. Eric A. Wan

The sigma-point Kalman filter (SPKF) is proved to be a more accurate alternative to the
extended Kalman filter (EKF) in numerous nonlinear state estimation related applications.
However, nonlinear smoothing algorithms based on the sigma-point Kalman filtering tech-
nique are not well established. We have derived new fixed-interval and fixed-lag smoothing
algorithms using the sigma-point methodology and extended these nonlinear smoothers to
a common family of algorithms, called sigma-point Kalman smoothers (SPKS). While the
fixed-interval SPKS (FI-SPKS) operates on a fixed set of observations, the fixed-lag SPKS
(FL-SPKS) sequentially operates on the buffered blocks of measurements as they become
available. Both the FI-SPKS and FL-SPKS make use of the forward-backward (FB) and
Rauch-Tung-Striebel (RTS) approaches to perform smoothing. In the FB method, a stan-
dard SPKF is used as a forward filter. The backward filter requires the use of the inverse
dynamics of the forward filter. While smoothers based on the EKF simply invert the
linearized dynamics, with the SPKF the forward nonlinear dynamics are never analyt-
ically linearized. Thus the backward nonlinear dynamics are not well defined. In this
work, we make use of the relationship between the SPKF and weighted statistical linear

regression (WSLR) to pseudo-linearize the nonlinear dynamics. The independent forward

XV



and backward estimates are then statistically combined to generate the smoothed results.
The WSLR linearized dynamics are also incorporated in the RTS method to derive the
backward smoothing gain which operates on the forward SPKF estimates to produce the
smoothed states. We have applied the proposed SPKS to the challenging areas of proba-
bilistic inference, such as indoor localization and multiharmonic frequency tracking, and
evaluated the performance by comparing to the state-of-the-art tracking engines. Fur-
thermore, we have successfully extended the theoretical understanding of the SPKF by
analyzing its estimation-error bounds for the discrete-time nonlinear dynamical system.
We have derived the mean-square error lower bound using the well-known Cramér-Rao
theory. The upper error bound, which is also termed as the “stability bound”, exponen-
tially converges to the steady state if certain conditions on the state dynamics and system
noises are satisfied. The theoretical derivations are experimentally verified using practical

examples.

Xvi



Chapter 1

Introduction

1.1 Overview

This chapter summarizes our work on the problem of probabilistic Bayesian inference
that deals with estimating a set of hidden variables (referred as states) in an optimal and
consistent fashion using incoming noisy measurements. We start with a brief description of
the nonlinear state space model and later present the standard state estimation algorithms
for the nonlinear system. In this context, we describe the sigma-point Kalman filter
(SPKF) based estimator which is the core of the algorithmic development presented in

this thesis. Finally, a summary of the objective and contributions of our work are provided.

1.2 Probabilistic Inference and Dynamic State Space Model

The problem of estimating the hidden states from a set of noisy sensor observations is
a widely used method in airborne navigation [1,2], robot localization and tracking [3],
simultaneous localization and mapping [4], driving an unmanned aerial vehicle (UAV) [5],
aerospace engineering [6] and many other similar areas. All the above applications concen-
trate on how a mobile robot/vehicle determines its own pose (position, velocity and ori-
entation) relative to the environment by observing certain characteristics of its surround-
ings. Recently, the use of state estimation extends to many other engineering fields such
as adaptive signal de-noising [7-9], robust and H, control [10,11], system identification
and learning [12, 13] and modeling/parameter estimation for biomedical signals [14-16].

The general state estimation problem can often be cast in terms of estimating the state



of a discrete-time dynamic state space system (DSSM),

xpy1 =fi (Tr, V) (1.1)

zi, =hy (zg, 1) (1.2)

where the random variable (RV) x, represents the unobserved state of the system and zj
is the sensor observations. Both the process noise v, and observation noise 1 are assumed
Gaussian with zero mean and covariances @, and Ry respectively. Note that we are not
assuming additivity of the noise sources. The nonlinear state transition function fi(.) and
observation function hg(.) are assumed to be known. The state transition/process model
fr, along with the prior distribution of the system state and the statistics of the process
noise, defines how the dynamic system evolves over time. In contrast, the observation
model hj describes how the evolved state, together with the observation noise, relates to
the sensor observations.

We use boldface notations to denote vectors and matrices, normal face are for scalers.
Matrices are labeled in upper cases, whereas lower cases are reserved for vectors and
scalers. Unless otherwise stated, these notational conventions are followed throughout the

dissertation.

1.3 Recursive Bayesian Estimation and Kalman Filtering

The optimal estimate of the state &) in the minimum-mean-square-error (MMSE) sense

is given by the conditional mean:

T, =E [xp]21.4]

Z/wkp (xr|21:1) dey,, (1.3)
where the vector zi., denotes all the observations until time k.
21k = { zZ1 2 ... 2L |- (1.4)

From Equation (1.3), the posterior probability p (x|z1.x) of the state xj given observa-

tions zq.; provides the complete solution of the state estimation problem at time k. By



applying Bayes rule and making use of the conditional independence of observations, we

can recursively update the state posterior density as new observations arrive [17]:

p(xrlz1k) =Cp(zi|Tr)p(xk|21:0-1), (1.5)

where C' is the normalizing constant. In order to gain insight of the above Equation, let’s
explain each term on the R.H.S. of Equation (1.5). The prior distribution p(xy|z1.k—1)
at time k is obtained by propagating the state posterior at time k — 1, p(®x_1|z1.6—1),

forward in time using the probabilistic state transition model p(xy|Ti_1),

p(xk|z1:6-1) =/p($k|$k—1)p(mk—1|Z1:k—1)d$k—1- (1.6)

The transition density p(@|xk_1) is given by the state transition model fj and the process

noise distribution p(vy),

p(xp|zp—1) 2/5(wk — [ (®p—1, 1)) p(vr)dog, (1.7)

where 0 is the Dirac delta function. The observation likelihood p(zj|xy) is specified using

the observation function hj and the observation noise density p(ny),

p(zk| k) :/(5 (zx — hi (2K, 1)) p(ng)dny. (1.8)

The normalizing factor C' is given by

C= (/p(zk\wk)p(a:k]zl;k_l)dwk> _1. (1.9)

One has to solve all these multidimensional integrations shown in (1.6)-(1.9) analytically
in order to compute the state posterior density at time k. Unfortunately the integrals
are intractable except when the state space is linear and all the above distributions are
Gaussian. For the linear-Gaussian systems, the famous Kalman filter [18] provides the

closed-form MMSE estimate of the state xy.

1.4 Gaussian Approximate Filters For State Estimation

As the multidimensional integrals shown in Equations (1.6)-(1.9) are intractable for gen-

eral nonlinear systems, statistical approximations must be used in order to solve them.



Although there are a number of categories of statistical approximation solutions available
in the literature, among those Gaussian approximate solutions and sequential Monte-Carlo
(SMC) implementations are the most prevalent. SMC based techniques, or particle filters,
model the state distribution using a set of discrete points and can provide arbitrary accu-
racy to the solution with a sufficient number of particles. Still, the general requirement
of large number of sample particles in order to converge to the true density can make this
approach computationally prohibitive. In this dissertation, we primarily concentrate on
the variants of Gaussian approximate solutions.

Gaussian approximate methods assume that all the underlying densities encountered in
Equations (1.6)-(1.9) are Gaussian and hence use the first (mean) and second (covariance)
order moments of those densities to perform the recursive state prediction and update. Of
all the Gaussian approximate methods, the extended Kalman filter (EKF) has the most
widespread use for state estimation problems [8,11,19-21]. The popularity of the EKF
based estimator is contributed due to its ease of implementation and cheap computational
requirement. In case of a nonlinear state space model, the EKF approximates the true
expectations shown in (1.6)-(1.9) by using the first-order truncated Taylor series expansion
around the current state estimate. The major inaccuracy of the EKF based approach
stems from the nature of the first-order Taylor series linearization, which approximates
the nonlinear dynamic model only up to the first order term and thereby neglects all the
higher order terms. Furthermore, the EKF does not take into account the uncertainty
of the prior state RV when it linearizes the process and observation models using the
Taylor series expansion. Failure to consider the probabilistic spread of the RV during
the linearization process often introduces large errors in the EKF calculated posterior
statistics, which sometimes may lead to suboptimal performance and filter divergence.
More detailed discussion on the EKF and its flaws can be found in Van der Merwe’s
dissertation [17].

The inaccuracies of the EKF gave birth to a new group of state estimation algorithms
collectively called the sigma-point Kalman filters (SPKF'), which uses a deterministic sam-
pling approach in order to propagate the state distribution over nonlinear systems. The

first idea of sigma-point transform, which describes an efficient method of sampling and



propagating a RV over nonlinear dynamics, was proposed by Julier and Uhlmann for state
estimation in automatic control [22,23]. They came up with a new derivativeless Kalman
filter called the Unscented Kalman Filter (UKF), which applies the deterministic sigma-
point transform method at each filter recursion. Later, Ito and Norgaard et al. proposed
a new variant of the filter known as the Central Difference Kalman Filter (CDKF), which
is based on the Stirling’s Interpolation Formula and also makes use of the sigma-point ap-
proach to propagate first and second order statistics of a RV over nonlinear systems [24,25].
Wan and Van der Merwe brought all these different deterministic sampling approaches un-
der a common umbrella of Gaussian approximate filters called the SPKF [26,27]. Van der
Merwe and Wan also derived numerically efficient and stable square-root versions of all
the SPKF variants [27]. For algorithmic descriptions and detailed proofs of all these
sigma-point methodologies, the reader can refer to Van der Merwe’s dissertation [17]. The
major advantage of the SPKF stems from the fact that it consistently outperforms the
EKF over a wide range of state estimation problems at the same order of computational
complexity [17,26]. Like the EKF, the SPKF estimates only the first and second-order
moments of the true distribution. The probability distribution is represented by a set of
carefully chosen deterministic sample points (known as sigma points), which capture the
mean and covariance of the RV. These sigma points are then propagated through the true
nonlinear system, with the posterior mean and covariance calculated using simple weighted
averaging (the value of weights depend on the choice of SPKF parameters, details can be
obtained from chapter 3 in [17]). The SPKF captures the posterior mean and covariance
accurately to the 2" order (3™ order is achieved for symmetric distribution) compared
to the EKF which linearizes the nonlinear systems and only achieves 1% order accuracy.
Furthermore, the SPKF no longer needs to calculate the Jacobians, which are sometimes
hard to obtain analytically. We will now present the pseudo-codes of the EKF and SPKF
in a concise manner. The reader can refer to [11,12,17,21] for more elaborate discussion

on these topics.



Below we demonstrate the EKF time-update and measurement-update recursions that
produce the filtered estimates &; and the associated estimation error covariance Py, at
each time k. Note, both the time-update and measurement-update steps compute the

Jacobians that are incorporated to predict and update the estimation error covariance.

Extended Kalman filter (EKF)

o Initialization:

Pwo =k [(:IZQ — @0) (:120 — Z%O)T:| (1.11)
vg=E [’Uo] (112)
1y = E [ng] (1.13)
QQ =E |:(’U0 — ’l_)o) (’U() — ’l_J())T} (1.14)
Ry=E [(TLO — ﬁo) (TL() — ’I’_ZQ)T} (1.15)
e For k=0,1,2,... N
1. Time-update equations:
— Compute the process model Jacobians:

G'Uk = V’Ufk) (ik7v)|v:’f)k (117)

— Compute the predicted state mean and covariance:
il;—i-l = fk (ik, ’f)k) (1.18)
Pm_k+1 = kaP‘BkFﬂZ; + GkakGZk (1.19)

2. Measurement-update equations:



— Compute the observation model Jacobians:

H,, = Vh; ($,ﬁk)|m:®;+l (1.20)
G, = Vanhi (g&,gﬂ,n)‘n:ﬁk (1.21)
— Update estimates incorporating the latest observation:
-1
Ky = Py Hy (Hy Py, Hy + Gp RGT, ) (1.22)
ZTpy1 = 2y + Kipa [zk—i-l — hy, (ﬂf?;;rl, ﬁk)} (1.23)
P,  =I- Kk+1Hwk)Pw_k+1. (1.24)




The complete SPKF algorithm that updates the mean &; and the covariance Py, of

the state distribution using the observation zj is presented below:

Sigma-point Kalman filter (SPKF)

o Initialization:

Py, =E {(900 — &) (w0 — @O)T] (1.26)
i = E [2{]
- T
=| 2 o nf (1.27)
. canT
P = [(af — 25) (af - 2f)"]
P, 0 O
= 0 Q O (1.28)
0 0 Ry
o for k=0,1,2,...,N
1. Compute sigma points:
N { & @b+ ()P ap— /(3 +2) P2 ] (1.29)
2. Time-update equations:
X = Fie (XE0 X0k) =0,1,...,2M (1.30)
2M (m)
A — m
Ty = w X1k (1.31)
i=0
2M 2M @ T
— C A — A —
Pp =2 2w (X?fk+1|k - mk+1) (ka+1|k - mk—i—l) (1.32)

i=0 j=0



3. Measurement-update equations:

P,

o Parameters:

Yik+1|k = hy; (ka—i-l\kv X?I@) 1=0,1,...

2M
_ (m) .,

= Wi Vi k+1|k
i=0

Zk+1

P;

k+1

L+12k+1

=> > w (7j7k+1|k - ﬁk_ﬂ) (%,k+1|k - 21§+1)T

= Z Z wz(,cj) (X;:,k—kllk - f’l;rl) (’Yi,k+1\k - 2k_+1)T

,2M

2M 2M
i=0 j=0
2M 2M
i=0 j=0
= Pmk+lzk+1P2_k1+1
=@, + Kit (zk—i-l - Z};rl)
- - T
= Pmk+1 - Kk+1P2k+lKk+1
T
of = | of of uf |
X" = oA ()T (e’
P, 0 0
Pﬂ?k = 0 Qk 0
0 0 Ry
A =a’ (M + /1) - M
(c) A
wy ' =——
0 (M T )\)
w(()m) = A 1=0
(M T )\)
1
w =—— =12,
p (M + )\)
1
w!™ = 0 =1,2

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)
(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)

(1.47)
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The SPKF parameter a controls the size of the sigma-point distribution and should be
within 0 < a < 1 to avoid sampling non-local points when the nonlinearities are strong [17].
G > 0 is the weighting term which incorporates the higher order moments of the prior
distribution. For a Gaussian prior, § = 2 [23]. The parameter x is used to make sure
the positive definiteness of the covariance matrices and the default lower bound of K > 0
should work for most of the cases. The dimension of the state vector is M, M is the

dimension of each augmented state, and N is the length of the observation sequence.

1.4.1 Alternate interpretation of the SPKF

In this section, we demonstrate that the SPKF performs an inherent linearization called
the weighted statistical linear regression ( “WSLR”) to locally linearize the nonlinear state
space [17,28]. However, unlike the first-order Taylor series based truncation, the WSLR
technique takes into account both the mean and covariance of the Gaussian random vari-
able (GRV) at the point of linearization. We will now give a brief introduction of the
relationship between the SPKF and WSLR, which will be covered in more detail in sec-
tion 2.3.1.

The WSLR algorithm relates to deriving a linear approximation of a nonlinear function

g(x), operating on a RV @ with mean & and covariance Py, i.e.,
z=g(x) = Ax+ b+, (1.48)

where A and b are the statistical linearization parameters that are determined by mini-

mizing the linearization error €. Defining
J=E [ We| (1.49)
is the expected mean square error with sigma-point weighting matrix W,

[A,b] =arg min J

=arg min (E [GTWGD . (1.50)

Now setting the partial derivative of J with respect to the elements of b and A equal to
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zero, we obtain,

b=z- Az (1.51)
A=PL P (1.52)

where Z is the mean of the RV z and P, is the cross-covariance matrix of & and z. The

linearization error € has zero mean and covariance P,
P.=P,— AP, A", (1.53)

where P, is the covariance matrix of z. The statistical linearization procedure discussed
above relates to the sigma-point approach in the sense that the mean and covariance of «
and z are computed using the sigma points extracted from the probability density function
p(x) and p(z). To summarize, the WSLR provides the linear approximation of a general
nonlinear function in the MMSE context that takes into account the mean and covariance
of the RV it operates upon. Hence the WSLR technique is more accurate in the statistical
sense compared to the first-order Taylor series based linearization approach. The SPKF
leverages the benefits of the WSLR to produce superior state estimates than the EKF,

which adopts the Taylor series to perform local linearization.

1.5 Objective and Contributions of this Work

Since its introduction, the SPKF is used in numerous state estimation related applications
and proved to be a more accurate alternative to the EKF. However, nonlinear smoothing
algorithms based on the sigma-point Kalman filtering technique are not well established.
In addition, an in-depth analysis of the analytical bounds that quantify the state estima-
tion error of the SPKF has not yet been performed. The aim of this dissertation research is
to develop novel SPKF smoothing algorithms, apply the SPKF smoothers to the real-world

tracking problems and analyze the SPKF performance using analytical error bounds.

1.5.1 Summary of Research Objectives

The broad research objective is categorized into the following four subsections:
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1. Derive new fixed-interval and fixed-lag smoothing algorithms for a nonlinear system
using the sigma-point methodology and combine these derived smoothers into a

common family of algorithms, called sigma-point Kalman smoothers (SPKS).

2. Apply the proposed SPKS to the real-world pedestrian tracking system in order to

locate and track a person in an indoor environment.

(a) Implement the tag-based and tag-free tracking systems where the SPKS based
estimator fuses multiple observations from different unobtrusive sensors to con-

tinuously estimate a person’s 2D position and velocity.
(b) Compare the estimation accuracy to the commercial location tracking engines.
3. Expand the use of SPKS to the multiharmonic frequency tracking problem.
(a) Track the phase, frequency and amplitude of the fundamental frequency and
its harmonic components.
(b) Compare the performance to the extended Kalman smoother (EKS) based fre-
quency tracker using simulated and real multiharmonic periodic signals.
4. Derive (theoretically) state estimation error bounds for the SPKF.
(a) Prove the estimation error lower bound using the Cramér-Rao theory and ex-
perimentally verify its performance on a variety of benchmark problems.

(b) Formulate an expression for the estimation error upper bound using the Lya-
punov function based stochastic stability theory and demonstrate its perfor-

mance.

1.5.2 Research Contributions

Most of the research objectives stated above are successfully completed over the course
of this dissertation. My accomplishments include deriving the computationally efficient
SPKF smoothing algorithms, expand the use of SPKS to the challenging areas of prob-

abilistic inference, such as indoor localization and multiharmonic frequency tracking and
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extend the theoretical understanding of SPKF by analyzing its error behavior. In sum-
mary, the following new and substantial contributions are made to the body of SPKF

based state estimation algorithm and its applications.

1. Sigma-point Kalman smoothers (SPKS):

e The following new SPKS algorithms that include both the fixed-interval and
fixed-lag methodologies are implemented.

— Fized-Interval Sigma-Point Kalman Smoother (FI-SPKS): Estimates the
state at each time using all the observations over a fixed time interval.
There are two variants depending on the adopted forward-backward or
Rauch-Tung-Striebel (RTS) methodology.

(a) Forward-backward statistical linearized sigma-point Kalman smoother
(FBSL-SPKS)

(b) Rauch-Tung-Striebel statistical linearized sigma-point Kalman smoother
(RTSSL-SPKS)

— Fized-Lag Sigma-Point Kalman Smoother (FL-SPKS): Estimates the state
which lags behind the current observation by a fixed time interval. The
following variants include the state augmentation, forward-backward and
RTS techniques.

(a) State-augmented sigma-point Kalman smoother (Aug-SPKS)
(b) Forward-backward a priori sigma-point Kalman smoother (FB-Priori-
SPKS)
(¢) Forward-backward statistical linearized sigma-point Kalman smoother
(FBSL-SPKS)
(d) Rauch-Tung-Striebel statistical linearized sigma-point Kalman smoother
(RTSSL-SPKS)
e The relationship between the WSLR and SPKF is explored to derive the smooth-
ing formulations.
e The computational complexity and memory of all the fixed-interval and fixed-

lag SPKS algorithms are evaluated. It is shown that the fixed-lag SPKS requires
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significantly less memory to generate smoothed estimates compared to the fixed-

interval case.

e The performance of the SPKS algorithms are experimentally verified on two
benchmark examples: Mackey-glass nonlinear time-series estimation and vehi-
cle re-entry tracking.

e The superiority of our SPKS over the extended Kalman smoother (EKS) and
other sigma-point smoothing approaches is established in terms of estimation

accuracy and computational efficiency.

2. Real-world application of SPKS algorithms: unobtrusive indoor pedes-
trian tracking
A novel SPKS based Bayesian inference system that tracks an user in an indoor
environment using unobtrusive sensors is successfully developed. Two variants of
the tracking mechanism are implemented based on the requirement of carrying a

receiver tag.

e Tag-based indoor tracking using received signal strength indication (RSSI): In
this system, the primary observation used for tracking is RSSI. A person carries
a small body-borne device that periodically measures the RSSI at 3 or more

standard Wi-Fi access points.

— The SPKS combines a potential field based dynamic model with RSSI
observations to track a person’s 2D position and velocity.

— The observation model is generated in a separate calibration phase by
fitting nonlinear radial basis function (RBF) maps between known user
positions and RSSI observations.

— The SPKS augments the RSSI measurements with the infra-red (IR) mo-
tion sensors and binary foot-switches in order to improve the estimation
accuracy of the tracker.

— The estimation accuracy of our system is tested against a commercial track-
ing engine known as Ekahau, which also uses RSSI. The consistent perfor-

mance improvement over the Ekahau was demonstrated.
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o Tag-free indoor tracking using wall-mounted ultrasonic transducers: This sys-

tem does not require a body-borne tag.

— A novel SPKS based tag-free solution for indoor tracking is developed that
utilizes range information from wall-mounted ultrasonic transducers to es-
timate a person’s 2D position and velocity (first of its kind to author’s
knowledge).

— Signal processing techniques are used for background subtraction and sub-
sequently calculate the 1D range of the moving person.

— The range data from active and passive sonar-modules provide the obser-

vations for the SPKS based tracking algorithm.
— Two different tracking procedures are adopted:

(a) Range-map approach, which generates the observation model by fitting

RBF maps between known calibration locations and 1D ranges
(b) Simultaneous localization and mapping (SLAM) approach

— The SLAM based tracking procedure corresponds to simultaneously esti-
mating the state of the person (position and velocity) and the parameters
of the observation model. Parameters correspond to either the RBF param-
eters in position-range mapping (terrain aided navigation system (TANS-
SLAM)) or the 2D sonar module locations (landmark aided navigation
system (LANS-SLAM)).

— The tracking performance is compared to an accurate commercial tag-based
system developed by Ubisense, which uses ultra-wide-band (UWB) for time

difference of arrival (TOA) localization.

3. Real-world application of SPKS algorithms: multiharmonic frequency
tracking
This research is performed in collaboration with James McNames’s research group

at Portland State University.

e The SPKS based Bayesian inference algorithm is implemented for tracking the
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phase, frequency, and amplitude of the fundamental frequency and the har-

monic components present in a periodic signal.

e The performance of the SPKS is compared with the EKS, based on three crite-
rions: normalized mean-square-error, normalized frequency mean-square-error

and square-frequency-error.

e [t is demonstrated that the SPKS multiharmonic tracker is significantly more
accurate, converges faster to the true solution, and robust to noise than the

EKS.
4. Estimation error bounds for discrete time SPKF

e An estimation error lower bound is derived using the well-known Cramér-Rao

theory.

e It is demonstrated that the estimation error of the SPKF is exponentially

bounded in the mean-square sense by an upper bound.

e The performance of the lower and upper bound is experimentally verified on
two state estimation examples: Mackey-Glass nonlinear time-series estimation
and tracking a vehicle that re-enters into the earth’s atmosphere from the outer

space.

1.6 Thesis Outline

The remainder of the thesis is organized as below:

e Chapter 2 is one of the core chapters in this dissertation, which presents the de-
velopment of different SPKS algorithms in detail. The performance of the SPKS
is demonstrated in two examples including the Mackey-Glass time series estimation

and vehicle re-entry tracking.

e Chapter 3 focusses on the application of SPKS to the tag-based indoor tracking

problem. The chapter starts with a survey of commercial indoor tracking systems
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and research prototypes, including their architecture, sensor platforms, and position-
ing algorithms. We provide a detailed discussion of the SPKS based tracking system
including the dynamic model, sensor observation models and how the various sensor
outputs are integrated into a Kalman framework. The performance of the proposed

algorithm is compared with a commercially available positioning engine developed

by Ekahau Inc.

e Chapter 4 discusses a tag-free solution to unobtrusive indoor tracking using wall
mounted ultrasonic sensors. The specific tracking application is covered in depth,
giving details about how the range information is extracted from each ultrasonic sig-
nal and how the range estimates from multiple sonar units are incorporated into the
SLAM framework to estimate the user’s 2D position and velocity. Tracking results
are shown for a number of trials and the estimates are compared to a commercial

tag-based system developed by Ubisense.

e Chapter 5 introduces the SPKS tracking approach to the multiharmonic frequency
tracking problem. It specifically discusses the dynamic and observation model used
for frequency tracking and demonstrates the system accuracy on a set of simu-

lated /real signals.

e Chapter 6 focuses on the derivation, implementation and verification of the state
estimation error bounds for the SPKF. A thorough literature review is provided
first and then the lower and upper error bound is derived from first principles.

Experimental results that validate our proofs are also shown.

e Chapter 7 presents the summary and conclusions of our work.

1.7 Publications

A large majority of the work either has already been published at numerous conferences or
submitted at the peer-reviewed literature for review. Here is a list of accepted publications

that are related to my dissertation:
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Eric A. Wan and Anindya S. Paul, “A tag-free solution to unobtrusive indoor track-
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Switzerland, September, 2010.

Anindya S. Paul and Eric A. Wan, “RSSI based indoor localization and tracking
using sigma-point Kalman smoothers,” IEEE Journal on Special Topics in Signal
Processing: Special Issue on Advanced Signal Processing for GNSS and Robust Nav-
igation, vol. 3, no. 5, pp. 860-873, October 2009.

Sunghan Kim, Anindya S. Paul, Eric A. Wan and James McNames, “New multi-
harmonic frequency tracking using the sigma-point Kalman smoother,” EURASIP
Journal on Advances in Signal Processing, vol. 2010, no. 467150, pp. 1-13, February
2010.

Sunghan Kim, Anindya S. Paul, Eric A. Wan and James McNames, “Multiharmonic
Tracking Using Sigma-Point Kalman Filter,” In proceedings of Annual International
Conference of the IEEE Engineering in Medicine and Biology Society 2008 (IEEE
EMBC 08), Vancouver, Canada, August, 2008.

Anindya S. Paul and Eric A. Wan, “Wi-Fi Based Indoor Localization and Tracking
Using Sigma-Point Kalman Filtering Methods,” In proceedings of IEEE/ION Posi-
tion Location and Navigation Symposium 2008 (PLANS 2008), Monterey, CA, USA,
May, 2008.
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e Anindya S. Paul, Eric A. Wan and Alex T. Nelson, “Noise Reduction For Heart
Sounds Using a Modified Minimum-Mean Squared Error Estimator with ECG Gat-
ing,” In proceedings of 28th IEEE EMBS Annual International Conference, pp.
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Joint Conference on Neural Networks (IJCNN), vol. 5, pp. 2784- 2789, Montreal,
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In addition, the dissertation research and corresponding publications have contributed to
external research grants, resulting in novel applications, new sensor platform for tracking,

and further refinement of tracking algorithms.



Chapter 2

Sigma-Point Kalman Smoothers (SPKS):
New Fixed-Interval and Fixed-Lag
Smoothing Formulations for Nonlinear

Systems

2.1 Overview

In this chapter, we apply the sigma-point Kalman filtering approach to derive a smoothing
scheme for nonlinear state space system. We take advantage of the relationship between
the SPKF and weighted statistical linear regression (WSLR) to derive the nonlinear sigma-
point Kalman smoother (SPKS) equations. The performance of the SPKS algorithms are
evaluated using the Mackey-Glass nonlinear time series estimation and the vehicle re-entry
tracking examples. It is shown that the proposed computationally efficient SPKS algo-
rithms easily outperform the extended Kalman filter (EKF), extended Kalman smoother
(EKS) and SPKF and also perform comparably with other existing sigma-point smoothers.

This chapter is organized as follows: Section 2.2 introduces our approach considering
both the fixed-interval (FI) and fixed-lag (FL) methods. Later, both the FI-SPKS and
FL-SPKS methods are detailed in sections 2.3-2.4 with step-by-step derivations. Imple-
mentation details and experimental results are shown in section 2.5. Section 2.6 concludes

the chapter with a discussion.

20
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Figure 2.1: The above schematic diagrams demonstrate the methodologies of a filter and
smoothers (a) Filter, (b) Fixed-Interval (FI) smoother, (¢) Fixed-Lag (FL) smoother.

2.2 Introduction

2.2.1 Filter vs Smoother

The Kalman filter provides the optimal Bayesian recursive estimate in the MMSE sense
for the state @y of a linear state-space system driven by a white Gaussian noise [18]. The
estimate is optimal given all noisy measurements Zy = [21, 22, ..., 2x] up to the current
time index k. A filter can be represented graphically as shown in Figure 2.1(a).

In contrast, the Kalman smoother (KS) estimates the conditional expectation of the
state oy given all past and future measurements Zy = [z1,22,...,2n], 1 <k < N. A
filter uses only the past and current measurements up to time k to estimate &, whereas a
smoother estimates &3 for k € (0, N) utilizing all the available measurements including the

future observations. As a smoother generally deals with more measurements, it is able to
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achieve superior accuracy to that of a filter. The obvious downside of using a smoother is
that it performs non-real-time operations, possesses higher computational complexity and
takes longer processing time to compute estimates. Several common Kalman smoothing
formulations are given in [11,12,29-31]. Based on their work, smoothers are usually

divided into two main categories:

e A fized-interval smoother estimates the state ¢ at time k using all the measurements
Z1,29,...,2N over a fixed time interval N. This type of smoother, which operates
within a fixed set of observations, is generally suitable for offline estimation. The

operation of a fixed-interval (FI) smoother is graphically shown in Figure 2.1(b).

e A fixed-lag smoother estimates the system state x,_; at time k — L given mea-
surements up to time k, z1, zo,..., 2k, where the time index k continuously moves
forward as we obtain new measurements. In other words, we estimate the unknown
state xp by taking into account all past, present and L future observations. The
fixed lag parameter L trades off system latency for more estimation accuracy. A

schematic diagram of a fixed-lag (FL) smoother is illustrated in Figure 2.1(c).

2.2.2 Linear Smoothers

For the case of linear state space model, the fixed-interval and fixed-lag smoother formu-
lations are derived using the Kalman filter. Forward-Backward (FB) and Rauch-Tung-
Striebel (RTS) methods are perhaps the most popular ways of performing the fixed-interval
smoothing [11,12]. In the FB approach to smoothing [29], a Kalman filter is run from

k =1to k = N to obtain forward estimates :i:£ incorporating the observations z; for

1 < j < k. Similarly, estimates a?:E, which uses the observations z; for k < j < N, can be
obtained by operating a Kalman filter that runs backward in time from k£ = N to k = 1.
The backward filter dynamics is based on the inverse dynamics of the forward filter. The
forward and backward estimates are then optimally combined at each k& to generate the
smoothed estimates &3.

The RTS approach is another way of implementing the fixed-interval smoothing which

is more computationally efficient than the FB method [30]. In the RTS form, the backward
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estimates are no longer needed in order to perform smoothing. In the RTS smoother, a
forward Kalman filter generates state estimates @ and estimation error covariances P
from time k = 1 to K = N incorporating the measurements z; for 1 < j < k. In
addition to the state estimates and error covariances, the forward pass also saves the
intermediate results including the state prediction &, and the prediction error covariance
P_ at each time k. A backward smoothing pass runs backward in time in a sequence
from k = N, computing the smoothed state estimates @} from the forward estimates
and the intermediate results stored during the forward pass. Because the RT'S smoother
is based on applying a correction pass to the forward filtering result, not on running
an independent backward filter, it can be applied in those cases when the forward state
dynamics is non-invertible.

In case of fixed-lag smoothing, the “state augmentation” approach is the most widely
used method [1, 11, 12], where an augmented state &) can be formed by combining the

current and L previous states
Tp=| xp Tp_1 - Tp_L | - (2.1)

A standard Kalman filter can be applied to estimate the full state of the augmented system,
with the last element of the augmented state vector being equal to the smoothed estimate
at time k — L given all measurements up to time k. Although, the state augmentation
method requires minimal effort to implement, computational complexity of this approach,
which is proportional to the cube of the state dimension, can be a serious concern for
certain applications.

Simon proposed a new formulation for the fixed-lag smoother to counter the high
computational load, which bypasses the state augmentation by a sliding window based
forward-backward approach [11]. Because no specific name was given in [11], we refer
this smoother as a fized-lag forward-backward Kalman smoother (FL-FB-KS). Instead of
augmenting the current and L past states, the FL-FB-KS divides the data into blocks
(e.g., N =" N;) and then performs a forward-backward operation on the buffered blocks
of data as they become available. The standard Kalman filter equations are applied to

obtain the state estimates during the forward pass. A smoothing pass is then followed
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within the fixed size window, running backward in time and computing the smoothed

estimate &7} .

2.2.3 Nonlinear Smoothers

The aim of our work is to derive a smoothing methodology for the nonlinear state space
system using the SPKF based implementation. Although substantial work has been done
on the broad topic of linear Kalman smoothing [11,12], derivation of nonlinear smoothers
is still an active area of research [16,26,31,32]. Extended Kalman smoother (EKS) remains
a popular choice to estimate smoothed states using a nonlinear state space model [33,34].
The EKS has been shown to have superior performance on a number of applications [12,
15,31, 33], but since it makes use of the EKF as the core algorithm, it suffers from the
same EKF inaccuracies, such as linearization error, filter divergence, etc., as discussed in
Section 1.4. Hence in this chapter, we concentrate solely on designing a SPKS framework

in order to leverage all of the benefits the SPKF exhibits over the EKF.

Sigma-Point Kalman Smoother (SPKS)

Before going into the details of our SPKS methodologies, we first describe the two vari-
ants of the SPKS that have appeared in the literature. In [17,26], the SPKS uses a
forward-backward approach. Although no specific name was given for this SPKS, in this
article it will be referred as a forward-backward nonlinear sigma-point Kalman smoother
(FBNL-SPKS) in order to differentiate from our proposed sigma-point smoothers. A stan-
dard SPKF is run in the forward direction using the nonlinear model. A second SPKF is
then run in the backward direction and the two estimates are optimally combined. The
backward filter dynamic model which is represented as an inverse forward dynamics is
approximated by training a backward nonlinear predictor (e.g., neural network model).
As the backward model needs to be fit to the data, it is both application specific and po-
tentially time consuming. In [32], an unscented Rauch-Tung-Striebel smoother (URTSS)
is proposed that uses a joint distribution of the current and future state in order to obtain
a smoothed estimate of the current state. While this avoids the need for the inverse dy-

namics, the computational complexity (cube of the state dimension) increases significantly
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due to the doubling of the state dimension.
In this work, we have proposed the following 6 SPKS algorithms that include both the

fixed-interval and fixed-lag methodologies.
e Fixed-interval sigma-point Kalman smoother (FI-SPKS):

1. Forward-backward statistical linearized sigma-point Kalman smoother (FBSL-
SPKS)
2. Rauch-Tung-Striebel statistical linearized sigma-point Kalman smoother (RT'SSL-

SPKS)

e Fixed-lag sigma-point Kalman smoother (FL-SPKS):

—_

. State-augmented sigma-point Kalman smoother (Aug-SPKS)
2. Forward-backward a priori sigma-point Kalman smoother (FB-Priori-SPKS)

3. Forward-backward statistical linearized sigma-point Kalman smoother (FBSL-

SPKS)

4. Rauch-Tung-Striebel statistical linearized sigma-point Kalman smoother (RTSSL-
SPKS)

The FI-SPKS makes use of the forward-backward and RTS approaches as described in
Section 2.2.2. The FBSL-SPKS, which was first presented in [35], is a forward-backward
approach. In the FBSL-SPKS, a standard SPKF is used as the forward filter. The forward
SPKF generates state estimate :i£ at each time k using measurements up to time k. The
backward filter needs an inverse dynamics of the forward filter. While smoothers based on
the EKF compute the first order Taylor series based linearized dynamics, the forward non-
linear dynamics are never analytically linearized with the SPKF. Hence the dynamics of
the backward filter in the forward-backward approach are not well defined. Our proposed
SPKS makes use of the weighted statistical linear regression (WSLR) formulation of the
filter, which is straightforward, direct and computationally efficient. As will be detailed

later, the WSLR is a linearization technique that takes into account the uncertainty of

the prior random variable (RV) when linearizing the nonlinear model [17]. In this way,
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the WSLR is more accurate in the statistical sense than the first-order Taylor series based
linearization which does not factor in the probabilistic spread at the point of lineariza-
tion. By representing the forward dynamics in terms of WSLR, we are able to derive an
information filter that computes states :ﬁE by running backward in time. Estimates of
the forward and backward filter are then statistically combined to generate smoothed es-
timates &} in the standard manner. The complete derivation for the FBSL-SPKS is given
in Section 2.3.2. The RTSSL-SPKS follows the RTS methodology in order to estimate
smoothed states propagating through nonlinear dynamics. Similar to the FBSL-SPKS;,
the RTSSL-SPKS uses a standard SPKF as the forward filter to estimate the state & and
the state prediction @, . Incorporating the pseudo-linearized form of SPKF, we compute
a smoothing gain at each k£ during the backward smoothing pass that linearly combines
the forward estimate, &, and the difference between the future smoothed estimate, &} 41
and the state prediction, &, ,, in order to compute the current smoothed estimate z3.
The full derivation for the RTSSL-SPKS algorithm is presented in Section 2.3.3.

The Aug-SPKS, which adopts state-augmentation is the most simple and straightfor-
ward method to perform the nonlinear fixed-lag smoothing. In this method, an augmented
state space system is formed at each time k by the current and L previous states. A stan-
dard SPKF is then used to estimate the augmented states using the observations up to
time k with the last element of the augmented vector providing the smoothed state &.
The Aug-SPKS algorithm is described in Section 2.4.1. The FB-Priori-SPKS is the ex-
tension of the linear fixed-lag smoother proposed by Simon [11]. Instead of augmenting
the individual state vectors, the state estimates in the FB-Priori-SPKS are computed se-
quentially within a sliding window containing the current and L previous observations.
The forward filter, which is a priori form of SPKF, operates on the statistically linearized
state space to compute the state prediction &, and the prediction error covariance P, .
A backward smoothing loop then determines the smoothed state &} from the forward
filtering results. Section 2.4.2 presents a summary of the FB-priori-SPKS algorithm. The
FBSL-SPKS and RTSSL-SPKS algorithms, which we demonstrate for the fixed-interval
case, is also applied for the fixed-lag category in a sliding window fashion. Instead of

operating on a fixed set of NV measurements, we apply the same algorithm in a windowed
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X | e forward estimate
0 I N
_
X | AE’ backward estimate
0 I N
-
)I‘i smoothed estimate
0 m N
Figure 2.2: This schematic diagram explains the concept of the FBSL-SPKS methodology.
The forward SPKF computes a posteriori estimate ic£ and the backward information

b

filter generates a priori estimate &, at each discrete time k. The forward posteriori
and backward priori estimate are then statistically combined to generate the smoothed
estimate &.

subset of L measurements from k = j — L+ 1 to k = j, where the time index j constantly
moves forward in time as we receive new measurements. The fixed-lag FBSL-SPKS and

RTSSL-SPKS algorithms are shown in sections 2.4.3 and 2.4.4.

2.3 Fixed-Interval Sigma-Point Kalman Smoothers (FI-SPKS)

In this section, we derive the formulations for the fixed-interval smoother operating on a
nonlinear state space. In the FI-SPKS framework, we develop both the FBSL-SPKS and
RTSSL-SPKS algorithms to estimate states at each discrete time k using a fixed set of
N measurements. Before going into the detailed algorithmic derivations for the FBSL-
SPKS and RTSSL-SPKS, we first present how the relationship between the SPKF and
WSLR can be applied to compute a pseudo linearized dynamics suitable for formulating

the equations of the fixed-interval smoothers.

2.3.1 Relationship between the SPKF and WSLR

Consider a prior RV @ which is propagated through a nonlinear function g(x) to obtain
a posterior RV z. While « is a continuous RV observed at each time index k, for the
purpose of explaining the WSLR approach, we temporarily omit the discrete time index
k from the state and observation variables. Sigma points x;,i = 0,1,...,2M are selected

as the prior mean & plus and minus the columns of the square root of the prior covariance
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x=|z 24P 2P|, (2.2)

where M is the RV dimension and « is the composite scaling parameter. The sigma point

set x completely capture the mean & and the covariance P, of the prior RV «.

oM

T :ZwiXi (2.3)
e

Po=Y wi(xi—%) (xi— )", (2.4)
i=0

where w; is the normalized scaler weight for each sigma point. Each prior sigma point is

propagated through the nonlinearity to form the posterior sigma point -y;
vi=¢g(xi) i=0,1,...,2M. (2.5)

The posterior statistics can then be approximated using weighted averaging of the posterior

sigma points,

z= ) WirYi (2.6)
P, = Zwi (vi—2)(vi—2)" (2.7)

Py, = Zwi (i — &) (vi — é)T- (2.8)

This deceptively simple approach captures the desired posterior statistics more ac-
curately than using the standard Taylor series based first-order linearization techniques.
The implementation is also simpler, as it avoids the need to analytically linearize the
nonlinear function, and only requires direct function evaluations. The performance of the
sigma-point approach in capturing the mean and covariance of a GRV which undergoes a
nonlinear transformation is demonstrated in Figure 2.3. The left plot shows the mean and
covariance propagation using the Monte-Carlo sampling. The center plot demonstrates
the results using first-order linearization as in the EKF. The right hand plot depicts the
performance of the sigma-point approach. Note, only 5 sigma points are needed to ap-

proximate the 2D distribution. The superior performance of the sigma-point approach is
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Actual (sampling) Linearized (EKF) Sigma-Point
sigma pomts
mean
y= g(x) = g(A@,)
— T
yi = g(x;) Py = VePx(Vg) weighted sample mean
i and covariance

8(%) transformed

o true mean ‘ 3|gma points

' O
. true covariance Q A{
SP mean
)

VgPx(Vg)T

SP covarlance

Figure 2.3: 2D example of the sigma-point approach. The accuracy of the sigma-point
method in propagating the mean and covariance of the prior GRV through a nonlinear
function is compared with the Monte-Carlo sampling and the EKF approaches.

clearly evident. The figure also proves that the sigma-point weighted averaging technique
is an accurate approach to estimate the first and second-order statistics of a posterior
GRV.

An alternate view of the sigma point approach can be found by considering the

weighted statistical linearization of the nonlinear dynamics
z=g(x)= Az +b+e, (2.9)

where A and b are the statistical linearization parameters and can be determined by
minimizing the expected mean square error which takes into account the uncertainty of

the prior RV . Define

J=E|'We| (2.10)



as the expected mean square error with sigma-point weighting matrix W

[A,b] =arg min J
=arg min (E {GTWGD .
Taking a partial derivative of J with respect to b

oJ

b =0.

Now substituting J,
J=(9(z) — Az —b)" W (g (z) — Aw —b),

in Equation (2.12) to obtain

0 (g () — Az —b)" W (g () ~ Az ~b)]

b =0.

After cross multiplication and differentiation, (2.14) simplifies to
E[W (g(x) — Az — b)] =0.
Finally, an expression for b can be computed from (2.15)

b=E[g(z)] - AE[z]

b=z2- Az.
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(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

After we obtain b, a new expression for J can be formed by substituting b into Equation

(2.13)
J=(g(x)— Az — 2+ AZ)T W (g (z) — Ax — 2 + AZ).

In order to compute A, take a partial derivative of J with respect to A

oJ
8—A _0.
Now substitute J from (2.17) into (2.18)

](9(@)—2-A@—2)" W(9(2) -2 Az —2))|
0A

=0.

(2.17)

(2.18)

(2.19)
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After cross multiplication and differentiation, Equation (2.19) simplifies to
E W [Az&" + (¢ () - 2)2"]] =0, (2.20)
where

&=(z—x). (2.21)

=pPL p! (2.22)

where the prior mean (&) and covariance (P,) are calculated in (2.3)-(2.4) from the prior
sigma points. Similarly, the posterior mean (2) and covariances (P, and P,,) are calcu-
lated from the posterior sigma points as shown in (2.6)-(2.8). The linearization error e

has zero mean and covariance P, which can be computed as below:
P.=E [eTWe}
~El(g(@) - 2-A@@-2)"W(()-2- Az - 2))]
=P, — AP,, — P AT + AP, A", (2.23)

Replacing P, = AP, from (2.22)

P.=P, - AP, A" — AP,AT + AP AT

=P, - AP A", (2.24)
From the posterior error covariance P, obtained using (2.24),
P, =AP AT + P, (2.25)

we observe that the covariance of the linearization error P is added when calculating
the posterior covariance P,. The addition of the linearization error to the computed
posterior statistics is very important especially when there is severe nonlinearity over the

uncertainty region of prior RV. First-order Taylor-series-based linearization employed by



32

the EKF often diverges in highly nonlinear region as it only performs linearization around
the mean of the RV but neglects this error term. In general, the WSLR technique is an
optimal way of linearizing any nonlinear function in the MMSE sense as this approach
explicitly takes into account the prior RV statistics (e.g. mean and covariance).

To form the SPKF, we consider the nonlinear state space model:

1 =fr (Tk, vr) (2.26)

zi, =hy (zg, 1) (2.27)

where x;, € RM is the state, z;, € RY is the observation at time index k, v, and ny, are the
Gaussian distributed process and observation noises, f(.) is the nonlinear dynamic model
and h(.) is the nonlinear observation model function. The process and observation noise
have zero mean and covariances Qj and Ry, respectively. The SPKF is then derived by
recursively applying the sigma-point selection scheme shown above at every time interval
to these dynamic equations (see [23,36] for more details).

Alternatively, we may form the statistically linearized state space using the WSLR

technique:

Tht1 :Aﬁkwk + bﬁk + Gﬁk (’Uk + Ef,k) (2.28)

2z =ApETr + by g+ Ny + €, (2.29)

where Ay, Apk, bp, by are the statistical linearization parameters and €y, €y ) are
the linearization error with mean zero and covariance P, ok and P, ;. All the linearization
parameters can be obtained by applying Equations (2.16), (2.22) and (2.24) iteratively at
each time index k. Gy is an input matrix that controls the amount of noise to be
added at each state vector. Deriving the Kalman filter using the pseudo-linearized state
space shown in (2.28) and (2.29) also leads to SPKF (see [17] for details). However the
advantage of this statistically linearized form is that it forms the nonlinear smoothing

equations which will be discussed in the following sections.
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2.3.2 Forward-Backward Statistical Linearized Sigma-Point Kalman
Smoother (FBSL-SPKS)

The FBSL-SPKS consists of two independent filters: a SPKF operating on a nonlinear
dynamics from time k£ = 1 to £ = N and an information filter, which operates backward in
time starting from & = N on the statistically linearized dynamics. The coefficients of the
WSLR linearized dynamics are derived from the prior and posterior sigma points propa-
gated through the nonlinear system during the forward SPKF operation. The estimates
of the two filters are then statistically combined to obtain the smoothed estimates. Fig-
ure 2.2 demonstrates the outline of the FBSL-SPKS algorithm. In the following, we derive
the detailed algorithms used in the forward filter, backward filter and in the smoothing

technique.

Forward Filter

A standard SPKF is used as the forward filter. The forward SPKF operates on the
nonlinear state space demonstrated in Equations (2.26) and (2.27) in order to estimate
the state xj; and the estimation error covariance Pp, using the measurements z;.;. For
the purpose of notational convenience, the forward state estimate is denoted here as &y,
f

instead of @

Without derivation, the pseudo code for the SPKF with WSLR is shown below:
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o Initialization:

2o = E [z (2.30)
Py, = B (w0 — ) (2o — )" | (2.31)
i = E [z]
- T
=| 2 of #Af (2.32)
. canT
Pi = |(af — 25) (af - 2f)"]
P, 0 O
=l 0 Q 0O (2.33)
0 0 Ry
For k=0,1,2,...,N
e Cualculate sigma points:
& = { a2 a4 [(M+N) P @i — (M + ) P2 } (2.34)
o Time-update equations:
2M )
A — m
T = D0 Xtk (2.36)
i=0
2M 2M @ T
— C A — A —
Po =2 2w (Xsnp — #r) (renn — #i) (2.37)
i=0 j=0

o Weighted Statistical Linearization of f(.):

2M 2M T
. A1
Packasl;q = Z(] Zowfj (X;c,k - mk) (X$k+1|k - $k+1) (2.38)
1= J:
_ T -1

Ap = Pmkm,;ﬂpwk (2.39)
bk =Ty — Apk®k (2.40)
P, =P,  — APy AT, (2.41)



e Measurement-update equations:
Yik+1|k = hy, (Xz:'z,:k—i-l\kv X;r,lk) 1=0,1,...,2M

oM -

A m

Zk-i-lzzwi Yik+1|k
i=0

2M 2M @ T
C A — A—
P, = Z Z wy j (7j7k+1lk - zk—l—l) ('Yi,k+1|k - Zk+1)
i=0 j=0
2M 2M @ T
_ C x A — -
Py iz =D ) w5 (Xj,k+1|k B C"k+1) (7i7k+1\k B Zk+1)
i=0 j=0
_ -1
Kk—l—l - Pwk+1zk+1P2k+l

i = @y + K (2001 — 20

Py, =P, — Ky P, KL,

Tp41 Lr+1 ZE+1

o Weighted Statistical Linearization of h(.):

—1
_ pT -
Ah,k - Pwk+1zk+1 (Pﬂck+1)
bk = Zj 1 — AnkTpyy

P, ,.=P; — A, P,

T
w1 Ank

k41

o Parameters:

P, 0 0
P;}k = 0 Qk 0 )
0 0 Ry

where X is the composite scaling parameter which is given by:

)\:aQ(M—i-/i)—M.
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(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)
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(©) (m)

w; ~ and w; "’ are the scaler sigma-point weights and they are defined as:
c A .
w) = —"—+(1-a’+8) ,i=0 (2.56)
(37 +2)
(m) A :
=— ,i=20 (2.57)
D (M)
w'® = 1 i=1,2,...,2M (2.58)
2(M+2)
m 1 . .
w™ = i=1,2,...,2M, (2.59)
2(M + 1)

where 0 < a <1, 8 =2 and k = 0 are the SPKF parameters. The dimension of the state
vector is M, M is the dimension of each augmented state, Qi and Ry are the process
noise and the observation noise covariances at time k. Here we assumed that the length
of the observation sequence is V.

As demonstrated in the pseudo code, in addition to computing the state estimate &y,
and state estimation error covariance Py, , the forward SPKF also computes the statistical
linearization parameters, Ay, by, P, Ay i, by, Pe, 1, at each time k in order to form
a pseudo-linearized dynamics. Equations (2.28) and (2.29) display the WSLR linearized
state space model. The backward filter, which we derive next, operates on this pseudo-

linearized dynamics to compute its estimates.

Backward Filter

An information filter is chosen as the backward filter, which starts from time k& = N and
then proceeds backward in time to & = 1. The information filter is applied on the pseudo-
linearized state space formulations to estimate the state a:],;) and the estimation error
covariance P];b using the measurements z; for £ < j < N. Due to the backward state

estimation, the pseudo-linearized state space demonstrated in Equations (2.28)-(2.29) is

suitably modified as

op = Apj [@rer — bk — Gy (v +ep)] (2.60)

2z = Appxr + by +np + €y (2.61)
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From Equations (2.28) and (2.29), it is evident that the structural form of the WSLR
linearized dynamical system is different than the standard linear state space shown in [12]
(the statistically linearized system has different linearization coefficients and also contains
additional terms, such as by, by, €71 and € ). Hence the standard information filter
formulations derived for the linear system cannot be directly applied in this case. In the
following, we derive the time-update and measurement-update equations of the backward
information filter applied on the statistically linearized dynamical system from first prin-
ciples. The backward filter steps make use of Lemmas 2.7.1 to 2.7.3, which are derived in

Appendix 2.7.

1. Initializations:

The initial conditions for the smoother are

Sni1 =0 (2.62)

Un+1 =0, (2.63)

where the information matrix S} = (Plla) - is the inverse of the state error covari-
ance and g = Sk:ﬁE is defined as the information state. The estimated state and
estimation error covariance of the backward filter at time k are denoted as a%E and
P/LlD respectively. The superscript “b” signifies the operation of a backward filter.

For notational convenience, the estimation error covariance of the backward filter at

time k is denoted here as P,lD instead of chak.

2. Time-update for the information matriz:
The equations of the state prediction and prediction error covariance can be formed

using the WSLR linearized dynamics as follows

ap~ = A7) (8P — i) (2.64)

PP —E [(m‘g —ap7) (2 - @E—)T . (2.65)
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Denoting a:lkaJrl — iE—H = eE_H and further simplifying (2.65) with the help of Equa-
tions (2.60) and (2.64),

PP~ =& (A;,}CeEH — A5 (Grrok+ Gﬁkef,k)) :

A-led ATl (@ G g
rk€hr1 — A (Grive + Grrep) (2.66)
= A7LPP L ATT + ATLGy (P + Qi) GTLATT (2.67)

Equation (2.67) is derived by assuming E[ef;] = 0 and E [vy] = 0. Applying the
matrix inversion Lemma (Refer to Lemma 2.7.1) on (2.67) and later simplifying we

obtain,
S, = A} pSk1Asi—
T -1 T o
Af7kSk+1Gf,k [(Pef,k + Qk) + Gf7ksk+1Gf’k:| Gf7k5k+1Af7k. (268)
Lets define K3 , as the backward gain matrix,
B -1
KG,k = Sk+1Gf,k [(Pef,k + Qk) + Gf7ksk+1Gf’k:| . (269)

Substitute the above expression for K , into Equation (2.68) in order to obtain

the final form of S} ,
Sy = ALy, (I - K ,GYy) SenrAp. (2.70)

Note the presence of linearization error term P, j in the R.H.S of (2.68). This term
governs the severity of the nonlinearity into the covariance prediction and it does
not appear in the standard information filter formulation for linear systems. [11,12].
The more severe the nonlinearity is over the uncertainty region of the state, the

higher will be the linearization error covariance matrices.

. Time-update for the information state:

From (2.64)

2P~ = A7) (8P — by (2.71)

=8, Aj (Sk_-ifgk—i-l - bf,k) : (2.72)
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Now substituting S,  from Equation (2.70) into (2.72),
g, = AJ}, (I — KG’]CG?,]@) (Dr+1 — Skiabyr) - (2.73)

Note that the correction term Sy 1by 1 is subtracted out from the previous informa-
tion state in Equation (2.73). This term is not present in the time-update Equation

of a standard information filter derived for linear systems.

. Measurement-update for the information matriz:
We start the derivation using the Lemma 2.7.2, which provides us an expression for

PP

PP = (I-KPA,) PO (1- K,‘?Ah,k)T +KP (R, + P., 1) (K,?)T ,(2.74)

where K',LD is the backward Kalman gain and is also derived in Lemma 2.7.2
Kb = p,lO—A{k (Rk + P, i+ Ah,kP,})—A{k) - (2.75)
Now assume
L,= (Rk + P, 1 + Ap i Py _A:;C,k) : (2.76)
b

and simplify Py

b — AT 7-1 b- — AT 7-1 T T

PP = [1- PP~ AL L An | PP~ [1- PP~ AL L Ay )| + Ky (Ry + Py ) K]
=P - I?_A;l;knglAh,kPk - I?_A;l;knglAh,kPk o+

PP AT L' A, PP AT L Ay PP + PP AT L (R + P., ) Ly A PP
(2.77)

The above Equation is further simplified by combining the last two terms in (2.77)

and using Ly, from (2.76),
PP = PP~ —2PP- Al L;'A, PP + PP AT L L L A PP
=P - P AL Ly A P
-1 1 -1
(PP) = [P]P_ — PP AL, (AnsPP AL + R+ Pe, 1) AthP,l)‘} .

(2.78)
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Using the matrix inversion Lemma on (2.78), the updated information error covari-

ance S}, is formed as follows:

-1 -1
(Pb) = ( b_) + AL (Ri + Pe, 1)~ Ay
Sk=S; + AL (R + Pe, 1) Api. (2.79)
The presence of linearization error covariance Pe, j at the R.H.S of the Equation

(2.79) is responsible for possessing a different update Equation than a standard linear

information filter.

5. Measurement-update for the information state:
The standard Kalman update Equation incorporating the latest measurement z; is

applied in order to compute the new information state :%E,
P=aP + kP (zk — AppdP - thc) : (2.80)

Replace K,]? with Equation (2.75), multiply both sides of the Equation with S} and
then substitute Sy from (2.79),

Gk =Gy + AL (R + Pe, )™ @07 + AL (R + Pe, i)™ (20— Ap s ™ — by

=0, + AL g (Ri+ Pe, i)' (21— bug) , (2.81)

where zj is the true measurement at time k. The information state g is formed
at the L.H.S of Equation (2.81) by the multiplication of the backward state :E:E and

the corresponding information matrix S,
-~ g b
Y = Skwk . (2.82)

Note how the statistical linearization parameters by ; and P, ;, play a part in the

update of the information state.

Smoothing

The SPKF is run in the forward direction on the interval [0, N] to compute the forward

posterior estimates &; and the estimation error covariances Pj. The information filter
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is then run backwards to form the prior backward estimates g, and the corresponding
estimation error covariances S, . Note that a posterior estimate at time k utilizes all
observations up to time k, whereas a prior estimate is the state prediction at time k
based on observations until time k£ — 1. The smoother statistically combines the forward
and backward estimates and their respective error covariances to determine the smoothed
estimate &} and the error covariance Py, where the superscript “s” signifies the smoothed
output.

The smoothed estimate &} is obtained by linearly combining the forward and the

backward estimates
a5 = Kfay + (I - Kf)2p-, (2.83)

where K£ is the linear combination coefficient to be determined. To make the smoothed

estimate @&} unbiased, @) and :ch_ are combined with coefficients that sums equal to
,£, we first compute the estimation error covariance P between

the true @} and the estimate &} and then minimize the trace of PJ with respect to K £

identity. To determine K

The smoothed error covariance PkS can be defined as
Py =E|(} - a}) (a} - 2})"|. (2.84)

Replacing @} from (2.83) and then further simplifying we obtain

T T
P =K} (P.+P>") (Kl) +P" - KPP~ - P>~ (K) . (2.85)
Differentiating P with respect to K£ and then setting equal to zero obtains
PS
0 ’ff =0 (2.86)
0K,
=2[K} (P +P)7) - P (2.87)

Solving the above, we obtain an expression for K ,£
-1
Kl =P’ (P.+PP7) . (2.88)

o Smoothed Error Covariance:

We can put the newly obtained value of the coefficient K ,£ into Equation (2.85)
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to derive an Equation for PP, which is a function of the forward and backward
estimation error covariances (for details, please refer to [11])

PP = [Pk—l n (pb—)‘l]_l (2.89)

- {Pk‘l + Sk—}_l . (2.90)

The matrix inversion Lemma can be applied to write the above in the following

alternative form
-1
Py =P~ PS; (I+PS;) P (2.91)

As all covariance matrices are positive definite, Equation (2.91) suggests that the
smoothed covariance Py is smaller than or equal to the forward SPKF covariance

P..

e Smoothed Estimate:
An Equation for &5 can be obtained by substituting the value of K ,£ into Equation

(2.83)
- -1
i = PP (Po+ BP7) @+ P (Pt BPT) @b (2.92)
We can further simplify the above Equation using the matrix inversion Lemma

(A+B) =B (AB +1) (2.93)

where A and B are the invertible square matrices in order to obtain the final Equa-

tion for the smoothed state &7,

-1
e {P,;%k +(PP) @}3—} (2.94)

-1
(I+PS;) @+ Py (2.95)

Note that both the smoothed state &} and the smoothed error covariance P are computed

by incorporating all available measurements z.y.
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FBSL-SPKS algorithm

The final equations of FBSL-SPKS algorithm including the forward filter, the backward

filter and the smoother are demonstrated below:

o Forward filter:
The SPKF algorithm with WSLR, as defined in Section 2.3.2 is used as a forward
filter, which starts from k& = 1 and proceeds to £k = N. In addition to computing
the estimates @, and the estimation error covariances Py, statistically linearized
parameters Ay, Apk, brr, bk, P, i and P, ; are also generated at each k by

applying the WSLR technique on the nonlinear dynamics.

e Backward filter:
The backward filter is an information filter, which operates backward in time from
k = N to k = 1 computing the information estimate g, and the information error

covariance Sy,.

Fork=N,N—-1,N-2,...,1
— Time update:

Sy =A%, (I- KPGY,) Sk Ay (2.96)

9y = ATy (I - KPGT,) (811 — Skyabss) (2.97)

— Measurement Update:

Sk =S + Al (R + Pe, )" Api (2.98)

Ue = j, + ALy (R + Pe, ) ™" (21— bug) (2.99)

o Smoother:
The smoother combines the estimates obtained from the forward and backward filters

in order to compute the smoothed estimates.



44

P =P+ 8] (2.100)

~S 1 ~ S ~A—
@ = (I i PkSk) &y, + Py, (2.101)

Note, the smoothing step employs a minimum variance estimator, which linearly combines
the forward and backward estimates with constant coefficient matrices in order to estimate
the smoothed state at each k. We have found in practice that the state estimates gener-
ated by the FBSL-SPKS are clearly superior to those calculated by the standard SPKF.
However the performance advantage of the FBSL-SPKS comes at the price of higher com-
putational requirement. Each forward and backward filter employed by the FBSL-SPKS
exhibits O (NM 3) order of computation, where M is the state dimension and N is number
of observations. In addition, the computational complexity of combining the forward and
the backward estimates to obtain smoothed states is also O (NM?3). Another disadvantage
of the FBSL-SPKS is that it demands significantly higher memory as the entire forward
estimation results, @&, with dimension M x 1 and forward error covariances P, with di-
mension M x M, need to be saved for the future smoothing step. The implementation
of the FBSL-SPKS also assumes that an inverse of the statistical linearization parameter
of the process model, Ay, exists and can be easily computed. In the next section, we

describe the RT'SSL-SPKS, which is another variant of the fixed-interval SPKS.

2.3.3 Rauch-Tung-Striebel Statistical Linearized Sigma-Point Kalman
Smoother (RTSSL-SPKS)

Unlike a forward-backward smoother, there is no separate forward and backward filter
in the RTS smoother formulation. As the computation of full backward estimates is no
longer needed, the RTS based algorithm is more computationally efficient and easier to
implement than the forward-backward smoother. In the RTSSL-SPKS, a standard SPKF
is used as a forward filter. A backward smoothing pass, which proceeds from & = N to
k =1, is then applied on the forward estimation results to obtain the smoothed estimates.

Figure 2.4 demonstrates the RTSSL-SPKS algorithm. The objective of the smoothing
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’A‘L | f(k forward estimate
0 i N
k -
f‘i backward smooth
0 Ik N

-—

Figure 2.4: This schematic diagram explains the concept of the RTSSL-SPKS method-
ology. The forward SPKF generates a state estimate & at each time k. The backward
smoothing step applies a correction on the forward estimates to derive the smoothed
estimates 5.

pass is to employ a corrective measure on the forward estimation results based on the
calculation of a smoothing gain Dj. The computation of Dy, which is a function of the
prior and posterior estimation-error covariances, requires a linearized form of the state
space. For a nonlinear system, EKF solves this problem using the Taylor series based
first-order linearization. In this dissertation, we make use of the WSLR form of the
nonlinear state space to perform the backward smoothing. As the statistically linearized
state space defined in (2.28) and (2.29) is different from the standard linear state space
used by the Kalman filter, we must derive the RT'SSL-SPKS steps from first principles.

Forward Filter

The standard SPKF algorithm (refer to Section 2.3.2) is used as a forward filter, which
generates state estimates @ and estimation error covariances P from time k£ = 1 to
k = N incorporating the measurements z; for 1 < j < k. In addition to computing the
state estimates and error covariances, the forward pass also saves the intermediate results
including the state prediction @, and the prediction error covariance P, at each time k.
Similar to the forward SPKF employed by the FBSL-SPKS algorithm, the forward filter in
the RTSSL-SPKS algorithm also computes the statistical linearization parameters, A,
bir, Pe ks Ap g, by, Pe, 1, at each k in order to form the pseudo-linearized dynamics,

which makes the backward smoothing step feasible.
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Backward RTS Smoothing

Similar to the FBSL-SPKS smoother equations given in (2.90) and (2.95), the smoothed
state &} and the smoothed covariance P} for the RTSSL-SPKS algorithm are derived
by making use of the statistically linearized state space. However as opposed to the
FBSL-SPKS, which employs independent forward and backward filters for smoothing, the
RTSSL-SPKS does not require to directly compute the backward estimates in order to
perform smoothing. As the structural form of the WSLR linearized dynamics is different
than the standard linear state space, the standard RTS equations derived for the linear
system cannot be directly applied in this case. In the following, we derive the smoothed co-
variance and the smoothed state for the RTSSL-SPKS algorithm from first principles that
involves a backward correction on the forward filtering result. The backward smoothing

steps make use of Lemmas 2.7.3 to 2.7.11, which are derived in Appendix 2.7.

1. Initializations:
The initial smoothed state and the estimation error covariance is equal to the forward
filter estimate computed at the final time interval k¥ = N. The initial conditions for

the smoother can be shown as

Py =Py (2.102)
2 =N (2.103)

The recursive RT'S smoother is then run in the backward direction for k = N, N —

LN—2,...,1.

2. RTS smoothing for estimation error covariance:
Below we derive the recursive Equation for the RTSSL-SPKS smoothed covariance
P} at each k. Here we start with the smoothed error covariance given in Equation
(2.90) and express the estimation error covariance of the backward filter P,lO in terms

of the smoothed error covariance P§ and the forward prediction error covariance

P_ . In that way we can avoid designing a separate backward Kalman filter and can
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estimate P using only the forward filtering results. From Equation (2.67)
1 —
(Pk + P];b_) = [Pk + A;iP]B_lA;’g + A;,]lng,k (Pef,k + Qk) G?’kA;};}

~1
= A?,k {Af,kPkA?,k +Gyi (Pef7k; + Qk) G?,k + PIB_J Af.

(2.104)
Introducing
P, = ApuPeAf ) + G (Pef,k + Qk) GF . (2.105)
and also defining Pll)+1 from Lemma 2.7.4,
Pk}:)-i-l = (Pks+1)_1 - (ijrl)_l] B , (2.106)

we further simplify the Equation (2.104),

- (me) ] A

AT, (P,;rl)_l [(Pk_ﬂ)_l N (Pk_+1)_1 (PE) " - (ijrl)—l]‘l (Pk_+1)_1] -1 :

(Pk_-i-l)_l Af k- (2.107)

(P + P,lo—)_1 — A7, lP,;H +

Now by applying the matrix inversion Lemma, Equation (2.107) is expressed as

follows:

b-\ ! T ~\ 1 p- _\!
(Pe+PY7) =47, (Poy)  (Poa—Pia) (Poa) Ak (2.108)
-1
Using the above Equation, we substitute (Pk + P]P _) from the Equation (2.91)
in order to obtain the smoothed covariance Pp,
S _ - S T
P} = P, — Dy (P;,, - P,,) D, (2.109)
where we have assumed that Djp=backward smoothing gain, which is defined as

-1
D, = P,AY, (PkH) : (2.110)

Note that the computation of the backward gain Dy depends on the statistical
linearization parameter A, forward estimation error covariance Py and the future

prediction error covariance Py ;.
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3. RTS smoothing for state estimate:
Now we concentrate on deriving the recursive Equation for estimating the smoothed
state &} at each k. Like the derivation of the smoothed covariance, the estimation
of the smoothed state is based on expressing the FBSL-SPKS backward filter equa-
tions in terms of the previously computed smoothed results and the forward filter
estimates. We start the derivation using Equation (2.64). Multiplying both sides of
Equation (2.64) with S, ,

;= Sy A7 (PP —bps) (2.111)

By using Lemma 2.7.9,
Sy = A, [Q;l — Q" Sk + Q,;l)_l Q,;l} Apy, (2.112)

where Qy, is defined as
Qi = Gy (Pef,k + Qk) Ghr, (2.113)

we substitute S,  and then further simply the Equation (2.111)

L - L N1
Y = ACJQkal (Sk+1 +Q; 1) (Yk1 — Sk+1by i)
, 1
= Afy (I + SkHQk) (Yr+1 — Skt1bsk)

Y1 = (I+ Sk+1Qk) A7 LG + Skrabyi (2.114)
Multiplying both sides by AJ?}CP,PH and then applying Lemma 2.7.5,
A7 QrALL = Ap P Al — P, (2.115)
we obtain,
A7LPL g = ATLPOAATTUE + ATLP L ATT — Puy + Af by
PP = (PR + Py ) A7E — ApuPe] 5 + b (2.116)
We use Lemma 2.7.6,

P11)+1 = (Pk_-i-l + Pllo+1) Si1 P (2.117)
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and Lemma 2.7.7,
P+ PP, = App (Pk + P;lo‘) A%y, (2.118)

to replace P,;'DJrl and P, + P,;'OJrl from the L.H.S and the R.H.S of the Equation
(2.116),

Az (Po+ PP7) AT, SE Pl = [Apk (Po+ PP7) — AP 5 + by
(2.119)

-1
Now multiplying both sides of the Equation (2.119) with (Pk + Pl;b_) A;i and
-1
then substitute (Pk + P;b_) from the Equation (2.108)

AL S PGk = 0 — ATkSi (Pk_-i-l - Pks+1) S 1Ak Pryy, +
AT4Sin (P — PRat) Siabyse (2.120)
Equation (2.108) can be further modified as
ALSp (P~ Py Spdig, = — (P PP Aplar,. (2a20)
Summing Equations (2.120) and (2.121) and later using Lemma 2.7.8
&1 = PiaSkndny — PEOAT R Anen @i + Plpden,  (2.122)
to substitute P? gpi1,

T g- (4 o — — AT G- - S — o
A kS (-’B2+1 - mk—i—l) =Y, — ApeSkn (Pk—i—l - Pk+1) Syr1ArePryy +

by, . A_
{— (Pk + By ) AT+ AT S PRy S | @0+

T o T pH1 T o . .
[_Af,kSkJrlP1§+1Ah,k+1Rk+1Ah7k+l - Af,kSk+1PkS+1Sk+J Tyt

A;{ksk_-i-l (Pk_—i—l - Pks+1) S1bsk (2.123)
where Rk—i—l expands to

Ryi1 = Ry + P, 1. (2.124)
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Now by applying Lemma 2.7.10,
~S A S A— — N1 A
& —ax = Pigy — PuSy (I+PuSy)  au, (2.125)

and Equations (2.123), (2.108), (2.64) and (2.79), we simplify the Equation (2.123)

as follows:

T g (285 _ - — AT o (p- s\ o -
A Sk ("Bk+1 - wk—i—l) =Y — ArrSi (Pk+1 - Pk+1) Syr1ArkPrYy —

S; (I + P,fs,;)_1 . (2.126)
We can form the smoothed covariance Pp, | at time k+ 1 using the Equation (2.109)
PPy =P — Dy (Pk_-',-2 - Pks+2) Dil.y. (2.127)
Substituting Py ; from above into the Equation (2.126)
A?stk_-i-l ("ﬁ%ﬂ - "ﬁl;rl) =Y —
AfLSi (Pk_—i—l — Py + Dy (Pk_+2 - Pks+2) DI:cF+1) D{g, —

-1
S; (I+ Pks,;) @ (2.128)
Multiplying Pj on both sides of the Equation (2.128), we obtain
D, (&}, -2 .,) =Py, — Dy (P, — P11+ D P_,— P ,) D} ) Dly;
k\Tr+1 E+1 kY k\ k41 k-+1 k+1 \ L2 k+2 ) Prt1) Pk Yg
-1
~PS; (1+PS;)  an (2.129)

The above Equation can further be simplified as

D, (iﬁiﬂ - iiﬂ) =
(Pk — Dy, (Pk_ﬂ — Pyy1 + Dy P, Df - Dk+1PkS+2D1{+1) Dg) Uy —
-1
PSS, (I+PS;) . (2.130)
where the backward smoothing gain Dy, is defined in Equation (2.110). From (2.109),
PP =Py — Dy (Pk_+2 - Pks+2) D,

Dk+1PkS+2D£+1 = Pks+1 — P+ Dk+1Pk_+2DI{+1' (2.131)
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Substitute Dk+1P]§+2D£+1 from the above Equation into the Equation (2.130),

Dy (#541 — #541) = (Po— Di (Pry — PR) DY) 9 — PeSy (T+ Pksk_)_l i

-1
= PYy; — PS; (I+ PS;) . [from (2.109)] (2.132)
Finally, define Lemma 2.7.11,
~S A~ S A— — — -1 A
& —ax = PRy, — PuSy (I+PuSy)  an, (2.133)

and compare the above Equation with (2.132) in order to obtain the smoothed state

S

k

W

~S n— S
Dy, (iﬂk+1 T X)) T

T

>N ——

B+ Dy (841 — By ) - (2.134)

As shown, the smoothed state estimate &} is equal to the linear combination with

coefficient Dy, of the following:

(a) The state estimate & computed during the forward SPKF pass.

(b) The difference between the smoothed state &} 41 estimated at time k+1 during
the backward smoothing pass and the state prediction &, ; computed by the

forward SPKF estimator.
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RTSSL-SPKS algorithm

The final equations of the RTSSL-SPKS algorithm including the forward filter and the

backward smoother are described below:

o Forward filter:
The SPKF algorithm with WSLR as defined in Section 2.3.2 is applied for k& =
1,2,...,N. In addition to computing the estimates &; and the error covariances P,
the forward pass also saves the intermediate results including the state prediction &,
and the prediction error covariance P, at each time k. The statistically linearized
parameters Ay, Ap i, by, by, P, i and P, j are also generated at each SPKF

recursion using the WSLR technique on the nonlinear state space.

e Backward smoothing:
The backward smoothing recursion can be used to compute the smoothed estimates

at all k, starting from k& = N and proceeding backwards to the initial time k& = 1.

— FError covariance smoothing:

—1
Dy = PAT, (Pr,) (2.135)
Py =P, — Dy (P, - P},,) D} (2.136)
— State estimate smoothing:
& = @+ Dy (2541 — 25y, ) (2.137)

Note, the smoothed error covariance P} is not necessary for the estimation of the smoothed
state &} and should only be computed if it is of sufficient interest. We have found in the

experimental results that the RT'SSL-SPKS and FBSL-SPKS perform equally well with
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negligible difference in the estimation accuracy. However, the RTSSL-SPKS algorithm is
more computationally efficient than the FBSL-SPKS. The computational saving is due to
RTSSL-SPKS’s ability to combine the backward filtering and smoothing step to a single
backward smoothing pass. Both the forward filter pass and the backward smoothing pass
of the RTSSL-SPKS algorithm performs an order of O (NM 3) computations in order to
generate the smoothed estimates. Another benefit of implementing the RTSSL-SPKS is
that it does not require the inverse of Ay in order to compute the estimates, which can
be particularly significant if Ay is singular or the inverse of A; leads to numerical
problems. On the downside, the RT'SSL-SPKS needs more memory than the FBSL-SPKS
as it needs to save all the forward filter state predictions &, and the prediction error
covariances P, in addition to the state estimates @y and the estimation error covariances
P,. The high memory requirement for the RTSSL-SPKS can pose significant burden
on a system, particularly for the case of large M and/or N. To address the problem
of offline estimation and higher storage requirement characterized by the fixed-interval
smoothers, we develop the nonlinear fixed-lag smoothers using the sigma-point Kalman

filtering methodology, which is described next.

2.4 Fixed-Lag Sigma-Point Kalman Smoothers (FL-SPKS)

Here we derive the formulations for fixed-lag smoothers operating on a nonlinear state
space. For a fixed-lag smoother, we estimate the state x;_; given observations up to time
k, z1.k. In other words, there exists a fixed time lag L between the current observation
and the smoothed state. The fixed-lag method provides sequential estimates of the states
delayed by L measurements, and is thus more appropriate to an on-line implementation

than the fixed-interval approach.

2.4.1 State-Augmented Sigma-Point Kalman Smoother (Aug-SPKS)

In the Aug-SPKS, the objective is to estimate the current state xj of dimension M using
all the past, present and L future measurements, where L is the fixed lag. Alternatively,

this may be viewed as estimating the lagged state @ _j, given all measurements up to the
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current time k. The Aug-SPKS is specified by simply defining a new augmenting state

space,
T
Tpt1 = | Tps1 Tk 0 Th—L41 (2.138)
MLx1
fr (k) C _
Inrxm 0 0 Mt
0
= 0 Iniss 0 0 B + Vi
Ty
0 I 0 L0 MLxM
Lt MM I ar-vyxmr 1y
(2.139)
z = hy, (zk) + Mg, (2.140)
where the augmenting state @ is defined as
T
Ty = T XTp—1 °° Tg—L . (2141)

The process noise v shown in Equation (2.139) is of dimension M x 1. The standard
SPKF recursions shown in Section 2.3.2 are applied directly to the augmented system. The
fixed-lag estimate of the last element of the augmented state vector x_ will be equal to
Ij_, given measurements up to time k. As can be seen, the Aug-SPKS algorithm is simple
and straightforward to implement but the increased state dimension increases the overall
computational complexity of the algorithm. As the computational complexity of the SPKF
varies to the cubic rate of the augmented state dimension, the computational order of the
Aug-SPKS to generate each smoothed estimate becomes proportional to O (M3L3). Note
that the computational load of the Aug-SPKS further increases to O (NM3L3) in order
to generate N smoothed estimates. The increased computational demand may pose a
challenge in implementing this smoother in practice, particularly in those cases involving
a large state dimension M. In addition to the higher computational demand, the Aug-
SPKS also requires larger memory at each k due to the generation of an augmented state
with length M L and an estimation-error covariance of dimension M L x M L. Still this is

an improvement compared to the FI-SPKS, which requires the entire forward estimation



95

X k-L Xk-L+l
0 Filter
Smoother
»' X
k */'L k—-L+1 k k+1
- L —

Figure 2.5: This schematic diagram explains the concept of the forward-backward fixed-
lag methodology. As shown, the forward filter and backward smoother operate within a
window of size L to generate state estimate @;_j delayed by L measurements. The win-
dow then slides one measurement to the right and the same forward-backward smoothing
operations are repeated to obtain &;_r1.

results to be saved for the use of backward smoothing process. In the following sections,
we propose three different FL-SPKS algorithms, which rely on sequential smoothing rather

than state augmentation, to counter the disadvantages of Aug-SPKS.

2.4.2 Forward-Backward A Priori Sigma-Point Kalman Smoother (FB-
Priori-SPKS)

The FB-Priori-SPKS algorithm is motivated from the FL-FB-KS smoother, which is origi-
nally implemented by Simon for estimating smoothed states in a linear system [11]. Unlike
the Aug-SPKS, the FB-Priori-SPKS bypasses the state augmentation by estimating the
states sequentially within a sliding window. The FB-Priori-SPKS uses two-pass to gener-
ate smoothed states in a given time-window: a filter estimates states @y, for k € [j — L, j]
during the forward pass and then a smoothing pass operating backward in time from k& = j
to k = j — L uses the forward pass results to obtain the final estimates. A new window is
formed for k € [j — L 4+ 1, + 1] by shifting forward the previous time-window and then
the same two-pass forward-backward process is repeated within the new window to obtain
smoothed states. For better understanding, the above procedure is shown in Figure 2.5.
We have extended Simon’s work, which formulates the fixed-lag sequential smoothing
equations using the standard linear state space, to derive the FB-Priori-SPKS [11]. The
equations of FB-Priori-SPKS uses a new form of SPKF. This form of the filter propagates

a priori state estimate and the corresponding estimation-error covariance. We employ a
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priori form of the KF operating on the statistically linearized state space to estimate the
smoothed states and the estimation-error covariances for the FB-Priori-SPKS. A priori
form of the KF is also easier and straightforward to implement than the SPKF.

We start with the state estimation and estimation error covariance equations for the
KF that is applied on the WSLR form of state space defined in Equations (2.28) and
(2.29)

Ty = Afp—1Tp—1 +bpp—1 + Grr_1Vp—1 + Grr_1€5 -1 (2.142)
zp = Ap @k + bp g +ng + €pg (2.143)
Py = Ap 1P AT+ Graon (Qeor + Pepi1) G (2.144)
K = Py AL, (A1 Py AL + R+ Pey i) (2.145)
P.=(I - KyAu) Po (I — KpApg)" + Ky (R, + Pe, i) KI (2.146)
&; = Agp_1@p_1 +brri (2.147)
ar = @y + Ky (2 — Anady —bag), (2.148)

where a priori state #;, and a priori covariance P, is estimated by taking into account
the measurements up to time £ — 1. Now, define a new Kalman gain Ly, which is Ay

times the standard Kalman gain K,
L, = AfJCKk. (2.149)
Substitute K}, from (2.145)
— AT — AT -1
L, = Af,kPk Ah,k (AthPk Ah,k + Ry, + Peh,k) . (2.150)

Next, we derive the state and the error covariance equations for a priori KF that propagates

a priori state @ and covariance P, in order to obtain @, ,, and P .

State propagation for a priori KF

Defining @; | in terms of @y,

Ty = Aprlr + by (2.151)
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Substituting @) from (2.148) into (2.151)
Ty = Afk (iﬁ/; + K, (Zk — Apiy — bh,k)) + by
= ArrZy, + Lk (zk — Appy, — bh,k) + bk (2.152)

where Ly, is used from (2.150).

Covariance propagation for a priori KF

From Equation (2.146)
P.= P, — K, A P, — P, AL Kl + K, Ay Py AL KL + Ky, (R + P, ;) KIL.
Substituting K} from Equation (2.145) and simplifying

1 1
Pk_Ag;,k (Ah wPy Al + Ry, + P, k) (Ah kP AL+ R+ Pe, ) ] APy +

-1

Pk_Afj;k (Ah Py Ah kT Ry + P, ) Ay, kP Ah k (Ah Py Ah T By + P, k) ] Ah,kPk_+

—-1
P AL, (AMP,;AM + R+ Pek)  (Ri+ Pey) (AnsPy ALy + Ry + P, 1) } APy

(2.153)
The above equation can further be simplified to form an expression for Py
_ — AT — AT -1 —
Py = Py — Py AL (AniPy AL+ Ri+ Poy ) AniPy. (2.154)
Now define P, in terms of Py
- T T
P, =ApPAp)+ Gy (Qk + Pef,k) G (2.155)

Substitute Py from (2.154) and after further simplifying we obtain an expression for P,

in terms of P~
— - AT AT -1 | 4T
P =Ark {Pk =P Ak (AthPk App + R+ Peh,k) A1 By ] Aj gt

Gk (Qk + Pef,k) Gy,

= APy (Apy — LA g)" + Grp (Qr+ Pei) G (2.156)
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Note, we derive an alternate form of the KF equations that provides an one-step solution
for propagating a priori state and a priori error covariance forward in time using the
WSLR form of the nonlinear system. In this respect, it is worth mentioning that both
the one-step a priori KF and the standard two-step KF with Equations (2.144)-(2.148)
generate identical estimates of the state and estimation-error covariances.

Combining Equations (2.152) and (2.156), a priori one-step formulation of the KF can

be summarized below:

x, = Appty, + Ly (Zk — Ap ) — thf) +bsg (2.157)

Pry = ApaPy (Apk = LrAng)” + Gy (Qu+ Pep i) G (2.158)
where the a priori gain Ly is defined as

L, = Af,kKk

-1
= APy Al (Ah,kP,;Af,k + Ry + Pe,“k) . (2.159)

The a priori KF formulations shown above are then applied on the augmented statistically
linearized state space (Equations (2.28) and (2.29)) to derive the sequential two-pass
smoothing algorithm. In order to maintain continuity, the derivation is skipped here and

described in Appendix 2.8.
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FB-Priori-SPKS algorithm

The final equations of the FB-Priori-SPKS algorithm including the forward filter and the

backward smoother are demonstrated below:

o While j <N

e Forward filter:
A priori Kalman filter defined in Equations (2.157)-(2.159) is applied on the statis-

tically linearized state space to obtain Ly, €, and P, at each discrete time k.

—Fork=j5—-L,j—L+1,...,j

Ly = ApiPy AT, (AniPy A+ Ry + Pei) (2.160)
x, = Aprey + Ly (Zk — ApipZy — bh,k) +bsk (2.161)

Py = ApuPy (Apy — LyApy)' + Gy, (Qk + Pef,k) GTp  (2162)

— End For

e Backward smoothing:

— Initialization:
Tht1k = Tpyq (2.163)
Lyo=1Ly (2.164)
P’ =P (2.165)

— Smoothing recursions:
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x Fori=1,2,...,L+1

Lyi =P AL, (A POAT + By + Pey ) (2.166)
Py, = P - PYTALL L AT, (2.167)
Pl =P Ak — Lo Any)” (2.168)

Tpt1—ik = Thyo—ik + Li; (Zk — A, — bh,k) (2.169)

x End For
e Increment j by one: j =75 +1

e End While

Note, the FB-Priori-SPKS algorithm proposes a set of backward recursions, which loops
through for the period of entire lag L. For the first time through this loop (i = 1), we obtain
the standard measurement update of the KF. At the end of the loop (i = L+ 1), smoothed
estimates of each state with delays between 0 and L are computed using measurements
up to time k.

Although we have found that both the FB-Priori-SPKS and Aug-SPKS performs com-
parably in a number of state estimation examples, the FB-Priori-SPKS is more computa-
tionally efficient than the Aug-SPKS. The FB-Priori-SPKS performs O (LM 3) computa-
tions within each sliding window in order to generate the smoothed estimate &;_j given
measurements zj.;. Recall that the Aug-SPKS requires a significantly higher order of
computation O (M 3L?’) in order to generate the smoothed estimate &;_;. Although the
generation of each estimate takes O (LM 3) processing, the computational complexity of
the FB-Priori-SPKS increases to O (NLM?) in order to compute N smoothed estimates
using N sliding windows. The FB-Priori-SPKS is not only computationally superior,
it also requires less memory compared to the Aug-SPKS to save each estimated state
and estimation error covariance, which are of size M x 1 and M x M respectively. One

disadvantage of the FB-Priori-SPKS is that the backward smoothing loop calculates L
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cross-estimation-error covariances P,S " of dimension M x M within each window, which
demands higher memory and also takes longer in computing the smoothed estimates. In
addition, the forward estimation results of each L sized window need to be saved for the
backward smoothing recursions to take place. In the next sections, we present a fixed-
lag version of the FBSL-SPKS and RTSSL-SPKS methods, which are more direct and
simple to implement while maintaining the same level of computational complexity and

performance of the FB-Priori-SPKS.

2.4.3 Forward-Backward Statistical Linearized Sigma-Point Kalman
Smoother (FBSL-SPKS)

In this section, we demonstrate how the FBSL-SPKS, derived in Section 2.3.2 for the
fixed-interval case, can be extended into the fixed-lag framework. Similar to the FB-
Priori-SPKS, the proposed FBSL-SPKS algorithm works in a sequential forward-backward
manner within a windowed set of L measurements, from k = j — L to k = j, where
the time index k constantly moves forward. The FBSL-SPKS performs in three steps,
which can be summarized as follows. A SPKF starts at £ = j — L and operates forward
in time on the true dynamics until & = j to obtain posterior state estimates &p. An
information filter starts at & = j and then operates backward in time to k = j — L in
order to generate prior information states g, . Note that the backward filter works on a
statistically linearized dynamical space, the coefficients of which can be obtained from the
forward SPKF recursions by using the WSLR formulations. The estimates of the forward
and backward filters are then statistically combined at each time k to obtain the smoothed

estimates 7.
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The pseudo code of the FBSL-SPKS algorithm combining the forward filter, the backward

filter and the smoother is described below:

o While j <N

e Forward filter:

— Fork=j—L,j—L+1,j—L+2,...,j—1,j

The SPKF algorithm as demonstrated in Section 2.3.2 is used as a forward

filter to compute state estimates @; and estimation-error covariances P} at

each discrete time k. Statistically linearized parameters Ay, Ap, bk, by,

P, j and P, ; are also derived at each k by applying the WSLR formulations

on the nonlinear state space.
— End For
o fork=j4,7—-1,j—2,...,j—L+1,7—L
— Backward filter:
x Time update:
Sy =A%, (1- KPGY,) S Ay

g, = Af}, (I - K,?G?,k) (Uk+1 — Skt1by k)

x Measurement Update:

Sy =8, + A} (R + Pey )" Ap

Uk =y, + Af  (Ri+ Pe, )~ (21 — b )

(2.170)

(2.171)

(2.172)

(2.173)
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— Smoother:
The smoothed estimates are obtained by combining the forward and the back-

ward estimates.
Pi=[(Py v 8] (2.174)
i} = (I+PuSy) @+ PRy (2.175)
e End For
e Increment j by one: j =5+ 1

e End While

As no state augmentation is required, the computational cost of implementing the FBSL-
SPKS to generate N smoothed estimates is of the same order as the FB-Priori-SPKS,
O (NLM?3), where N is the number of observations, M is the state dimension and L is
the lag. Like the FB-Priori-SPKS, each smoothed state and estimation error covariance
generated by the FBSL-SPKS are also of size M. However, unlike the FB-Priori-SPKS,
computation of cross estimation error covariances are no longer required. Comparing to
the fixed-interval version of the FBSL-SPKS, the forward estimation results are still need
to be saved in order to apply the backward filtering step. The major difference here is that
in the fixed-lag case, the smoother works within a windowed set of L states and hence only
L forward estimates are required to obtain the smoothed results. However, it inherits the
fundamental drawbacks of the fixed-interval FBSL-SPKS approach: the backward filtering
and the smoothing occurs in two separate steps and the backward filter needs the inverse

dynamics of the forward filter.

2.4.4 Rauch-Tung-Striebel Statistical Linearized Sigma-Point Kalman
Smoother (RTSSL-SPKS)

Similar to the FBSL-SPKS, the fixed-interval RTSSL-SPKS equations, detailed in Section
2.3.3, can be extended into the fixed-lag framework. The fixed-lag version of RT'SSL-SPKS
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SPKS Computation Memory
Fixed-Interval SPKS

FBSL-SPKS O (NM?3) (2%, Pp) € RM Yk € [1, N]
RTSSL-SPKS O (NM?) (#k, Pr, oy, Py ) € RM, Wk € [1,N]
Fixed-Lag SPKS

Aug-SPKS O (NL3M?) (1, P) € RME
FB-Priori-SPKS O(NLM?) (&, P, Py7 i # ) € RM Wk € [1,L]
FBSL-SPKS O (NLM?3) (2, Pp) € RM Yk € [1, L]
RTSSL-SPKS O (NLM3) (:i:k,Pk, :i;,;,P,;) eRM Vi e [1,1)

Table 2.1: Performance comparison of the proposed SPKS in terms of computation and
memory.

works within a windowed set of L measurements between time k = j — L and k = j using

a forward and a backward pass:

1. A standard SPKF is used as a forward filter, which at each k estimates a priori state
x,; , a posteriori state &) and their respective error covariances by operating on the

true nonlinear dynamics.

2. A backward RTS smoothing pass is then followed on the forward filtering results
to generate &} by linearly combining the forward estimates with a correction term
governed by a smoothing gain. Note, the smoothing gain is a function of the sta-
tistically linearized process model, forward estimation error covariance and forward
prediction covariance. The correction term is equal to the difference between the

future smoothed state :%ZH and a priori state &, , at time k + 1.

The time index k continuously moves forward to accommodate new measurements and
the RTSSL-SPKS equations are applied on each L windowed segment to determine the

smoothed estimates.
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RTSSL-SPKS algorithm

The final equations of the RTSSL-SPKS algorithm including the forward filter and the

backward smoother are described below:

o While j <N

e Forward filter:

— Fork=j—L,j—L+1,j—L+2,...,5—1,j
The SPKF algorithm with WSLR as defined in Section 2.3.2 is applied for
k = 1,2,...,N. In addition to computing the estimates &; and the error
covariances Py, the forward pass also saves the intermediate results including
the state prediction , and the prediction error covariance P, at each time k.

The statistically linearized parameters Ay, Ap g, by, boi, P

€f7k and Peh,k

are also generated at each SPKF recursion using the WSLR technique on the

nonlinear state space.

— End For

e Backward smoothing:

—Fork=34,7—-1,7-2,...,7—L+1,j—L
x Error covariance smoothing:

-1
Dy = PAT, (Pr) (2.176)

P} =P, — Dy (P, — P},,) D} (2.177)

* State estimate smoothing:

& = @+ Dy (2541 — o5,y (2.178)



66

— End For
e Increment j by one: j =j5+1

e End While

The computational complexity of RT'SSL-SPKS to estimate IV smoothed states is of the
same order as the FB-Priori-SPKS and the FBSL-SPKS, O (NLM?3), where N is the
number of observations, M is the state dimension and L is the lag. In the RTSSL-
SPKS, the backward filtering and the smoothing are combined to a single step and hence
it avoids an additional O (NLM?3) computations for performing a separate smoothing
step. However, it needs to save L forward predictions with L forward estimates for the
backward smoothing step which makes the RTSSL-SPKS slightly more memory intensive
than the FBSL-SPKS. As only L forward estimates are required compared to N estimates
to perform the backward smoothing, the fixed-lag RTSSL-SPKS requires considerably less
memory than the fixed-interval case. Table 2.1 compares the computational complexity

and memory of all the proposed fixed-interval and fixed-lag smoothers.

2.5 Numerical Simulations

We evaluate all our fixed-interval and fixed-lag smoother algorithms in the following sce-

narios:

1. Estimation of an underlying clean Mackey-Glass chaotic time series corrupted by an

additive white Gaussian noise.

2. Tracking a space vehicle when it re-enters into the earth’s atmosphere at a high

altitude and with a high speed.

These two examples were used to demonstrate the performances of previously proposed
sigma point smoothers, namely the FBNL-SPKS [17, 26] and URTSS [32] and hence is

chosen in this dissertation in order to facilitate comparison among our methodologies. In
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Figure 2.6: Performance comparison between the FI-SPKS and the SPKF using the
Mackey-Glass chaotic time series. (a): Clean and noisy time series. (b): Estimated
time series.

addition to comparing various SPKS methodologies, we also evaluate our smoothers versus

the EKF, EKS and SPKF.

2.5.1 Problem Description and State Space Representation

Mackey-Glass clean time series estimation

In this example, the objective is to estimate the clean Mackey-Glass-30 chaotic time series

which is corrupted by an additive white Gaussian noise (SNR = 0db). This example
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Mackey—Glass—30 Chaotic Time Series State Estimation
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Figure 2.7: Performance comparison between the FI-SPKS and the SPKF using the
Mackey-Glass chaotic time series. This plot zooms in on a section of the estimated time
series shown in Figure 2.6(b) to demonstrate how accurately the SPKS tracks the ground
truth.

was used to demonstrate the superior performance of FBNL-SPKS over the traditional
SPKF [26]. The Mackey-Glass time series is generated by the following continuous time
differential Equation [26]

dx(t)
dt

0.2z(t — 3)
14 x(t —30)10

= —0.1z(t) + (2.179)

where ¢ is the continuous time index and x(t) is the time series amplitude at time ¢. The
discrete time version of the clean time series is modeled as a nonlinear autoregressive

process [17], which is shown below:
xp = f (Th—1,Tk—2,...,Tk_p; W) + vg [in this example, M = 6] (2.180)

The parameterized model f is approximated by training a 6-5-1 (input-hidden-output)
nodes feed-forward neural network on the clean time series. The optimum number of
hidden nodes is chosen by minimizing the modeling error using a ten fold cross validation

technique. w denotes the neural net weights and biases after learning. The modeling

2

2, which is computed after the

error v is assumed to have zero mean and covariance o
convergence of the neural net weights. White Gaussian noise is added with the clean

time series to obtain SNR = 0db. The noise corrupted time series zj at each time k are
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Figure 2.8: (a): Performance evaluation of the FI-SPKS in terms of MSE for the Mackey-
Glass time series estimation problem. (b): This plot exemplifies a single run where the
SPKF generates a large spike in the MSE, whereas the SPKS is able to keep the estimation
error at the lower level. MSE is calculated between the estimates and the original clean
time series by averaging over 200 randomly initialized Monte-Carlo (MC) runs. As proved
from the MSE results, the RTSSL-SPKS generates more accurate estimates than the
SPKF.

considered as measurements and fed into the estimator. The M element state vector is

denoted as ®y = | 1 xp_o ... xp_ps | and ny is the measurement noise. The state
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Figure 2.9: Performance comparison between the FL-SPKS (L = 10) and the SPKF using
the Mackey-Glass chaotic time series. (a): Estimated time series with the ground truth.
(b): This plot zooms in on a section of the estimated time series.

space configuration of the above problem is defined as:

T = [ (xp;w) + Gy ok (2.181)

which can be expanded as

2k

= Hyxp + nyg, (2.182)
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Figure 2.10: Performance evaluation of the FL-SPKS (L = 10) in terms of MSE for the
Mackey-Glass time series estimation problem. MSE is computed between the estimates
and the clean time series by averaging over 200 randomly initialized MC runs. The per-
formance advantage of the RTSSL-SPKS over SPKF is clearly shown.

Vehicle true reentry path
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Figure 2.11: True vehicle trajectory. The solid line is the vehicle trajectory and the dashed
line is the earth’s surface. The radar is placed at ’o’.

o Process Model:

r 1 f(xkvl'k‘—l)"' ,l'k_M+1;w) r 1 ]
Th+1 - T q
1 0 --- 0 Tk
T 0
Tp+1 = ) = o 1 -0 Tp—1 + 1 v (2.183)
Th—M+2 ' . 0
) } L0 - 1 0] [ Tk—m+1 | o
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Figure 2.12: Performance comparison between the FI-SPKS and the SPKF on vehicle re-
entry tracking example. (a) and (b): MSE and estimation-error covariances for 2D vehicle
position zj and yi. MSE is calculated between the estimates and the ground truths by
averaging over 200 randomly initialized MC runs. The MSE results clearly demonstrate
that the RTSSL-SPKS is more accurate in vehicle position estimation than the standard
SPKF.

o Observation Model:

Zk:[l 0 O]mk+nk-

(2.184)

Note that the process model is nonlinear while the observation model is linear.
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Figure 2.13: Performance comparison between the FI-SPKS (N = 2000) and the SPKF
on vehicle re-entry tracking example. (a) and (b): MSE and estimation-error covariances
for 2D velocity of the vehicle v;, and vy, . MSE is calculated between the estimates and
the ground truths by averaging over 200 randomly initialized MC runs. It is evident from
the plots that the RT'SSL-SPKS generates lower MSE than the SPKF for vehicle velocity
estimation.

Vehicle Re-entry Tracking

In this case, the task involves to track a space vehicle that re-enters into the earth’s atmo-
sphere at a high altitude and with a significantly large velocity. A radar stationed on the
earth is used to measure the range and the bearing of the vehicle. This tracking problem

is regarded as particularly challenging for a state estimator because the entering vehicle is



74

under the influence of strong nonlinear forces such as aerodynamic drag and earth’s grav-
ity [37-39]. In addition, a poor knowledge of initial vehicle state and unknown properties
of the aerodynamic forces make the problem even more challenging. The aerodynamic
drag is a function of the vehicle’s velocity and varies exponentially with the altitude. The
earth’s gravitational force pulls the vehicle toward its center and its magnitude possesses
a nonlinear relationship with the position of the vehicle. Julier et al. have successfully
employed the Unscented Kalman filter (UKF) in order to estimate the vehicle’s state [23].
They have also shown that the UKF can provide a significantly better estimate than the
EKF.

The vehicle’s state (xj) consists of its 2D position (x; and yg), 2D velocity (v, and
vy, ) and a scaler parameter of aerodynamic drag (dy). The vehicle state dynamics can be

shown as [23]:

o Dynamical Model:

L1 = @ + 0T g, (2.185)

ka1 = Yk + 6T vy, (2.186)
= (1+orD{") STGS

ka:+1 - + k ka + TGk) xk + 'pryk (2187)

Vg1 = (1 + 5TD,‘31“) Uy, + 6TG%yk + vp, (2.188)

i1 = di + vpy (2.189)

where Dgr and G% are the aerodynamic drag related force term and the gravity
related force term respectively at each discrete time k. All these forces are highly

nonlinear and can be defined as:
Ro — Ry

Hy
Gi—__Gm (2.191)
(Ro — Ry)

DI = _Bexp [ } Vi (2.190)
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Figure 2.14: Performance comparison between the FL-SPKS (lag L = 10) and the SPKF
on vehicle re-entry tracking example. (a) and (b): MSE and estimation-error covariances
for 2D vehicle position x; and yi. MSE is calculated between the estimates and the ground

truths by averaging over 200 randomly initialized MC runs. From the figures, the superior
performance of FL-SPKS over the SPKF can be observed.

where
Br = Boexp (dk) (2.192)
R;, = Distance between the vehicle and the center of the earth

= Vi + i

Vi = Magnitude of the vehicle’s velocity

_ /2 2
= ka+vyk'

(2.193)

(2.194)
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Figure 2.15: Performance comparison between the FL-SPKS (lag L = 10) and the SPKF
on vehicle re-entry tracking example. (a) and (b): MSE and estimation-error covariances
for 2D velocity of the vehicle v, and v,,. MSE is calculated between the estimates and the
ground truths by averaging over 200 randomly initialized MC runs. As seen, the fixed-lag
RTSSL-SPKS generates more accurate estimates than the SPKF.

The “ballistic coefficient” [ represents the uncertainty in vehicle characteristics.
The magnitudes of the typical vehicle and the earth parameters (5o, Ro, Hp and
G'my), the process noise parameters (vp,) and the state initialization are taken
from [23]. The discrete state dynamics is formed by applying the Euler approxi-
mation on the continuous vehicle dynamics. Due to large nonlinearities, the Euler

integration step d7 is chosen to be small i.e. 50 ms.
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o Observation Model:

TE = \/(wl,k —zr)® + (o — yr)® + ny (2.195)
0, = arctan <w> + ng i, (2.196)
T,k — Tr
where the measurement zj = { re O ] consists of both range and bearing. A

radar, which is stationed on the earth surface at zy and yr, observes the range and
bearing at a sampling rate of 10Hz. As can be noted, the state predictions are
made at a higher rate (2 predictions per update) than the observation update. The
observation noise my is uncorrelated zero mean white, with variances of 1m and

17mrd for the range and bearing respectively [23].

2.5.2 Experimental results

In each of the above two experiments, we show simulation results comparing our proposed
SPKS approaches with the EKF, EKS, FBNL-SPKS and URTSS in terms of mean of
(MSE) and standard deviation ((std)) of MSE for a Monte-Carlo (MC) run of 200 ran-
domly initialized experiments. For each MC run, a different realization of both process
and observation noises is generated. The MSE between the true and estimates is calcu-
lated by ensemble averaging over all 200 MC runs, which is then plotted with time. Note,

the MSE is computed after the estimators have converged.

Mackey-Glass clean time series estimation

The clean and noisy Mackey-Glass time series is shown in Figure 2.6(a). Figure 2.6(b)-
2.7 compares the FI-SPKS estimates with the ground truth. Figure 2.7 zooms in a section
of Figure 2.6(b) in order to demonstrate how closely the FI-SPKS estimates follow the
true time series. As the estimation accuracy of both the FBSL-SPKS and RTSSL-SPKS
is found similar for this case, only the RTSSL-SPKS estimates are shown in the figures.
Estimates obtained from the standard SPKF are also plotted on the same graph. As
is clearly visible from the figures, the FI-SPKS estimates are closer to the true time

series than the SPKF estimates. Figure 2.8(a) shows the MSE between the true and the
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Figure 2.16: Tracking performance of the FL-SPKS algorithm for a lag L = 40. (a) and
(b): MSE and estimation-error covariances for 2D vehicle position z and y,. The above
graphs demonstrate that the improvement of estimation accuracy for the FL-SPKS is
related to the increasing lag L (higher L is proportional to the greater number of future
measurements incorporated for the state estimation calculation). Comparing the above
results with the performance of FI-SPKS, it is evident that they both generate similar
level of tracking accuracy.

SPKF /RTSSL-SPKS estimated time series. It is clearly evident that the magnitude of the
SPKS errors are smaller than those of the SPKFs. Figure 2.8(b) displays a specific run,
where the SPKF produced a large spike in the MSE while the SPKS kept the estimation-
error at the lower level.

Figure 2.9(a)- 2.10 demonstrate the performance accuracy of the FL-SPKS over the
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Figure 2.17: Tracking performance of the FL-SPKS algorithm for a lag L = 40. (a) and
(b): MSE and estimation-error covariances for 2D vehicle velocity v,, and v,,. As we
increase the value of L, the tracking accuracy of the FL-SPKS becomes similar with that
of the FI-SPKS.

SPKEF. The superior accuracy of the FL-SPKS methods is clearly depicted. Note, the
number of lagged states used in this example are L = 10. Considering that the Mackey-
Glass-30 chaotic time series was sampled at every 6s, the smoothed state estimate lags
behind the current observation by 1 min. The lag L = 10 is chosen because we have found
that the FL-SPKS obtains similar estimation accuracy with the FI-SPKS at this lag value.
In other words, the performance of an offline fixed-interval smoother which works on a fixed

set of predefined measurements, can be mimicked by a fixed-lag smoother with a much
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Estimator E(MSE) std(MSE)
Filter

EKF 1.20 0.252
SPKF 0.236 0.054
Fixed-Interval Smoother

EKS 0.725 0.184
FBNL-SPKS 0.106 0.025
URTSS 0.099 0.024
FBSL-SPKS 0.098 0.021
RTSSL-SPKS 0.098 0.021
Fixed-Lag Smoother

Aug-SPKS (L = 10) 0.120 0.025
FB-Priori-SPKS (L = 10) 0.121 0.024
FBSL-SPKS (L = 10) 0.120 0.024
RTSSL-SPKS (L = 10) 0.120 0.023
Aug-SPKS (L = 30) 0.101 0.021
FB-Priori-SPKS (L = 30) 0.101 0.022
FBSL-SPKS (L = 30) 0.101 0.021
RTSSL-SPKS (L = 30) 0.101 0.021

Table 2.2: Performance comparison of different estimators for the Mackey-Glass time
series estimation problem. The mean of MSE (E(MSE)) and standard deviation of MSE
(std(MSE)) are computed by averaging over 200 independent MC runs.

smaller set of measurements. The RTSSL-SPKS estimates are only plotted here as all the
fixed-lag algorithms, including the Aug-SPKS, FB-Priori-SPKS, FBSL-SPKS and RTSSL-
SPKS, perform comparably. The RTSSL-SPKS algorithm is given preference due to its
superior computational efficiency and numerical advantage as described in Section 2.4.4.
For example at L = 10, the Aug-SPKS performs ~86,620 floating point operations at
time k to estimate &}. However, the fixed-lag RTSSL-SPKS algorithm requires only
~2380 floating point computations in order to generate the smoothed estimate at time k.

The performance of different estimators is summarized in Table 2.2. The performance
of our proposed smoothers are shown in bold. As is evident from the table, the extended
Kalman smoother (EKS) not only has a worse MSE performance but the standard devi-
ation of the MSE is also higher than the SPKS. The table further demonstrates that our

proposed fixed-interval and fixed-lag smoothers perform comparably with the other exist-

ing SPKF smoothing methodologies. In contrast to the FBNL-SPKS, our proposed SPKS



81

Estimator E(MSE), std(MSE), E(MSE),, std(MSE),,
Filter

EKF 5.95e-5 0.0023 1.58e-4 0.0034
SPKF 5.88e-5 0.0015 1.54e-4 0.0022
Fixed-Interval Smoother

EKS N/A N/A N/A N/A
FBNL-SPKS 1.56e-5 0.0006 4.01e-5 0.0009
URTSS 1.57e-5 0.0006 4.01e-5 0.0009
FBSL-SPKS 1.56e-5 0.0006 4.00e-5 0.0009
RTSSL-SPKS 1.56e-5 0.0006 4.00e-5 0.0009
Fixed-Lag Smoother

Aug-SPKS (L = 10) 1.90e-5 0.0010 5.36e-5 0.0014
FB-Priori-SPKS (L =10)  1.89%-5 0.0010 5.34e-5 0.0014
FBSL-SPKS (L = 10) 1.89e-5 0.0009 5.34e-5 0.0014
RTSSL-SPKS (L = 10) 1.89e-5 0.0009 5.34e-5 0.0014
Aug-SPKS (L = 40) 1.63e-5 0.0007 4.03e-5 0.0011
FB-Priori-SPKS (L =40) 1.63e-5 0.0007 4.03e-5 0.0011
FBSL-SPKS (L = 40) 1.63e-5 0.0007 4.03e-5 0.0010
RTSSL-SPKS (L = 40) 1.63e-5 0.0007 4.03e-5 0.0010

Table 2.3: Performance comparison of different estimators for the vehicle re-entry tracking
example. The mean of MSE (E(MSE)) and standard deviation of MSE (std(MSE)) are
computed by averaging over 200 independent MC runs.

methods avoid the time consuming process of learning a nonlinear backward dynamic
model. Our proposed SPKS methods are more computationally and memory efficient
than the URTSS, which increases each state dimension by doubling the state space. Ta-
ble 2.2 also illustrates the estimation performance of the FL-SPKS for two different lag
values, i.e. L = 10 and L = 30. The results demonstrate that the MSE of the FL-SPKS
decreases and tends toward the FI-SPKS as we increase the lag value. However the down-
side is increasing computational complexity and the greater time delay between the current
observation and the smoothed estimate. For example, shifting from L = 10 to L = 30 not
only increases the time delay from 1 min to 3 min but also increases the number of floating
point operations at time k from 2380 to 7140 for the fixed-lag RTSSL-SPKS estimator.
However at L. = 30, the computational complexity of the Aug-SPKS smoother, which
performs state augmentation in order to perform smoothing, increases exponentially from

86,620 to 20,74,260 floating point operations in order to estimate :f:i
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Vehicle Re-entry Tracking

Figure 2.11 displays the true vehicle re-entry path. As seen, when the vehicle moves closer
to the earth’s surface, its ballistic trajectory almost becomes vertical due to the increased
aerodynamic drag and gravity. The performance of the SPKF and FI-SPKS in tracking
the 2D position and velocity of the vehicle is depicted in Figure 2.12(a)- 2.13(b). These
figures plot the estimated covariance (trace of estimation-error covariance matrix) against
actual MSE between the true and estimated vehicle trajectory. Results are displayed
in the same format as presented in [23] in order to demonstrate the filter consistency.
While both the FBSL-SPKS and RTSSL-SPKS are applied to compute estimates, the
tracking performance of the RT'SSL-SPKS is only shown here. Note, the perfect alignment
of MSE with its corresponding estimated covariance indicates that both the SPKS and
SPKF generate consistent estimates. As is clearly visible from the figures, the FI-SPKS
outperforms the SPKF for both position and velocity estimation in terms of lower MSE
and lower estimated covariance.

Figure 2.14(a)- 2.15(b) demonstrate the performance accuracy of the FL-SPKS over
the SPKF. The superior accuracy of the FL-SPKS methods for tracking a re-entry vehicle
is clearly depicted. As before, all our proposed FL-SPKS algorithms perform comparably,
and hence only the RTSSL-SPKS estimates are shown here. Note, the number of lagged
states used in this example are L = 10. As the radar range and bearing measurements are
observed at every 100 ms, the smoothed state estimate lags behind the current observation
by 1second. Comparing with the FI-SPKS estimates, the FL-SPKS generates slightly
higher MSE, particularly during the initial period. The initial MSE spike for the FL-
SPKS case is clearly visible in case of velocity estimation (Figure 2.15(a) and 2.15(b)).
When increasing the lag from L = 10 to L = 40, (i.e. increase of time delay from 1s to
4s between the smoothed state and the current measurement), the FL-SPKS produces
almost equal estimates with the FI-SPKS. The accuracy of the FL-SPKS estimates with
state lag L = 40 is shown in Figure 2.16(a)-2.17(b).

Table 2.3 compares the performance of different estimators. As before, our proposed

estimators are shown in bold. Note that the EKS estimates are not available. This
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is because the estimation-error covariance matrix became severely ill-conditioned while
tracking, and hence the covariance inversion was not possible. Similar to the Mackey-
Glass experiment, all the different SPKS filters perform comparably in this case. Only the
results for x (x-component of position) and v, (x-component of velocity) are shown in the
table as the estimation performance for y (y-component of position) and v, (y-component

of velocity) are found to be comparable.

2.6 Discussion

In this chapter, we propose new fixed-interval and fixed-lag smoothing algorithms for the
nonlinear state-space model. At the core of all the proposed smoothers lies the sigma-
point Kalman filtering based Bayesian inference algorithm. Both the FI-SPKS and the
FL-SPKS smoother equations are derived from the first principles and detailed step by
step mathematical formulations are provided.

The FI-SPKS consists of two smoothers, namely the FBSL-SPKS and the RTSSL-
SPKS, which make use of the forward-backward and the RTS methods respectively to
derive its formulation. Both the FBSL-SPKS and the RTSSL-SPKS are only suitable
for the offline estimation as they generally operate on a fixed set of measurements. The
FBSL-SPKS consists of three components: a forward filter, a separate backward filter and
a smoother. The forward filter is the SPKF, which operates on the original nonlinear
state space from k = 1 to kK = N to derive the forward estimates. In addition to the state
estimates, the forward filter also derives the WSLR. coefficients at each k in order to form
a statistically linearized state space. The backward filter is an information filter, which
computes state estimates by operating from k& = N to k = 1 using the pseudo-linearized
state space. The estimates of the two filters are then statistically combined to generate the
smoothed estimates. The disadvantages of the FBSL-SPKS include higher computational
complexity, i.e. O (NM 3) for each component, and the need for greater memory as the
entire forward estimation results need to be saved for the future use. In addition, the
backward filter implicitly assumes that the inverse of the forward dynamical model exists.

Although computationally inefficient, the FBSL-SPKS algorithm can be appealing to the
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practitioners because it is conceptually simpler, easier to understand and perhaps the
most straightforward smoothing algorithm. Moreover the availability of the independent
backward estimates using the future observations, can generate interests for implementing
the FBSL-SPKS in certain applications.

The RTSSL-SPKS follows the Rauch-Tung-Striebel approach, which is made of two
components: a forward filter and a backward smoother algorithm which incorporates both
the backward filter and the smoother. The forward filter is the standard SPKF, which
in addition to generating the state estimates and the estimation error covariances also
computes the statistical linearization parameters for the nonlinear dynamic model. The
backward smoothing pass linearly combines a correction term with the forward filtering
results at each k to obtain the final smoothed states. Comparing to the FBSL-SPKS, we
have found an almost identical estimation accuracy for the RT'SSL-SPKS but the biggest
advantage of the RTSSL-SPKS is that it is computationally cheaper to implement. As
it avoids running an independent backward filter, its implementation saves an order of
O(NM 3) computations. The absence of a separate backward filter also eliminates the
need for computing the inverse of the forward dynamic model, which in effect avoids the
numerical problem in case the state dynamics is non-invertible. One drawback of the
RTSSL-SPKS algorithm is that it needs more memory than the FBSL-SPKS as both
the prior and the posterior state estimates of the forward filter are required to perform
smoothing. The higher computational efficiency and the numerical advantage should make
the RTSSL-SPKS as an attractive choice for the SPKS based nonlinear fixed-interval
smoothing.

In practice, the demand for larger memory may pose a hinderance in implementing
the FI-SPKS. Moreover, the fixed-interval method is an offline estimator, which does not
collect new observations while performing the smoothing operation. In contrast, the es-
timated state in the FL-SPKS lags behind the current measurement by L time, where
the time-delay L is an application specific constant. The Aug-SPKS algorithm is the
most simplistic representation of the FL-SPKS, where an augmented state combining the
current and the L past states is simultaneously estimated at each time k. The compu-

tational complexity i.e. O (NM 3L3) and the size of each state dimension i.e. ML are



85

too prohibitive to implement this smoother in practice. In order to overcome the draw-
backs of the Aug-SPKS algorithm, we have proposed three FL-SPKS algorithms, namely
the FB-Priori-SPKS, FBSL-SPKS and RTSSL-SPKS, which perform a series of sequential
smoothing within overlapping time-windows. All the three FL-SPKS methods reduce the
computational order to O (NLM 3) and also the estimated state dimension to M. The
fixed-lag FBSL-SPKS and the RTSSL-SPKS both leverage the benefits and the drawbacks
of their fixed-interval counterparts and we can conclude that the RTSSL-SPKS is the most
efficient in terms of computation among all the FL-SPKS methods.

The performance of both our fixed-interval and fixed-lag smoothing formulations have
been demonstrated in two examples, i.e. Mackey Glass time series estimation and vehi-
cle re-entry tracking, and were also compared with the other methodologies in terms of
estimation accuracy. As can be seen, the proposed SPKS algorithms clearly outperform
the EKF/EKS/SPKF based approaches and also perform comparably with the existing
fixed-interval SPKF based smoothers which are time consuming to learn and also bears

much higher computational load.
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2.7 Appendix 1

Lemma 2.7.1. if A= B '+ CD 'CT, where A, D are invertible square matrices and
B and C' matrices may or may not be square. Then by applying matrix inversion Lemma

we obtain,
—1
A'=B-BC|[D+C"BC| C'B (2.197)
Lemma 2.7.2. o PV =(I— K,Ap,) PV (I - KuAwp)" + Ky (R, + P, i) KX

-1
« K, = P)-AT, (R + Pe, i + Ah,kPkb‘A%f,k)

Proof:
Let 6, ), denote as the state estimation error at time index k
Ok = a:,? - :ﬁ,?
= 901? - 562_ - K, (zk — Ah,k:fcfj‘ — bh,k)
= () — &™) — Ky (Angal + bug +np + e — Ang)™ — bur) [from(2.29)
= (I - KpAp) (361? - mfj‘) — Ky (n + €nr) (2.198)

The estimation error covariance can be defined as:
P =E(6,407,)
=E ((I — KkAth) (a:,? — ig_) — K (n; + eh,k))
_ b_ b= _ T
(1= K Ap) (2 — 207 ) = Ky (ng + ) (2.199)
— (I - K App) PP (I - KAy )" + Ky (Ri + Pe, ) KT (2.200)

Here it is assumed that expected values of my, and €y are zero. Now the objective

s to derive the gain function K by minimizing the estimation error Pkb i.e. by setting

b

oP,

o, = 0.
oP? -
b =21 - Ky Auy) PY (_Ag;,k) + 2K}, (R + Pe, 1)
0K},

=0 (2.201)
Hence we get,
Ky (R + Pe o+ Ay P AL = P AT,

—1
Ky = PV AL, (Ri+ Pe, i+ AP AL (2:202)
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Lemma 2.7.3. o K; = PPAL, (Ry+ P, ;)"

Proof:
-1
Starting with Equation (2.202) and multiplying I = Pkb (Pkb) on the right hand side,

-1 -1
K= PP (PY) " PP AL, (Ri+ Pe i+ Ani PP ALY) (2.203)
Lo p\ 1L L
Substituting (Pk) from (2.79) and simplifying,

-1

K, = Pkb (A;;k + A}I;k (Rk + Peh,k) Ay, ka_Ah k) (Rk + Pe s Ay ka Ah k)
-1

= PPAT, (R + Pe, i)™ (R + Pe, ) + AniPl" ALL) (Ri+ Pe i + A P)~ AT
= PkbA{k (Rj + Pe, i) (2.204)

() (Be) ]
Proof:

Similar to (2.79) we can also get the covariance update for the forward filter using the

Lemma 2.7.4. ° Pka =

statistically linearized parameters,

_ -1 -1 -1
(Pk—i—l) + A 1 (Ri1 + Pey 1) ™ Ap e

Py =
AT -1 4 _ -1 (p- \!
hoir1 (Bit1 + Pey 1) Ap s = (Piy) P, (2.205)

Substituting (2.205) into (2.79) and replacing k =k + 1,

-1

N\l _ _\1
Pl =|(Pn) + ) - (P }
s -1 e
(BE) ™ = (P) | om 2:0) (2.206)
Lemma 2.7.5. o A7 Q,A;] = A7 P A} — Py
Proof:
P_l_AkakAfk“‘Gfk( Efk+Qk) G}, (2.207)

Assuming Qj, = Gy ( ep .kt Qk) Gfk

Qk = k+1 — Ay kPkA?k
AL QAL = AL P AL - P (2.208)
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Lemma 2.7.6. ° Pka = (Pk_+1 + Pkbﬂ) .S'/L;rlP,fJrl

Proof:
From (2.90),

b
Py =Pl

I+ Pkb—i-l (Pk_-i-l)_l

=P, (ijrl)_l PS, + Pl (Pk_-i-l)_l Py

= (Poy+ PY) S5 P (2.209)

Lemma 2.7.7. o P, + Pl = A; (Po+ PP) AT,

Proof:
P, and Pkb_ can be obtained from Lemma 2.7.5 and (2.67) respectively. Adding them,

Pk+Pkb_ :A;i (Pk_+1 +Pl§+1) Afi

f7k
P, +Pb, =A; (P, +P)) AT (2.210)
k1 T Ekpn = Apk (Fr T 5 fk :
Lemma 2.7.8. o @y = P Sindiy; — Pl AL i Bl Ann @i + Pl

Proof:

Assuming Ry11 + Pey, g1 = Rir1 and Zp1 = 2541 — bt
Bt = @y + Kipr (Ze01 — Appdy,,) (2.211)
Substituting (2.211) and (2.81) into the relevant portions of (2.94),
&7, = PP Sk + PP Sk K (ék+1 - Ah,k+1§31;+1)
+ P{ok — PEL AT Ry e (2.212)
Replacing K11 = Pk+1A;{’k+1R;i1 into (2.212) and simplifying we obtain,

~ 8 _ S ~— S T 5—1 ~— S =~
Ty = P Sk — Pl Apka B Ak @y + PG (2.213)

B r a1l 41 R
Lemma 2.7.9. e S, =A3,|Q, —Q; (Sk+1—|—Qk ) Q. |Ark

Proof:
From (2.67),

St = ATk (Seh + G (Pes+ Q) 6T, Ay (2.214)
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Applying matriz inversion Lemma on (2.214) and substituting
Qk = Gf,k (Pef,k + Qk) G?,k? (2.215)

we obtain,

, , -1
Se= AL [0 - @ (S +4r) G A (2216)

@
L £, = A7 (&5
emma 2.7.10. o I = Af’k (azkH — bf,k)
Proof:
x g = Apr®y + by
ar=Agy (%41 — brx) (2.217)
-1
Lemma 2.7.11. o & — &, = Py, — PS; (I+PSy) @

Proof:
Define &} | from Equation (2.95)

—1
& = (I + PkS,;) @, + Py,
-1
i]‘g—ik: {(I—{—P]@Sk_) —I] ik—l_PkSyk_

1
Now substituting I with (I + PkSk_) (I + PkSk_) at the R.H.S. of the above Equa-

tion,
~8 ~ — — -1 ~ S A—
Ty — L = —PkSk (I + PkSk ) T, + P Y (2.218)
Now rearranging the terms at the R.H.S. of the above Equation

-1
&f — &y = Pfy; — PuS; (I i Pks,;) @ (2.219)

2.8 Appendix 2

2.8.1 FB-Priori-SPKS Derivations

In the following, the smoothing recursion of the FB-Priori-SPKS, where the a priori KF
Equations (2.157)-(2.158) are applied on the augmented statistically linearized state space,

is derived as follows:
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From Equations (2.157) and (2.158), we can write the a priori KF for the augmented

system of Equations (2.139) and (2.140) as follows:

Tiop1 Apg 0 -0 0 ),
Tp i I 0 0 Th_1k-1
. = +
Th_Lk | 0 I O] | ®kr-1k1
), bk
N Th_1k-1 0
Lylze—| App 0 -+ 0 . —bur |+ (2.220)
Th-L-1k-1 | 0]
poo (PO,L+1)T Afp 0 0
k.+1 k+.1 I 0 .. 0
. _ y
pOL+l . pLtlLtl
| Tkt k+1 o0 . T 0]
poo (po1)T” pol+\T T ([ a7 7 0 1 71 AT ]
00 (pot)T L (o) . T
T
PO,]. Pl,l - Pl,L+1 O 0 .. . E 0 B
: ' (7 | ) | - T
: : . T :
T
I P£,L+1 Pkl,L+1 (PkL—i-LL—H) | 0 e 0 i 0 |
GQrGl, 0 - 0 GiiPe kG 0 - 0
+ . e (2.221)
i 0 e 0 0 ] L 0 e 0 0 ]
where the augmented Kalman gain Ly, can be defined as
Ly
- L
= (2.222)




The augmented Ly, can be expanded as

[ A;e O
i I 0
L=
0 I
Apg 0 o]

0 P!

0 I P£7L+1

P> (P,Svl)T

0,1 1,1
Pk Pk

0,L+1 1,L+1
| P, P,

ol][ P (P,Svl)T

1,1
P,

1,L+1
P,

o
ey
(P;+1',L+1)T Il
(0" ][ g,
(P;’LH)T 0
(P;+1',L+1)T Il o

After simplifying the expression for Ly, can be reduced to

| A PAT, ]

0,0 4T
Pk Ah,k

ON AT
Pk Ah,k

1
(AhkP]S’OA;Y;k + Ry, + Peh,k) R
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Aj
0
X
0 -
+ Ry + P, 1
(2.223)
(2.224)

where P,",0 < i < L and P;’,i # j are defined as the estimation-error covariances for

each state and the cross-covariances between states respectively in the augmented state

vector. The individual state estimates shown in (2.220) can be defined as:

Ti—ik = E[xp—_i|z1.4]

for 1 <i < L+ 1. Comparing (2.222) and (2.224), we obtain

—1
Lio= ArpPJ°AL, (Ah,kPISvOA;‘,;k + Ry + Peh,k)

Lk,i = P]S’i_lA;Y;k (AhkP,S’OA:;Zk + Ry + Peh,k)

1
1<i<L+1

(2.225)

(2.226)

(2.227)
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Now (2.221) can be further simplified by substituting Lj, from (2.224)

0,0 0,L+1\7T
P (Pk+1 )
0,L+1 L41,0+1
Pk—l—l Pk+1
AT, I 0
0 0
I
0 0

-1
A%;k (Ah,kP;?’OAﬁf,k + Ry + Peh,k) Ap g

0

0

Gf,kaGz;,k 0

0

0

- T
Ap B Ay, (P/?’l)
0,0 0,1\ T
P! (Pk )
PIS7L PI€17L
- T
Ap P Agy (P/?’l)
0,0 o1\ T
P! (Pk )
P]S’L PI€17L
[ 50,0 0,0
P, A?,k P,
0 0
0 0
0 GriPe; kGT O
0 0 0
+
o] | 0 0

Equating the first column and the diagonal elements of the left and right hand side

P = Ap P (Apy — LioAnp)" + GruQrGhy + GriPe, kG,

Pl =P (Apk — LioAng)"

Wi pieli-1 0i—1 AT 7T AT
Py, =P — P AL i A g

for 1 <i<L+1.

Similarly by expanding (2.220), we can obtain the following set of equations

Tjp1 = Appdy + Lio (zk — Ap i) — bh,k) + by

Try1—ik = Thyo—ik + Liy (Zk — Ap ) — bh,k) ,

for1<i<L+1.

Afk (P/.?’LH)T ]

T
G
( PkL,iH)T

Asy (P]S,L+1)T 1
T
(PIS,L—H) )
( PkL,LH)T
POl ]
0
_|_
0 .
.
0
(2.228)
0 .
(2.229)
(2.230)
(2.231)
(2.232)
(2.233)
(2.234)



Chapter 3

A Tag-Based Approach to Unobtrusive
Indoor Tracking Using RSSI

3.1 Overview

In the previous chapter, we developed a new smoothing scheme for the nonlinear system
using the SPKF based approach. Suitable fixed-interval and fixed-lag sigma-point Kalman
smoothing (SPKS) algorithms are derived and evaluated using the Mackey-Glass noisy
time series and re-entry vehicle tracking examples. In this chapter we apply the proposed
SPKS algorithms into a real world indoor tracking framework where our task is to locate
and track a user in an indoor environment. Specifically, the objective is to evaluate the
feasibility of building an indoor location tracking system that is cost effective for large
scale deployments, can operate over existing Wi-Fi networks, and can provide flexibility
to accommodate new sensor observations as they become available.

This chapter is organized as follows. Section 3.2 starts with a survey of commer-
cial indoor tracking systems and research prototypes including their architecture, sensor
platforms and positioning algorithms. It then introduces our SPKS based Bayesian infer-
ence algorithm for location tracking and summarizes the used sensor modalities. Section
3.3 discusses the Bayesian framework and details the dynamic and observation models
used in our SPKS framework. Section 3.4 examines the fixed-interval and fixed-lag based
SPKS algorithms implemented in our tracking system. Experimental results are given in

Section 3.5, and finally discussion and conclusion are presented in Section 3.6.
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3.2 Introduction And Related Work

Location and context-aware technologies play a critical role in emerging next generation
mobile applications. Example goals of these applications range from tracking assets within
large warehouses, monitoring people inside assisted living communities, to adapting user
interfaces based on location and activity. Key to each application is the ability to ac-
curately localize and track an individual or asset. Explicit positioning sensors based on
GPS work worldwide and can sometimes achieve centimeter level accuracy. However, GPS
generally requires a direct view to several satellites, resulting in limited performance for
indoor environments. Development of non-GPS based solutions are thus of great interest
for indoor use based on both existing signals and hardware, as well as new systems and
sensor modalities. Additional design constraints pose significant challenges for develop-
ment of such systems, including calibration overhead, user privacy, and the high variability

of wireless channels.

3.2.1 Existing Indoor Tracking Systems: Hardware Description

A number of commercial systems and research prototypes currently exist for indoor lo-
calization. Systems typically use infra-red (IR), ultra-sound, or radio-frequency (RF)
sensors [40-43]. Although they show potential for indoor tracking, each has its own limita-
tions. The Active Badge System is one example of an early location-aware application [40].
The person to be tracked carries a small tag or “active badge”, which emits a unique IR
code every 15 seconds (s). A network of sensors pre-placed around the building pick up the
periodic IR waveforms and a central “master-station” processes the data and triangulates
the individual’s location. Poor IR scalability and high maintenance overheads are some
of the drawbacks faced by this system. The Cricket system places multiple “beacons”
at several locations within the indoor environment which concurrently transmit RF and
ultrasonic pulses. The person being tracked carries a listening device which uses time of
flight (TOF) difference between RF and ultrasonic pulses in order to determine the dis-
tance to the beacons. Based on the TOF difference between multiple beacons, the closest

beacon is inferred. Although Cricket improves accuracy and stability, high maintenance
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and calibration requirements require significant effort to use in practice. A commercially
available system by Sonitor [44] also uses ultrasonic sensors for tracking a person. The
user carries a small tag that emits its identification number via ultrasonics. Detectors
scattered throughout the environment receives this information and triangulates the user.
An advantage of this ultrasound based system is its immunity to interference and noise
compared to RF, however the ultrasound cannot penetrate walls and is more expensive
than comparable RF based positioning systems.

RF based positioning systems are one of the most popular for indoor tracking. This
is due to the fact that radio signal strength (RSSI) can be obtained relatively effortlessly
without the need of any specialized hardware. RADAR was one of the first RF signal
strength based positioning system used to track people inside buildings [41]. Multiple
base stations (at least 3) are placed with overlapping coverage within the area of interest.
A laptop computer carried by an individual is used to collect the RSSI measurements.
The system then compares the RSSI observation of the user with a set of pre-stored
signal strength measurements known as “fingerprints” at each of the base stations to
identify the user’s coordinates. The major disadvantages of the fingerprinting method
include the need for dense training coverage and poor extrapolation to areas not covered
during training. Although RADAR employs an empirical model for RF propagation and
wall attenuation, actual RF signals deviate considerably while propagating indoors due
to multipath, metal reflection, and noise. Often indoor positioning systems have been
designed to take advantage of public wireless local area networks (WLAN) instead of
setting up proprietary RF networks. For example, Place-Lab uses publicly available 802.11
access points with receivers built into the users devices for positioning [45,46]. The system
compares the observed RSSI with a pre-stored “radio map” to determine the users position.
Although it has the advantage of limited calibration requirements, reported accuracy
is lower than existing positioning systems. Another example of WLAN based tracking
includes the “Horus WLAN location determination system” [47]. A laptop computer
carried by the user collects RSSI which is then compared to known RSSI fingerprints in
order to perform localization. A commercially available product by Fkahau provides a

complete tag and software solution using RSSIT with the 802.11 protocol [48]. Multiple
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802.11 access points are placed at predefined locations in the environment. The user
carries a small tag that measures the RSSI at periodic intervals. The system compares
the observed RSSI with a pre-stored set of RSSI collected during a separate training phase
to compute the user’s current location. The system is relatively inexpensive and energy
efficient, but its accuracy is quite limited in certain scenarios as seen in the experimental
section of this paper. Finally, there are systems which explore the use of “angle of arrival
(AOA)” and “time difference of arrival (TOA)” in order to perform user localization. For
example, Ubisense is a tag based localization engine which uses ultra-wideband (UWB)
radio technology to detect a mobile Ubisense tag [49]. Instead of depending on RSSI, it
focuses on multiple proprietary access points act as sensors that independently determine
the AOA of the UWB signal [50] and the TOA between a pair of sensors in order to
perform positioning. While expensive and with significant calibration challenges, the

Ubisense system can provide high tracking accuracy to within several centimeters.

3.2.2 Existing Indoor Tracking Systems: Algorithmic Description

Researchers have adopted a wide number of signal processing and pattern recognition
based algorithms in order to perform user localization. As RSSI is widely accepted as
the “feature of choice” for indoor positioning [43,51], in this section we will describe the
location estimation algorithms which use RSSI as its primary input. Radio propagation
inside an indoor environment is extremely chaotic due to the presence of large number of
obstructions/reflecting surfaces and hence learning the position-RSSI relationship can be
a challenging task. Elnahrawy et al. discuss about the potential barriers of using signal
strengths to perform localization and show that none of the present algorithms has an
huge performance advantage over the others [52]. Below we will summarize a plethora of

indoor tracking algorithms which have found extensive uses in numerous applications.

Range and proximity based algorithms

Range and proximity based algorithms for user localization are simple, straightforward and
easy to implement. From a set of observed RSSI, the range based method triangulates

the person’s position based on a distance calculation from multiple access points [53,54].
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Unfortunately the computed distance from each RSSI can be erroneous due to the high
variation of radio signal propagation in an indoor environment. Instead of depending on
signal strength, a method has been proposed which computes the mapping between the
transmission power of the access points and the range of the RF signal [55]. The user
position can then be inferred using trilateration by exploiting the relationship between
radio range and transmission power. Proximity based localization connects a user to an
access point from which it receives the maximum signal power and hence the user location
is assumed to be the same as the location of that corresponding access point [56, 57].
Hightower et al. estimates the user location by computing the centroid of k access points
which generates the highest signal strength [43]. Although the “strongest base station
algorithm”, discussed above, is very simple and computationally fast, it can generate a
very coarse grained location estimates. The potential solution to improve the granularity
is to implement a dense grid of access points inside the indoor location, which effectively

increases the hardware and computational requirement.

Fingerprinting method

The fingerprinting based “scene analysis” approach is one of the most widely used tech-
nologies seen in the literature [41,47,51,58]. It consists of an offline training phase and an
online tracking phase. Fingerprints are generated during the training/calibration phase
where RSSI data is collected at a set of marked training locations. During the tracking
phase, the collected RSSI observation is compared with known fingerprints and the cor-
responding fingerprints that are the most similar with the observed ones are chosen. The
user position can then be inferred as the location of the fingerprint which best matches
with the observation or can be computed as a centroid of k nearest reference fingerprints.
The most challenging aspect of the fingerprinting based method is to formulate a distance
calculation that can measure similarity between the observed RSSI and the known RSSI
fingerprints. Euclidean distance based calculation is used in order to measure the minimum
distance between the observed RSSI and the mean of the fingerprints collected at each
training point [59]. RADAR uses a k-nearest-neighbors method in order to find the closest

match between fingerprints and the RSSI observation [41]. Recently, research efforts have
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concentrated on developing a better distance measure that can take into account the vari-
ability of the RSSI training vectors. These methods estimate a probability density for the
training RSST and then compute the likelihood /a posteriori estimates during the tracking
phase using the observed RSSI and the estimated densities [47,60,61]. User localization is
performed using a maximum likelihood (ML) or a maximum-a-posteriori (MAP) estimate
of position. Kernel based nonlinear distance calculations have also appeared in the litera-
ture for RSSI fingerprinting [51,58]. Although these recent developments improve position
estimates compared to simple k-nearest-neighbors, they often require substantially larger
training sets and greater computational resources. Moreover, the calibration process is
tedious, time consuming and manual, which reduce the scalability of the fingerprinting
based approach. Searching through the whole fingerprint database for similarity measure
between the observed and reference RSSI is a computationally intensive operation and
recently efficient algorithms have been proposed to reduce the computational cost [62,63].
Youssef et al. performed an efficient location clustering, called “joint clustering” [62], and
the “MoteTrack” system adopts a decentralized approach by distributing the overall RSSI

signature database over a number of fixed nodes [63].

Signal propagation modeling

In contrast to fingerprinting, signal propagation modeling based techniques express the
RF signal attenuation using a physics based theoretical “path loss” model [64,65]. These
proposed path loss models consider both free-space signal attenuation and attenuation
suffered due to reflection/refraction from the walls/obstacles. Instead of using fixed at-
tenuation factors for walls/floors, Barsocchi et al. apply a linear least-squares technique to
learn the attenuation coefficients by minimizing the actual and model predicted RSSI [66].
However, the RSSI propagation in indoor environment is noisy due to multipath, metal
reflection, and interference noise [66,67] and hence the relationship between the position
and RSSI is highly complex. Thus the RSSI propagation may not be adequately captured

by a linear fixed invariant model.
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Probabilistic Bayesian inference

A number of variants on the probabilistic Bayesian inference approaches have appeared
in the literature [43,46,68-76]. The Bayesian inference is a probabilistic framework which
sequentially estimates the unknown state from the noisy observations using a dynamic
predictive model and an observation likelihood. The Bayesian methods can estimate a
person’s velocity and acceleration in addition to position, and can also provide an un-
certainty measure of the estimates. In [68, 73|, the authors survey the Bayesian filter
implementations for location estimation using the ultrasound, infrared and laser range
finders. They conclude that although the particle filters can converge to the true poste-
rior state distribution for non-Gaussian and multimodal cases, the Kalman filter and its
variants are the most efficient in terms of memory and computation. The Kalman filter-
ing methods for real time positioning have long been popular in the robot tracking and
navigation communities [12, 77, 78]. Recently the Kalman filter and their variants have
also been applied to indoor people tracking. For examples, Fod et al. and Hsieh et al.
describe a Kalman filter approach using multiple laser range finders [70,71]. More recently,
the particle filters have been used to demonstrate encouraging performance, although at
a high computational cost for real time people tracking [43,74-76]. The particle filter
based system described by J. Hightower et al. incorporates a random acceleration based
human motion model as the dynamics of the system, while the sensor model (observation
likelihood) uses a single Gaussian with fixed pre-defined parameters [43]. Letchner et al.
introduce a sensor measurement model in the particle filter framework [75] that combines
a Wi-F1i signal propagation model [79] and a fingerprinting technique for localization. The
method assumes radially symmetric attenuation of wireless signals and also requires large
training data for fingerprinting. In addition, several algorithms assume an empirical path-
loss based radio signal propagation map to compute the likelihood of RSSI observation
in a particle filter framework [45,79,80]. The performance of these algorithms, however,
may degrade in practice due to the RSSI variability over time and location. Recently
research efforts have been directed towards developing local RSSI likelihood models from

the training data with known ground truth locations [74,81]. Ferris et al. use Gaussian
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processes to generate an observation likelihood for wireless signal strength measurements
in the particle filter [74]. However, learning the parameters using graph based hyperpa-
rameter estimation can be slow and take significant computational resources. Also related
to the Bayesian inference are the use of hidden Markov modeling (HMM) approaches.
The Locadio system uses a HMM on a graph of location nodes to infer position based on
the variation of the Wi-Fi signal strength [72]. The person’s motion is determined based
on the variance of RSSI measurements over a sliding window. However, significant RSSI
variability (even at the same location) can cause a high number of errors in determining

whether the person is moving or still.

3.2.3 SPKS based Position Tracking using RSSI Measurements

We follow the sigma-point Kalman filter (SPKF) based Bayesian inference approach [26,
36, 82] for indoor localization and tracking. We use our recently proposed fixed-interval
(FI-SPKS) and fixed-Lag sigma-point Kalman smoother (FL-SPKS) algorithms for track-
ing purposes [35]. While the FI-SPKS uses all N RSSI measurements in order to compute
smoothed state estimates at each time, location estimate obtained from the FL-SPKS gen-
erally lags behind the current measurement by L time. Both the FI-SPKS and FL-SPKS
estimators fuse a model of walking motion, room-wall configurations, and all available sen-
sor observations in order to track 2D position and velocity. A random acceleration based
model of human walking is used as the dynamic model of motion. This is augmented with
a room-wall model involving a potential field created throughout the indoor environment
in order to repel motion away from walls. Available sensors include RSSI, binary infra-red
(IR) motion sensors, and binary foot-switches. Instead of using a fixed path loss based
prior map for the observation model, we learn the position-RSSI relationship from the
training data. Specifically, Radial-Basis Function (RBF) networks are used to provide a
nonlinear mapping between known locations and observed RSSI values. These models are
fit during a separate calibration process, and take into account the various multipath and
other room specific characteristics. This chapter provides a more detailed description and

analysis of our methods that was presented in [83,84].
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While our approach is generally independent of the specific hardware or sensor modal-
ity, the current system design uses RSSI sensors manufactured by Ekahau Inc. The per-
son(s) to be tracked carry a small body-borne device that periodically measures the RSSI
at 3 or more standard Wi-Fi access points placed at pre-defined locations. Due to tag
based hardware limitations, the sampling rate is generally 4 — 8s. The low sampling
rate motivates the use of the sigma-point smoother over the filter implementation, as the
smoother provides superior interpolation of data using both past and future observations.
A smoother requires buffering of data and a fixed latency in performing the actual esti-
mates. While the computational complexity is increased, the sigma-point smoothers can
still be implemented far more efficiently than comparable particle smoother formulations.
Augmenting the RSSI measurements are IR motion sensors mounted to the walls that
provide a binary “on” signal when it detects a motion in its range. Similarly, binary
foot-switches indicate the location of a person when stepped on.

Experimentations were performed at several “living-laboratories” used to develop mon-
itoring and assistive technologies for the elderly. The performance of our tracker was com-
pared with the baseline Ekahau tracking engine. As will be shown, both the FI-SPKS and

FL-SPKS based tracker provide significant improvement in position tracking accuracy.

3.3 Recursive Bayesian Estimation Framework

Recall that the problem of state estimation involves estimating the state of a discrete-time

nonlinear dynamic system,

xpy1 =fi (Tr, V) (3.1)

zi, =hy (zg, 1) (3.2)

characterized by the process model f(.) and observation model h(.). In the following sec-
tions, we briefly summarize the different components of our tracking mechanism including
the dynamic model, observation models and how the measurements from multiple sensors

can be fused using the Kalman framework.
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3.3.1 Dynamic Model

T
We define the state vector x = | 2 y wv, vy | corresponding to 2D position and

velocity for tracking purposes. A simple random acceleration based model [85,86] is used
for predicting walking motion. This is augmented with a room model involving a potential
field created throughout the indoor environment in order to repel estimated motion away
from walls.

The potential field can be created off-line using prior knowledge of wall configurations
and large furniture location. Computationally this is achieved by dividing the space into
1 inch square cells. Each cell contains a binary certainty measure C' (i, j) that indicates
whether the cell is occupied, i.e., an obstacle exits within the cell. The force Fj; ; (z,y)
exerted on a person due to an occupied cell is made inversely proportional to the distance

between the person’s current position and the occupied cell position [87].

F . . _ Z' _ ]
B (z,y) = - LaC i) < r—al  y—yl 4>7 (33)

& (wy) \diflay)” " digley)?
where d; j(x,y) is the distance between the person’s current position, (z,y), and the
occupied cell position, (z%,yJ). & and ¥ are the unit vectors along the x and y direction.
Fey is the force constant and design parameter that controls the overall strength of the
repulsive force. If the force is too strong, location estimates will not be near walls or
furniture. If the force is too small, tracking may result in trajectory estimates that pass
through walls.

The total resultant force Fy(z,y) = { F, (z,y) F, (z,y) is the vectorial sum of

forces exerted by all the occupied cells on the person’s current cell location.
Fr(z,y) =) Fj(z,y). (3.4)
Z"j

This repelling force function Fy(z,y) is calculated off-line, and may be viewed as a poten-
tial field or simply a nonlinear function of the person’s current position. Figure 3.1 displays
the corresponding magnitude of the potential field for a simple multi-room example.

Combining the potential field and a random walk model yields the dynamic state-space
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Figure 3.1: Potential field is shown in a multi-room environment. As illustrated, the
magnitude of the potential force peaks at the edge of the walls and decreases exponentially.

model f(.) [84],

oT?
Tl = T + 5T’ka + Tka (xkayk) (3‘5)
oT?
Ykt = Yo+ 0T 0y, + ——Fy, (Tk> i) (3.6)
Vi = Nz, + 0T Fyy (T, y6) + (1= N v, (3.7)
Oy oy = Ny, + 0T Fy, (wg,yx) + (1= N vp, (3.8)

The parameter A smoothens the changes in velocities and also ensures that the variance

of random process remains bounded. The integration time in this case is 67" = 1 second.

Up, i Upy ] is modeled as a zero mean white Gaussian.

The process noise vy, j, = [

3.3.2 Observation Model

As we have three different sensor technologies, the observation model in (3.2) depends on

the specific technology used.
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Figure 3.2: Example floor plan with calibration locations indicated by a '+’.

RSSI Observation model

A naive approach to using RSSI measurements involves comparing an observed RSSI value
to a table of previously recorded RSSI values and their associated positions. This direct
“table look-up” approach, however, is prone to errors due to the high variability of RSSI
values. In the Bayesian framework, the observation function can be viewed as a generative
model providing the likelihood of a RSSI observation given the current estimate of the state
position. In most RSSI tracking literature, the observation likelihood is approximated with
a simple fixed a priori distribution (e.g., Gaussian distribution) [43,46]. In our method, we
characterize the RSSI-position relationship and variability by fitting nonlinear mappings
between position and observed RSSI values.

Data to fit the maps are first collected during a calibration phase. This involves
dividing the floor plan into P rooms or sections. In each section, the vertices and center of
an approximate octagonal grid are used as calibration points. See Figure 3.2 for illustration
purposes. This calibration scheme was chosen to match the grid pattern used by the
Ekahau positioning engine in order to allow for the direct comparisons of final performance.
Note that an exact octagonal grid is not possible due to the presence of furniture, walls
and other objects in the floorplan. At each calibration point, a person carrying a body
borne RSSI tag spends T¢ s (generally 60s) while RSSI data is collected. Typically, RSSI
values are recorded from M (generally 3 —5) Wi-Fi access points located in the corners of
the entire space to be calibrated. The person also performs a slow rotation at each point

to average RSSI variability due to tag orientation. Note that if multiple tags are to be
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Figure 3.3: (a) Raw RSSI values recorded at each access point during calibration, (b)
RSSI mean values at each calibration location, (¢) RBF nonlinear maps plotted with the
RSSI mean values.

calibrated simultaneously, it is advisable to physically separate the tags on the person as
far as possible, as we have found that multiple tags can interfere with RSSI consistency.
This process is repeated at all calibration points in the space. Figure 3.3(a) illustrates
the collection of raw RSSI data at each calibration point. The number of RSSI samples
collected at each calibration point are denoted as Ny (generally 8 — 10). The Ny number
of RSSI samples are then averaged to obtain a representative mean RSSI observation
per calibration point as shown in Figure 3.3(b). Specific values for the amount of data
collected, variability, etc., are tag specific and will be given in the experimental results
section.

After RSSI data collection, a RBF network is used to fit a nonlinear map between
known calibration locations and the mean RSSI observations as illustrated in Figure 3.3(c).
A RBF network is a feed forward neural network consisting of a hidden layer of radial
kernels and an output layer of linear neurons [88]. A Gaussian kernel is used as the radial

basis. This RBF map represents the forward generative observation model,

Zm,k = hm (xkv yk) + nfm (3'9)

where z,, 1, is the observed RSSI from access point m, 1 <m < M, with noise n}, assumed
to be Gaussian with zero mean and standard deviation equal to the RSSI variability

determined from the calibration data. The RBF observation map h,, for the m-th access
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point is specified by

hn (21, 90) = Wi K, ([ Tk Yk ] WmvEM) ) (3.10)
where K is the Gaussian kernel function [88] with mean vector p.,, and covariance
matrix 3,

- T
HEm = | Bmi1 Hm2 um7c (3.11)
(X1 0 0 |
0 Zn2 - 0
Sn=| e (3.12)
L 0 0 %,c |

where C' is the number of Gaussian kernels in the hidden layer of the RBF network and

W,, are the output layer linear weights,

Wm = | Wmo Wma1 --- W, C-1 |- (3.13)

The parameters of each Gaussian kernel fi,, ., 3, . and the hidden-to-output layer weights
W, are learned using a hybrid procedure that operates in two stages. The prior weight,
center position and the spread parameter of each Gaussian are first obtained by model-
ing the known calibration locations with a Gaussian Mixture Model (GMM) using the
Expectation Maximization (EM) algorithm. The output layer weights W,,, are then cal-
culated in a batch least-squares manner in order to minimize the MSE error at the output.
Figure 3.3(c) illustrates a nonlinear observation map learned from the calibration data.
The observed RSSI z,, ;, RBF function h,,, and the observation noise n}, from each

access point are combined to form a multi-dimensional observation model,

k= | 21k 22k -+ Pmk --- M.k :| (3.14)
h=|h hy ... hp ... hyp } (3.15)
n'=|nl nd ..ol L. oy, } (3.16)

where zj is the multi-dimensional RSSI observations emanating from each access point.
Similarly h and n' are the augmented RBF observation model and the measurement noise

for access points 1 < m < M.



107

Once fit using calibration data, this RBF observation model may be used in the
Bayesian framework for tracking. As the RBF network is trained to learn a nonlinear
mapping between known calibration locations and observed RSSI values, this model takes
into account room specific multi-path and non line of sight (NLOS) RSSI propagation.

By learning the map, the need to specify the location of the access points is also avoided.

IR motion sensor Observation model

Infra-red (IR) motion sensors may be mounted to the walls and provide binary “on” signals
when motion is detected within range. Localization using motion sensors are challenging
due to their large beam width and high false alarm rate. The likelihood model for a motion
sensor is modeled simply as a Gaussian distribution. The observation model is thus linear

and defined as:

zp =Hxj +n'™S, (3.17)
where H is the observation matrix,
1 0 00
H = , (3.18)
01 00

and n'® is the Gaussian observation noise with mean and variance associated with
the IR sensor. The mean value is taken to be a position in-line with the orientation of
the sensor at a distance based on the approximate sensor range. The variance is based
on the beam width of the sensor. Specific values for the mean and variance are found by
approximate characterization of the sensors. Filter performance is not highly sensitive to
these values. Note that this simple model clearly does not take into account the specific
geometry of the beam pattern, or other complicating factors such as memory and latency
in the binary sensor. Incorporating a more accurate distribution would require a non-
Gaussian framework (e.g., particle filters), and was not explored for this current phase of

the research.
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Binary foot-switch Observation model

Similar to IR motion detectors, foot-switches may be placed on the floor to provide a
binary “on” signal that indicates the location of a person. The observation likelihood may

again be modeled simply as a Gaussian distribution with the corresponding observation

model,
z, =Hxy, + nf, (3.19)
where H is the observation matrix,
10 00
H = , (3.20)
0100

and n! is the Gaussian observation noise for the foot-switch sensors. The mean value of
the Gaussian is set to the known location of the switch. We set the variance a% of the
foot-switches to be approximately 10ft in our experiments. While this is clearly larger
than necessary, the aim was to simulate accuracy closer to that of the IR motion sensors
during initial setup of the testing facilities. Setting the variance to a small value can
provide exact localization at precise moments in time, but can also lead to “jumps” in
trajectories at the vicinity of the foot-switches. Artificially increasing the variance helps

ensure the smoothness of the estimated trajectory.
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Figure 3.5: (a) to (e): Raw RSSI values from 5 access points collected during calibration
at Point-of-Care test Lab-I, (f) to (j): Fitted RBF maps.

Multiple sensors observation model

The Kalman framework allows for fusing multiple sensors of different types as available.

An augmented observation vector is specified,

z, = ZIBSSI z,{R ZEOOt (3.21)

along with the corresponding observation functions. Note that the dimension of this aug-
mented observation may change at each time step to account for varying sensor sampling

rates or missing observations.

3.4 SPKS Based Location Tracker

While the SPKF may be applied directly to the tracking problem, we have found im-
proved performance through the use of SPKS. We have investigated both of our proposed
smoother variants, namely the FI-SPKS and FL-SPKS, for Wi-Fi based tracking. The
FI-SPKS corresponds to a fixed interval smoothing approach whereby the final time N is

fixed and smoothed estimates are found using all N measurements. For tracking purposes,



110

30

20

y (ft)

10

0 10 20 30 40 50 60

y (ft)

50 60

Figure 3.6: Tracking performance in test Lab-I using RSSI measurements, (a) Ekahau
estimates (red: ground truth, black: estimate), (b) SPKS estimates (red: ground truth,
blue: SPKS estimate). The position of the access points are shown by green circles on the
floorplan. The above tracking result is shown for subject 1.

the FI-SPKS provides an off-line estimate of the position and velocity trajectories after all
data up to time N has been collected. In fixed-interval SPKS (FI-SPKS) framework, we
apply both the FBSL-SPKS and the RT'SSL-SPKS algorithms to estimate the position and
velocity of the user. We have demonstrated the detailed derivations of the FBSL-SPKS
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Figure 3.7: Tracking performance in test Lab-I using RSSI + foot switch observations
(red: ground truth, blue: SPKS estimate). Yellow rectangular boxes indicate the position
of the foot switches on the floor plan. The position of the access points are shown by
green circles on the floorplan. The above tracking result is shown for subject 1.

and the RTSSL-SPKS from first principle in sections 2.3.2 and 2.3.3. In the experimental
result section, we have only demonstrated the performance of the RT'SSL-SPKS due to its
ease of implementation and low computational complexity.

We have also implemented the proposed FL-SPKS methods whereby the smoothed
state estimate always lags behind the current observation by L time interval (for our case,
we have used L = 3). For details about the different variants of the fixed-lag SPKS
approaches, please refer to Section 2.4. The time difference L is a design specific constant
and adds a fixed latency in computing the actual estimates. We have implemented both
the FBSL-SPKS and the RTSSL-SPKS for constantly estimating user’s 2D position and
velocity in an indoor environment. Both the FBSL-SPKS and the RTSSL-SPKS provide
pseudo real-time estimates by dividing the data into blocks (e.g., N = Y N;) and then
sequentially performing the smoother operation on the buffered blocks of data as they
become available. The equations of the fixed-lag FBSL-SPKS and the RTSSL-SPKS are
shown in sections 2.4.3 and 2.4.4. Table 3.1 demonstrates the user-specified parameters
needed to implement the SPKS based location tracker.

We had to deal with a number of problem specific issues, such as different update rates
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Figure 3.8: Tracking performance in test Lab-I, (a) Ekahau estimates (red: ground truth,
black: estimate), (b) SPKS estimates using RSSI measurements (red: ground truth, blue:
SPKS estimate). The position of the access points are shown by green circles on the
floorplan. The above tracking result is shown for subject 2.

and the time-varying observation dimensions, in order to adopt the SPKS framework in

indoor location tracking problem. We will discuss below how we address these issues in

our indoor positioning system.
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Figure 3.9: Tracking performance in test Lab-I using RSSI + foot switch observations
(red: ground truth, blue: SPKS estimate). Yellow rectangular boxes indicate the position
of the foot switches on the floor plan. The position of the access points are shown by
green circles on the floorplan. The above tracking result is shown for subject 2.

3.4.1 Different update rates for process and observation models

The proposed location tracker uses RSSI sensors manufactured by Ekahau Inc. The Eka-
hau engine is a proprietary system which requires placing multiple access points at pre-
defined locations of the house. The subject to be tracked carry a body-borne receiver tag
which periodically measures the RSSI from the installed access points. Due to tag based
hardware limitation, the RSSI sampling rate is between 4 — 8s. This low sampling rate
can be a hinderance for continuous tracking and can also lead to “jumps” in estimated
trajectories. In order to overcome this problem, we propose to operate the SPKF time-
update and measurement-update steps at differing rates. In other words, every SPKF
cycle does not necessarily have a measurement-update step. Recall that in filter time-
update, we use the dynamic model to predict the next state @, ; from the current state
;. and measurements up to time k, z1.,. While the measurement-update step utilizes the
observation model for incorporating the current measurement zj.; with state prediction
Z,,, and generates an updated state ®jy1. In the proposed location tracker, the SPKS

based estimator performs a time-update step at every second but a measurement-update
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Figure 3.10: SPKF estimates using only RSSI measurements in test Lab-I. The position
of the access points are shown by green circles on the floorplan.

step is incorporated only when the sensor measurement is available. The fast time-update
ensures the computation of state estimates at every time index even when the RSSI mea-
surement is not available during that time. The availability of position estimates at higher

rate may prove extremely useful for monitoring the elderly at their own homes.

3.4.2 Time-varying observation dimensions

As we have mentioned in Section 3.3.2, the proposed SPKS fuses multiple sensors, in-
cluding RSSI, IR motion sensors and foot-switches in order to perform localization. As
is evident from the experimental results (please see Section 3.5), the performance accu-
racy of our SPKS based location tracker has been improved by incorporating multiple
sensor measurements. Since different sensors operate at different rates and have differ-
ent observation dimensions, one design challenge was to derive a SPKS framework which
can adapt to the time-varying observation dimensions. For example, the sampling rate
of RSSI is between 4 — 8 s and the dimension of RSSI measurement vector depends upon
the number of RSSI sensors which actually reported the signal strength at a particular
time. IR motion sensors provide binary “on” measurement only when there is a motion

within its range. Binary foot-switches can only be turned “on” when pressed. In order to
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Figure 3.11: (a) Fixed-interval RT'SSL-SPKS estimates, (b) Fixed-lag (lag L = 3) RTSSL-
SPKS estimates (red: ground truth, blue: SPKS estimates). The position of the access
points are shown by green circles on the floorplan. The SPKS estimates are generated
using only RSSI measurements.

combat the arrival of time-varying measurements, we maintain an event-log which will in-
form about the number of different sensor firing at each time instant. If data arrives from
multiple sensors, the effective observation model used in the SPKS framework is formed

by concatenating each individual sensor observation models and sigma points required
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Figure 3.12: Floor layout for test Lab-I1

Table 3.1: Summary of user-specified parameters

Name Symbol Value
Potential field force constant Fer 10
Integration time or 1s
Smoothing AR coefficient A 0.95
Number of access points M 3-5
Measurement noise variance(foot-switch) n£ 10ft
Measurement noise variance(constrained motion sensor) nis 5 ft
Measurement noise variance(unconstrained motion sensor) nits room dimension
Measurement lag L 3
Sigma-point spread « 0.85
Sigma-point weighting term 15} 2
Sigma-point parameter K 0
Time spent per calibration point Tec 1min
Recorded RSSI per calibration point Ny 8-10
RSSI sampling rate Ty 4-8s

for measurement-update step will be extracted from this augmented observation vector.
When the event-log specifies the firing of single sensor, the effective observation model
is reverted back to the corresponding sensor model. This process although very simple
and straightforward needs careful logging of sensor events in order to accommodate the

time-varying rate of data stream.
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3.5 Experimental Results

Implementation and testing were performed at several “living-laboratories” (also called
Point-of-Care labs) used to develop monitoring and assistive technologies for the elderly.
A number of trials were conducted in which different subjects followed a predefined path.
While walking, the subject periodically recorded the ground truth. The Ekahau real-time
positional engine was also turned on during these tests. Although the exact location
estimation algorithm used by the Ekahau software is not known, this still provides a
commercial benchmark for evaluation of our approach. Note that the same calibration
data was used for both the SPKS based tracker and the Ekahau’s positioning engine. In
order to prove that the accuracy of our SPKS based tracker is consistent over different
locations and subjects, the experimental results displayed in this work were performed at
three different sites with multiple subjects. The three test sites, described below, not only
demonstrate the superior accuracy of the proposed tracker compared to Ekahau tracking

engine but also expose the limitations of RSSI-based tracking in an indoor location.

3.5.1 Test Lab-1

The Point-of-Care test Lab-I is located at the “Wallowa” building, part of West Campus
at the Oregon Health & Science University (OHSU). The test site is setup with 5 access
points located at the four corners and at the center. A layout of the test Lab-I is shown in
Figure 3.4. The size of the test Lab-I is 60 ft by 30 ft. In the entire environment, calibration
was performed first in order to measure the RSSI variability emanating from each access
point. The floor plan was divided into P = 15 sections. FEach room was considered a
section and the long corridors were divided into multiple sections. In each section 9 points
were chosen to perform calibration in such a way that 8 points formed the periphery of
an octagon and the remaining point was at the center of the octagon. At each calibration
point, a person carrying a RSSI tag spent around one minute to collect the training RSSI
data. Roughly 8 — 10 RSSI measurements were recorded at each calibration points for a
total of 1065 measurements.

As described earlier, a RBF network was used to fit a nonlinear map between known
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Table 3.2: Performance comparison of Ekahau tracking engine with different SPKS track-
ers at test Lab-1. The E(RMSE) and std(RMSE) is computed over 20 different trials.

Estimator E(RMSE) (ft) std(RMSE) (ft)
Ekahau(RSSI) 28.4 12
fixed-interval SPKS(RSSI) 5.68 1.95
fixed-interval SPKS(RSSI+footswitch) 1.44 0.5
fixed-lag SPKS with L = 3(RSSI) 8.45 4.2
fixed-lag SPKS with L = 3(RSSI+footswitch) 2.73 0.62
fixed-lag SPKS with L = 6(RSSI) 5.85 2.2
fixed-lag SPKS with L = 6(RSSI+footswitch) 1.58 0.6

calibration locations and the collected RSSI values. The raw RSSI at each calibration
point and the RSSI calibrated maps for 5 access point were shown in Figure 3.5(a)- 3.5(j).

We conducted several trials of moving test in which subjects walked at a normal speed
following a predefined path. Two different subjects were used as the RSSI variability is
observed to be subject dependent. In one trial, subject 1 took 174 s to complete the path
and 25 RSSI observations were recorded during that time period. Subject 2 completed the
same path in 164 s and recorded 19 RSSI observations. The sampling rate varied between
4 — 8s during tracking. Multi-rate filtering was implemented so that the time-update
equations still provide estimates of the position and velocity at every second. Approximate
ground truth was collected periodically during the walking and is also shown in the plots.
Figure 3.6(a)- 3.9 compares the estimates obtained from the Ekahau engine and the SPKS
tracker. From Figure 3.6(a) and 3.8(a), it can be seen that the estimates from the Ekahau
tracking engine are very inaccurate and often fail to even locate the person in the correct
region/room. The fixed-interval based SPKS tracker with RSSI only observations clearly
tracks the person with greater accuracy (see Figure 3.6(b) and 3.8(b)).

The tracking performance of the SPKF, the fixed-interval RT'SSL-SPKS and the fixed-
lag RTSSL-SPKS are compared in Figure 3.10- 3.11(b). Note that while the fixed interval
based RTSSL-SPKS uses all RSSI observations to obtain each smoothed estimate, the
fixed-lag RTSSL-SPKS takes into account the past, present and L future measurements
to provide the smoothed state at each time k. In this example, the lag between the

current measurement and the estimated state is equal to L = 3. Considering the sampling
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Figure 3.13: (a) to (e): Raw RSSI values from 5 access points collected during calibration
at Point-of-Care test Lab-I1I.
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Figure 3.14: (a) to (e): Fitted RBF maps on top of the mean of RSSI collected during
calibration at test Lab-II.

rate of 4 — 8s, the corresponding lag introduces a latency of 12 — 24s in the location
tracking framework. As shown, both the SPKS-based methods provide superior estimates
as compared to the SPKF estimates. Notice how the SPKF generates large “jumps” due to
poor sampling rate of the RSSI sensors. As shown in Figure 3.11(a) and 3.11(b), the SPKS
is free of such problem as the smoother provides superior interpolation of data using both
past and future observations. The fixed-interval based RTSSL-SPKS estimates are slightly
more accurate compared to its fixed-lag counterpart. Accuracy of the FL-SPKS improves
with increasing lag value and it becomes equal to that of the fixed-interval smoother for
lag L = 6, as demonstrated in Table 3.2.

When RSSI observations are integrated with foot-switch signals, the accuracy of the
SPKS based tracker improves even further (Figure 3.7 and 3.9). Note that we set the
variance of the foot-switch sensors to be 10ft in our experiments.

Table 3.2 compares the estimation accuracy of fixed-interval and fixed-lag SPKS tech-
niques with the Ekahau tracking engine. The tracking accuracy of each estimator is
demonstrated in terms of mean of root-mean-square-error (RMSE) and standard devia-
tion (std) of RMSE for 20 different trials. We have selected three subjects and each subject
performs a number of walking tests in the lab. As is clearly evident from the table, both

the fixed-interval and fixed-lag SPKS significantly outperform the Ekahau tracking engine.
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Table 3.3: Performance comparison of Ekahau tracking engine with different SPKS track-
ers at test Lab-II. The E(RMSE) and std(RMSE) is computed over 20 different trials by
various subjects.

Estimator E(RMSE) (ft) std(RMSE) (ft)
Ekahau(RSSI) 20.22 8.2
fixed-interval SPKS(RSSI) 8.38 2.5
fixed-interval SPKS(RSSI+IR motion sensor) 6.25 2.22
fixed-lag SPKS with L = 3(RSSI) 11.6 3.4
fixed-lag SPKS with L = 3(RSSI+IR motion sensor) 9.55 2.8
fixed-lag SPKS with L = 6(RSSI) 8.86 2.4
fixed-lag SPKS with L = 6(RSSI+IR motion sensor) 7.02 2.36

3.5.2 Test Lab-1I

The test Lab-II is located in the “Center for Health and Healing (CHH)” at OHSU.
The floor layout is shown in Figure 3.12. Similar to POCL test Lab-I, calibration was
performed here for each of the 5 Wi-Fi access points. The raw RSSI collected at each
calibration point and the RSSI calibrated maps for 5 access points are demonstrated in
Figure 3.13(a)- 3.14(e). Notice from the raw RSSI plots, there is no significant variation of
RSSI across the floor. This is due to the small size of the POCL Lab-II (30 ft by 22.5ft).
The low RSSI variability across the test Lab-II is responsible in producing the RBF maps
which are almost “flat” and hence carry little information about one-to-one position-RSSI
mapping.

The lab is also fitted with a number of IR motion sensors instead of foot switches.
There are two variants of motion sensors installed in the houses based on their field-of-
view. The full beam width unconstrained sensors are generally installed one per room
and have variability that matches the full dimension of the room. The constrained sensors
have limited beam width and are generally installed along corridors. The variability of
the constrained sensors is thus significantly lower than the unconstrained ones.

In Figure 3.15(a)- 3.16, we demonstrate a walking experiment comparing the Ekahau
performance to the SPKS tracker. The Ekahau estimates as observed in Figure 3.15(a)
are mostly stuck in one portion of the house. The SPKS tracker performance using RSSI,

with and without the IR motion sensors are depicted in Figure 3.15(b) and 3.16. Note we
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Figure 3.15: Tracking performance in test Lab-II using only RSSI measurements, (a)
Ekahau estimates (red: ground truth, black: Ekahau estimate), (b) SPKS estimates using
RSST measurements (red: ground truth, blue: SPKS estimate). The position of the access
points are shown by green circles on the floorplan. The furniture positions are shown as
magenta rectangular boxes.

only demonstrate the performance of the fixed-interval based RTSSL-SPKS in this section.
While still superior to the Ekahau estimates, the small size of the POCL Lab-II and the
presence of many pieces of furniture limit the performance of the SPKS tracker compared
to its performance in Lab-I. The limited performance of the SPKS is expected considering
how flat the observations maps are due to the low variability of RSSI across the floor. The

example with test Lab-II clearly exposes one of the fundamental limitations of localization
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Figure 3.16: Tracking performance in test Lab-II using RSSI + motion sensor, (a) SPKS
estimates using RSSI + motion sensor observations (red: ground truth, blue: SPKS esti-
mate). Small yellow rectangular boxes indicate the location of the motion sensors on the
floorplan.

using signal strength in an indoor environment. It also establishes the need of combining
measurements from multiple sensors in order to improve the tracking accuracy. As shown
in Figure 3.16, adding the motion sensors with RSSI improves the SPKS tracking accuracy
in spite of the high false alarm and large variability of the motion sensors.

Table 3.3 compares the estimation accuracy of fixed-interval and fixed-lag SPKS tech-
niques with Ekahau tracking engine in test Lab-II. The tracking accuracy of each estimator
is demonstrated in terms of mean of RMSE and standard deviation (std) of RMSE for
20 different trials performed by various subjects. As is evident from the table, both the
fixed-interval and the fixed-lag SPKS perform comparably but they clearly outperform
the Ekahau over all the trials.

3.5.3 Test Lab-111

In 3.18(a)-3.18(i), we demonstrate an additional moving test at a third location, which is
the real home of a person. This experiment is shown in this work to establish the superior
accuracy of the SPKS based tracker compared to the commercial Ekahau positioning
engine for room level localization. The size of Lab-III is 55ft by 25ft. The floorplan of

this site is shown in Figure 3.17(a). Similar to test Lab I and II, this living lab is also
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Figure 3.17: (a): Floor layout for test Lab-III. (b) to (e): Fitted RBF maps on top of the
means of RSSI collected during calibration at test Lab-I11.

equipped with 5 wireless access points placed at four corners and at the center. The entire
floorplan is divided into 9 sections. In each section, an octagonal grid is formed to perform
calibration. Due to a problem with the RSSI tags, a limited amount of calibration data
was collected (only 212 RSSI measurements for the entire house). The RBF observation
maps were learned from this small calibration data set and we would thus expect worse
tracking performance corresponding to only room level localization accuracy. The fitted
RBF maps are displayed in Figure 3.17(b)-3.17(e). One of the access points reported RSSI
data packets only for nearby sections of the floor due to a tuning problem and hence can
not be used for localization. As described, this experiment provides us an opportunity to
determine the resiliency and robustness of our SPKS based tracking infrastructure in a
challenging environment.

During the moving test, a subject walked on the calibration grid points at each section
along a counter clockwise direction. Figure 3.18(a)-3.18(i) compare the Ekahau localiza-

tion performance with that of the SPKS tracker. As seen in figures, the Ekahau tracking
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Figure 3.18: (a)-(i): Performance comparison between the Ekahau (black) and the SPKS
(blue) at test Lab-III in terms of room-level accuracy. The position of the access points
are shown by green circles on the floorplan.

engine fails to localize the person in the correct section except for a single case (as shown in
Figure 3.18(g)). Most of the Ekahau estimates are randomly centered around the middle
of the entire floor plan. However, the fixed-interval RTSSL-SPKS based tracker correctly
localizes the person in all of the sections.

Table 3.4 summarizes the performance and superiority of the SPKS based tracker over
other popular estimation techniques, including the EKF, EKS and SPKF, in terms of
RMSE position error. As seen, the EKF, EKS, SPKF and SPKS all clearly outperform
the Ekahau. It is also verified that the SPKS has clear performance advantage over the
EKS. Table 3.5 displays the superior accuracy of the SPKS based tracker over the Ekahau
in terms of room level localization. The room accuracy corresponds to the percentage
of times the estimated location lies in the correct room (the section where the subject is
present). Room-level accuracy is an important metric, as instead of precise localization,
many real life applications operate at the level of rooms. The table verifies the ability of
the SPKS tracker to operate precisely at the room-level even when the calibration data is

small and some of the access points fail to operate as desired.
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Table 3.4: Performance comparison of the SPKS with other estimators in terms of RMSE.
Overall RMSE is calculated relative to the observed true trajectory over 50 different trials
performed at various test labs and real houses. RMSE for test Lab-III is not shown as
accurate ground truths were not available.

Estimator Overall Lab-I Lab-II
Ekahau (RSSI) 23.88 284  20.22
EKF(RSSI) 12.32 11.73 13.41
EKS(RSSI) 954 949  10.2
SPKF(RSSI) 895 821  9.85
SPKS(RSSI) 645 568  8.38
SPKS(RSSI+IR motion sensor) 5.92 N/A 6.26
SPKS(RSSI+footswitch) 1.44 1.44 N/A

Table 3.5: Performance comparison of the SPKS with the Ekahau in terms of room level
localization. Room level accuracy is defined as the percentage of times the estimated loca-
tion falls within the desired room. Overall room level accuracy is calculated by ensemble
averaging over 50 different trials performed at various test labs and real houses.

Estimator Overall Lab-I Lab-II Lab-III
Ekahau (RSSI) 58.8 54.32 62.3 60.95
SPKS(RSSI) 82.21 84.02 75.18 95.22
SPKS(RSSI+IR motion sensor) 83.2 N/A  77.08 95.34
SPKS(RSSI+footswitch) 97.78 97.78 N/A N/A

3.6 Discussion and Future Work

A new method and system have been developed for RSSI based indoor localization and
tracking. Instead of using simple fingerprinting or a fixed a priori distribution for the
RSSI tags, an observation function is generated from the RSSI calibration data by fitting
nonlinear maps between the known calibration locations and RSSI mean values. The RSSI
maps are incorporated into a Bayesian framework that fuses all sensor measurements with
a simple dynamic model of walking. The dynamic model consists of a random acceleration
model augmented with repulsive forces to account for the room-wall configurations. For the
Bayesian inference, we primarily consider the proposed fixed-interval and fixed-lag SPKS
estimators, which are derived from first principles in Chapter 2. The SPKS trackers
can provide superior interpolation using both past and future observations and hence

provide considerable improvement in the tracking accuracy compared to the standard
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SPKF. The SPKS tracker can accommodate a multi-rate processing where state estimates
are determined at a higher rate (e.g., every second) while the RSSI observations occur at
a slower update rate. Missing observations are also easily handled by the approach.

While the primary sensors are Wi-Fi tags, the approach can also incorporate multiple
types of sensors. In the current implementation, both IR motion sensors and simple
foot-switches were incorporated. As a predominantly software solution, the approach
provides the flexibility to incorporate sensors from multiple manufacturers. Performance
was evaluated in a number of “living laboratories”, where the tracking accuracy was
demonstrated to be superior to the available industry positioning engine developed by the
Ekahau Inc. The proposed system is currently being deployed into a number of houses in
order to continuously monitor elderly for clinical purposes.

Although the SPKS based approach is capable of accurate tracking, several factors
may limit the performance of the proposed approach. RSSI noise, spatial variability, and
sampling rate all affect accuracy. Complexity of the position-RSSI correspondence due
to the severe multipath, NLOS propagation, metal reflection, interference from other Wi-
Fi devices, and RSSI noise can pose significant challenges in successful generation of the
observation maps. The accuracy of the RSSI observation maps also depend on the number
of RSSI measurements collected over the entire indoor environment during calibration. A
sufficient number of calibration points at different locations must be selected to capture
the full spatial characteristics of the environment. The octagonal positioning used in this
study may or may not be sufficient. While a complex spatial variability in the RSST makes
fitting the observation maps more difficult, the complexity of the maps is precisely what
makes tracking possible. A relative flat observation map is non informative. The actual
shape of the RSSI map is also influenced by the type, location, and orientation of the RF
access points, which must be properly located and tuned so that RSSI can be acquired
over the entire house for each access point. During tracking, accuracy is further influenced
by the RSSI noise and the sampling rate, which both contributes to location uncertainty.
The 4 — 8s sampling rate in this study was due to the hardware limitations. Clearly a
faster sampling rate is always preferred. Incorporation of non-RSSI sensors may also affect

accuracy. In this work, IR motion sensors and foot-switches were used. However, we only
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incorporated a very simple model that did not account for beam patterns, false alarms,
or latency.

Future directions may include refined models of walking motion and better observation
models for the RSSI based tracking method. In this context, one can investigate whether
the RSSI based tracking framework can be augmented by a digital compass and accelerom-
eter sensors which may provide an additional orientation information. The orientation
information can be used either to improve the current dynamic model by changing to a
more sophisticated “heading” model or to learn orientation dependent RSSI radio maps
during calibration. A detailed sensor characterization test for motion sensors may also be
used which will help to understand the beam pattern and correspondingly to develop a
better likelihood model. In addition, self calibration based simultaneous localization and
mapping (SLAM) approach can also be designed, whereby the parameters of the RSSI
maps are continuously updated to account for changes in environment or to even avoid
the initial off-line calibration procedure. Tag-free solutions can also be investigated that
would provide an alternative to RSSI, allowing for unobtrusive localization without the

use of body worn tags.



Chapter 4

A Tag-free Solution to Unobtrusive
Indoor Tracking Using Wall-Mounted

Ultrasonic Transducers

4.1 Overview

In the previous chapter we applied the sigma-point Kalman smoother (SPKS) to track
a person in an indoor environment using RSSI observations. The RSSI based tracking
framework is tag-based where a user carries a radio transceiver tag while walking. In this
chapter, we propose a novel tag-free solution for indoor tracking using ultrasonic transduc-
ers or sonar units. The tracking is performed utilizing sonar-range maps learned from the
calibration data. We also apply the simultaneous localization and mapping (SLAM) algo-
rithm to track a person which simultaneously estimates the location of the wall-mounted
sonar units with user positions.

This chapter is organized as follows. Section 4.2 discusses the use of ultrasonic sensors
in tracking robots and underwater vehicles. It then summarizes the various components
of the SPKS based Bayesian inference algorithm used in our tracking system. Section 4.3
describes the data acquisition hardware, which captures the analog echoes. Section 4.4
shows the signal processing steps, which compute the 1D range of the moving person.
Section 4.5 describes the proposed SPKS based Bayesian inference algorithm which uses
learned observation maps and range measurements from active sonar units to track a
person. Section 4.6 implements two types of SLAM algorithms which simultaneously

computes the observation model parameters with the user state. Section 4.7 incorporates
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the range observations from passive sonar units into the system and demonstrates its

performance. Finally, Section 4.8 summarizes our contribution.

4.2 Introduction

There is a great demand for accurate indoor localization and tracking systems with the
recent advancement of context aware technologies. The next generation mobile applica-
tions often need to accurately locate a person in order to provide information about its
surroundings. As GPS is unable to provide location based information in an indoor en-
vironment, researchers are actively investigating various sensing technologies to develop
an accurate indoor positioning system. In this light, a plethora of sensors such as infra-
red (IR), ultra-sonic badges and radio-frequency (RF) based wireless local area network
(WLAN) have been proposed and widely used in indoor localization [40-42,48,49,89]. In
Section 3.2, we surveyed a number of current indoor people-tracking systems and their
architectures. All these different positioning systems require the user to carry a body-
borne receiver tag while walking. For example, a person to be tracked has to carry a
small IR tag in the Active Badge system that periodically transmits IR waveforms to a
network of sensors [40]. In the Cricket system, which uses RF and ultrasonic sensors,
the person carries a listening device that uses time of flight (TOF) difference between
the RF and ultrasonic waves in order to locate the user [42]. For the wireless local-area
network (WLAN) based tracking systems, such as Place-Lab and Ekahau, an user needs
to carry a RF transceiver in order to measure the Wi-Fi signal strength from multiple
access points [45, 46, 48]. Although the tag-based tracking systems can generate satis-
factory tracking accuracy, in some applications (e.g., monitoring activities of daily living
of seniors in independent living facilities), wearing a tag may be seen as undesirable or
simply a nuisance. In addition, most of the tag based systems require extensive calibra-
tion. Despite these limitations of the tag based approach, there are even fewer options for
tag-free monitoring system. Arrays of infra-red (IR) motion sensors may be employed to
determine the region-level location but the multiple IR systems are prohibitively expensive

and complicated to install. Mitsubishi Electric Research Laboratories, for example, has a
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prototype system that requires over 200 IR sensors to be installed in the ceiling of a large
office building [90]. Video-based tracking draws from advances in automated surveillance
and can often be very effective, though performance may degrade with complicated back-
ground clutter and other non-ideal environments [89,91,92]. The primary disincentive
to video-based tracking, however, is privacy concerns. People don’t want a video camera
in their home, constantly monitoring their activities. With these concerns in mind, we
propose utilizing ultrasonic range sensors for indoor tracking.

The study of well-known creatures like bats and dolphins shows that they use time-
of-flight (TOF') ranging approach to calculate distance from obstacles. Sound navigation
and ranging (sonar) method has traditionally been used to navigate an underwater vehicle
like submarines [93,94]. It has also extensively been used to determine the distance and
direction of an underwater vehicle and to enable communication between vehicles [95,96].
Although the acoustic frequency used by the sonar technique varies from low (infrasonic)
to high (ultrasonic), the ultrasonic frequency based sonars are the most prevalent. In
addition to underwater navigation, the ultrasonic sonars have also found applications in
tracking position and orientation of indoor mobile robots [77,97]. The robot or vehicle
is generally equipped with multiple sonar transducers which transmit ultrasonic wave at
periodic intervals and then waits for the corresponding echo. The accurate estimation of
propagation time, defined as the time duration between the instant of signal transmission
and its reception, is applied to compute the range of the surrounding obstacles. Each es-
timated range information is then used to triangulate the robot’s pose [98-100]. Recently,
the probabilistic Bayesian inference framework has also been employed to infer the robot’s
pose from multiple sonar range measurements [77,78,101,102]. Ultrasonic sensors are also
applied in indoor people-tracking using a tag-based approach. A commercially available
tag-based tracking system by Sonitor uses ultrasonic technology for tracking a person [44].
The user carries a small tag which emits its identification number via ultrasonics. Detec-
tors scattered throughout the environment receive this information and triangulate the
user’s location.

In this chapter, we present a novel tag-free solution for indoor location tracking that

utilizes low-cost wall-mounted ultrasonic transducers. The sonar modules transmit an
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ultrasonic wave at a periodic interval and capture analog echoes, which are then digitized
and analyzed in order to estimate the 1D range of the moving person. Simplistically, the
range corresponds to the strongest echo received after reflection. The proposed system
utilizes a number of signal processing techniques including Bandpass filtering, Hilbert
transformation, and background subtraction to remove interference from other objects
(e.g., chairs) in the room. An adaptive threshold is then used to determine the locations
of strong echoes. Finally, clustering is performed to determine several candidate range
estimates. These candidate range estimates from multiple transducers provide the obser-
vations for the subsequent tracking algorithm to determine a person’s 2D position and
velocity.

We implement a probabilistic Bayesian inference algorithm based on a fixed-lag sigma-
point Kalman smoother (FL-SPKS) in order to localize and track a person. The proposed
SPKS fuses a model of walking motion, room-wall configurations and all available sonar
range observations in order to track a person. Initially a random acceleration-based hu-
man walk model is used as the dynamic model of motion. Later, we apply the so-called
“coordinated turn (CT) model” [86], as it is more suitable to mimic the way a human
walks. The two dimensional CT based target maneuver model relies on target kinematics,
in contrast to the random acceleration model, which is based on random processes. The
CT model also takes into account the spatial coupling between dimensions. The target
maneuver model is augmented with a room-wall configuration involving a potential field
created throughout the indoor environment in order to repel motion away from walls.
This chapter provides a more detailed description and analysis of our methods that was
presented in [103].

Instead of using an observation model known a priori, we use two different methods
to estimate the parameters of the observation model. The first method is similar to what
we have implemented for RSSI based indoor tracking. This method uses the Radial-Basis
Function (RBF') network to learn a nonlinear mapping between known user locations and
range measurements. Note that each ultrasonic transducer has its own observation map
and these maps are fit during a separate offline calibration phase. Unfortunately the whole

calibration process is tedious, time consuming and also requires significant manual effort.
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In addition, any error in measuring the ground-truth directly affects the accuracy of the
learned model, which effectively degrades the state estimates. Hence our next phase of
research focusses on investigating a SLAM based “self-calibration” technique, whereby the
parameters of the observation models are continuously updated in the tracking phase to
account for changes in the environment or in order to make the initial off-line calibration
procedure redundant. The task is to simultaneously estimate the state of the person (2D
position, velocity and turn rate) and the parameters of the observation model. Parameters
correspond to the 2D sonar module locations along with a correction factor for the speed
of sound to account for multipath, reflection/refraction and other measurement errors.
A dual SPKS framework is introduced to tackle this problem that works by alternating
between using one SPKS to localize the user given the current estimated parameters, and
a second SPKS to update the estimate of the parameters given the current position of the
user.

An ultrasonic sensor is in “active” mode when it triggers an ultrasonic signal and
records the primary echo after it bounces off walls/targets. In “passive” mode, an ultra-
sonic sensor never transmits but only records the indirect reflections of an ultrasonic signal
coming from an active unit. Initially we only consider the range observations recorded by
the active sonar transducers for the tracking purposes. In the last phase of this work, we
investigate whether we can improve the tracking accuracy by incorporating the passive
range measurements with the already used active observations. Although the same SPKS
tracking algorithm is employed for this task, the dimension of the observation model is
increased in order to include the additional passive measurements.

Experiments were performed at a test lab where the performance of our tag-free sonar
based solution was compared with the commercial tag based Ubisense positioning en-
gine [49]. From the simulation results, it is clear that ultrasonic sensors can be success-
fully used to accurately track a person in an indoor location. The estimation accuracy
exhibited by our proposed tag-free tracker is shown to be comparable with the Ubisense
positioning engine. The SLAM approach, where the model parameters are learned online
in conjunction with the state estimates further improves the tracking accuracy. Finally,

we also demonstrate that incorporating the passive sonar ranges into the location tracking



133

(b)
Glock MM LML

Sonar 1 Trigger [~ |

Sonar 2 Trigger I 1 1

Sonar 3 Trigger 1

Sonar 4 Trigger 1 1

Sonar 5 Trigger 1 M1
—

Sonar 6 Trigger

()

Figure 4.1: (a) Devantech Sonar Module. (b) Custom trigger generator board. (c) Se-
quential triggers of ultrasonic sensors.

indeed helps to localize the person with higher accuracy.

4.3 System Hardware and Data Acquisition

The sonar module selected for tracking is a low cost unit manufactured by Devantech Inc.,
which transmits ultrasonic pulses at the rate of 40kHz. The ultrasonic signal emitted
from each sonar unit can travel up to a distance of 14ft. The chosen module has two
separate transducers, one for transmitting the ultrasound and the other for listening the
corresponding echo. Each ultrasonic unit is mounted using a gimbal joint as shown in
Figure 4.1(a) in order to help translation and rotation along any direction on the wall.
The analog echo return is tapped from the output of the preamplifier stage lies at the

back of the sonar circuit board. For testing, 6 ultrasonic units were mounted on the walls



134

1
€55 Passive
Active
" B
Passive d;
p
6 ?ﬁ‘ d6 a
p I
ds ,"/ - e
Passive .-~
502 «
p dr
d4 3 Passive
a _ a 413
ro=2d 3
P =d +d? .
4 4 4%p Passive
4

Figure 4.2: This figure illustrates the approximate location of six ultrasonic sonar modules
installed in the test-area. Note that the asymmetry was due to constraints with office

equipment in the room. A primary range observation r2 recorded by the current m-

th active sonar unit is equal to twice the distance, d2 , between the sonar unit and the

person. The range measurement 7’}1) recorded by the p-th passive unit is equal to the sum

of distances, d%, and dqp, where dqp denotes the distance between the person and the passive
unit.

of a single room as illustrated in Figure 4.2.

The prototype system consists of a standard PC running MATLAB control software
connected to a 8 channel, 16 bit DAQ manufactured by Measurement Computing. The
DAQ is responsible for both controlling a custom “trigger circuit” and for digitizing all
analog sonar returns. Note that the signal is digitized using the DAQ at a sampling rate
of fs (fs = 250kHz) to avoid aliasing. The trigger circuit, as displayed in Figure 4.1(b),
uses 555 multivibrators and flip-flops in order to fire the multiple ultrasonic sensors in a
sequential manner. A positive triggering edge generated from the CPU passes through

the trigger generator board which in turn fires a sonar unit. The corresponding unit
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becomes “active” and transmits an ultrasonic wave. The circuit board then waits for
a predetermined amount of time Tymill-seconds (ms) (in this case, Ty = 30ms) for the
active unit to record the primary echoes. Simultaneously, the other sonar units are in
“passive” mode and only record indirect reflections or shadows coming from the active
unit. After Tyms, the circuit board issues another trigger pulse to fire the next sonar unit,
which goes into the active mode. This procedure runs in a sequential manner until all 6
installed ultrasonic sensors have been fired. The sequential pattern of sonar triggering with
clock cycles for 6 sensor modules is displayed in Figure 4.1(c). Finally, all the collected
ultrasonic reflections with the synchronization timing information are transferred to the
CPU for further processing. Note that there exists a random time delay of 7§ ms (the mean

and standard deviation of Ty, (Ty) = 40ms and (Ty)4q = 50ms, are computed by

mean
averaging over 1000 trials) between the CPU triggering and when the actual sonar firing
occurs. Exact knowledge of T is essential in order to synchronize the data timing and is
provided by the trigger generator board. All the ultrasonic units are custom cabled with

the trigger generator using an OP-AMP cable driver circuit.

4.4 Signal Processing: Range Calculation

The following signal processing steps are carried out sequentially on a received ultrasonic
signal in order to determine range candidates, which provide the observations for the

subsequent tracking algorithm.

4.4.1 Bandpass Filtering

A raw ultrasonic reflection profile is shown in Figure 4.3(a). The raw data is collected at
the end of the preamplifier stage of a sonar module. In order to make the signal base-band,
the raw data is passed through a eighth-order zero-phase Butterworth-Bandpass filter with
lower and upper cutoff frequencies of f1, and fp respectively (in this case, f1, = 37kHz and
i = 42kHz). The Bandpass filter also removes the DC component of the input signal.
As the frequency of the emitted ultrasonic wave is about 40kHz, the cutoff frequencies

are chosen accordingly so that they can maintain the overall signal response while keeping
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Figure 4.3: Signal processing steps performed on each reflected signal in order to identify
the potential range candidates, (a) Raw analog signal, (b) Band-pass filtered signal with
envelope, (c) Sonar traces with background subtraction, (d) Adaptive threshold (magenta
shows the location where the sonar trace exceeds the threshold).

the distortion negligible. The Bandpass filtering is also the required preprocessing step for
envelope detection, which needs a base-band input. Figure 4.3(b) depicts the Bandpass
signal. Note that the signal consists of echoes from background objects and a moving
person. In fact, the echo return from the nearest object (a chair) is larger than the echo

from the person we are trying to track.

4.4.2 Envelope Detection and Downsampling

The output signal from the Bandpass filter is passed through a envelope detection block
in order to extract its instantaneous amplitude. The envelope detection method works
by creating a complex signal called an “analytic signal” of the input using a Hilbert

transformer [104]. The analytic signal consists of a real part which is the original signal
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Figure 4.4: Zoomed version of the sonar envelope.

and an imaginary part which is the Hilbert transform of the original signal. An n-point
Fast-Fourier Transform (FFT) is used to calculate the Hilbert transform. In order to match
the delay caused by the Hilbert transform, the original signal is time-delayed before being
added to the imaginary part of the signal. The instantaneous amplitude of the signal is
then extracted by calculating the absolute value of the analytic signal. In order to reduce
jitter and smooth the envelope, the result is also subjected to a low-pass filter.

In our experiment, signal downsampling is performed after the envelope detector. Re-
call that the sampling rate of the A/D converter while digitizing the received ultrasonic
signal is chosen to be sufficiently high (250kHz) in order to prevent aliasing. As the
large number of samples add higher processing/storage requirements and are also unnec-
essary for future processing, a decimation step is followed on the extracted envelope of
the sonar signal. The decimation step applies a low pass filter on the input data and
then resamples the resulting smoothed signal at the rate of ( fS)resamp kHz (we have
adopted ( fS)resamp = 20kHz). Note, the downsampled signal corresponds to a resolution
of 0.685inch /sample, which we have found sufficient for our application. Figure 4.3(b)
displays the signal envelope in “red” with the Bandpass signal. Figure 4.4 is the zoomed

version of Figure 4.3(b), which demonstrates the performance of Hilbert transform based
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Figure 4.5: This figure maps a single range into the 2D location of a subject (magenta:
location of the person, green: approximate sonar bandwidth).

envelope detection method. This final Bandpass, demodulated, and downsampled signal
is referred to as the sonar trace, s”mk(n), where m indicates the module index, k is the
time index for the 2 Hz cycle rate, n is the time index of the trace sampled at 20 kHz, and

v € {a,p} indicates whether the trace was an “active” or “passive” return.

4.4.3 Background Subtraction

The signal envelope may consist of echoes emanating from the moving person and back-
ground static objects (e.g., chairs in the room). The challenging problem lies in computing
the range of the person by removing echoes from static objects which may be closer in
distance and appear larger than the echo of interest. Simplistically, the range corresponds
to the timing at which the maximum energy from an echo is received. However, due to a
phenomenon called multipath interference, the reflected signal from a target can take both

direct and indirect paths to reach at the receiver. The variation of path lengths produces
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Figure 4.6: This figure depicts an example where the sonar trace exceeds the threshold
at multiple locations, (a) Raw analog signal, (b) Band-pass filtered signal with envelope,
(c) Sonar traces with background subtraction, (d) Adaptive threshold (magenta denotes
multiple range candidates).

phase differences among the waves reaching at the receiver which may cause signals to
interfere constructively or destructively with one another. As a result, the amplitude of
the sonar envelope becomes higher and lower with time, which indicates that the strongest
echo does not always correspond to the range of the person. In order to solve this prob-
lem, we apply the background subtraction by taking the difference of two time-averaged

versions of the sonar trace. Specifically,

st (n) = M5 () + (1= A1) st () (4.1)
SSIOW (n) = A5GV (n) + (1 — 25 82, 4 () (4.2)

sB 5 (n) = s525Y (n) — 1OV () | (4.3)

m, m,
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(magenta: probable locations, green: approximate sonar bandwidth).

where A and S are chosen to provide 1s and 15s time constants respectively. The
A

mk (n) preserves only the strong echoes which possess the potential as

difference trace s

range candidates. These traces are illustrated in Figure 4.3(c).

4.4.4 Adaptive Threshold Selection

The next step involves determining an adaptive threshold that can be used on the difference
signal to determine the locations of strong echoes. While the background subtraction with
time averaging helps remove interference, signals still fluctuate in time. The variance of
this fluctuation is also affected by how close the echo is to the transceiver, as well as

the size and location of the person relative to other objects. We thus apply a threshold
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t;%%k (n), which adapts to the standard deviation of the difference signal.

192 (n) = MR () + (1= 20 [s ()] (4.4)

m,k

where a (we have used o = 4) is a threshold specific constant. Figure 4.3(d) displays
the adaptive threshold in “green”. The magenta blob demonstrates the location in the
difference trace that exceeds the threshold, indicating the range, r, of a subject from the
sonar unit. In the above figure, there is just one magenta blob, which maps the location
of the subject in 2-D to within a circle of radius r as shown in Figure 4.5. However, there
arises many cases when the signal envelope exceeds the threshold at multiple locations.
Figure 4.6 displays one typical example, which has three magenta blobs corresponding to
1

ranges 7!, r? and r3. Figure 4.7 demonstrates how multiple ranges denote three different

locations of the subject inside the room.

4.4.5 Clustering

The multiple strong echoes, which rise above the threshold are clustered and the center of
each cluster is regarded as the potential range candidate. Note that we do not have any
prior knowledge of the number of clusters each signal might contain and hence we have
implemented the iterative self-organizing data analysis algorithm (“ISODATA”) based
clustering technique for this purpose. The ISODATA is an iterative version to the popular
k-means algorithm [105], which can automatically select the number of clusters based on

some statistical criterions. The operation of the algorithm can be summarized as follows:

1. Perform k-means clustering
2. Split any clusters into two whose elements are sufficiently dissimilar
3. Merge any two clusters whose elements are sufficiently close

4. if there is any change in the total number of clusters, go back to (1)

else end.
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We have selected the following parameters in order to compare the elements within a

cluster and between two clusters

e o2 Maximum spread of each cluster permitted before splitting
e D.: Minimum distance between two clusters before merging

Note that the above parameters are application specific and are chosen using a 10 fold
cross validation procedure based on the criterion that maximizes the tracking accuracy.
The values of 02 and D, used in this application are shown in Table 4.1. For more
details of the clustering algorithm, one can refer to [105]. The centroids of these clusters

%

m.k» Where ¢ is the candidate index. The set of

represent the final range candidates, r
all range candidates from all sonar modules, both in active and passive mode, are then
collectively fed as observations zj either to the observation map based Bayesian estimator

(Section 4.5) or to the SLAM estimator (Section 4.6) for tracking the person.

4.5 Indoor Tracking Using Range Observation Maps

In this section, we apply the SPKS based recursive Bayesian estimation framework using
range observations and a predictive model of human walking to perform tag-free indoor

tracking. Note, here we have only considered range observations from active sonar units.

4.5.1 Recursive Bayesian Estimation Framework

Recall that the problem of recursive Bayesian estimation can be cast in terms of estimating

the state @ of a standard discrete-time nonlinear dynamic system,

xpi1 =fi (Tr, V) (4.6)

zy =hy, (g, ny,) - (4.7)

In the following, we will define the different components of the above equations in the

context of ultrasonic range based tracking application.
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4.5.2 Dynamic Model

We consider a simple random acceleration based model [85,86] and a CT model with
unknown turn rate w [86] as the system dynamic model f(.). Both of these models
are augmented with a room model involving a potential field created throughout the
indoor environment in order to repel estimated motion away from walls. The potential
field based random acceleration model used here is exactly the same as that used in
the RSSI based tracking algorithm, which can be found in Section 3.3.1. The random
acceleration model assumes that the target acceleration is an independent (i.e., “white
noise”) random process and the target motion is uncoupled (or weakly coupled) across
different coordinates. Although this model is fairly simple to implement, a target maneuver
is rarely independent with respect to time. Hence in the next step, we consider a “CT”
model which relies on target kinematics and also takes into account spatial coupling across
coordinates. This “heading” based model is also more realistic given people tend to walk
forward (or backward) instead of sideways. In the following section, we provide a short

description for each of these models.

Random acceleration model

The state vector at time k corresponds to person’s 2D position and velocity

Tk = | T Yk Uz, Uy |- (4.8)

This model is driven from time k£ to k + 1 by a white noise random process defined as

follows:
61
Tpy1 = Tf + 0Ty, + Tka (Tks &) (4.9)
T2
Yka1 = Yk + 5Tvyk + TFyk (:Ck, yk) (4,10)
Vg1 = )‘ka + 5TF9% (:Ck, yk) + (1 - /\) Ups i (4'11)
Vyyy = AUy, + 6T Fy, (zk,yk) + (1 = A) Upy ko (4.12)

where Fy, (zk,yx) and Fy, (zk,yr) are the 2 and y components of the resultant potential

field Fy(xk, yr) at time k. For more details about the potential field, refer to Section 3.3.1.
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The parameter A smoothens the changes in velocities and also ensures that the variance
of random process remains bounded. The Euler integration time 67 = 0.5s. The process

noise is white Gaussian with zero mean
Upk = { Upor Upyoi } . (4.13)

Coordinated turn (CT) model with unknown turn rate

This model is based on the assumption that the target moves with nearly constant an-
gular rate w perturbed by random noise. The model uses target kinematics which takes
into account the spatial coupling across x and y coordinates. In contrast to the random
acceleration model, the CT model includes the turn rate wy as an extra component in the

state to be estimated. The new state vector is defined as:

Tp= | T Yk Vi, Uy Wk (4.14)

The discrete time version of the CT model can be described as follows:

sin (@ 6T 1 — cos (wp0T oT?
Tk4+1 = Tf + (_71%)% — _( i )vyk + Fy, (zk, yx) + vp, . (4.15)
Wi W 2 ’
1 — cos (wdT sin (w67 5T?
Yk+1 = Yk + #’Umk + (_ )Uyk + Fy (T, Yr) + vp, 4 (4.16)
W W 2 ’
Uiy = €08 (W0T) vy, — sin (0x0T) vy, + 6T Fy, (T, Yr) + vp,, (4.17)
Vyyory = €08 (Wp0T) vy, + sin (0x6T") Vg, + 0T Fy, (wr, yx) + Up,, & (4.18)
Wk+1 = Wk + Vp,, 4 (4.19)

where @y, is the central point of wy,1 and wy

_ 1
Wk =5 (Wr+1 + wg) - (4.20)

Note that the CT model is nonlinear as wy, is a state component. The process noise vy, 1,

defined as

(4.21)

/vp,k = Up:v,k Upy,k Upvz k Upvy k Upw,k ?

is zero mean white Gaussian and is used to model the perturbation of the trajectory from

the ideal CT motion.
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4.5.3 Observation Model

The observation model A(.) in the recursive Bayesian estimation context can be viewed as a
generative model which provides an observation prediction given the current state estimate.
In case of tracking using ultrasonic transducers, the task of each observation model is to
predict a circular arc with radius equal to person’s range given person’s current estimated
position. In this work, we learn the position-range relationship from the training data.
Similar to the observation map characterizing the RSSI-position relationship (as shown in
Section 3.3.2), a nonlinear map is fit between known locations and range values extracted
from each recorded signal. Note, as we have only considered active sonar measurements,
the number of observation maps to be learned is M = 6. Although adding a training
mechanism can increase the system overhead, it needs to be performed only once for a
given location.

Data to fit the maps are first collected during a training phase. We have employed
the Ubisense [49], which is an industry standard tag based tracking engine, in order to
collect user’s position in the calibration phase. In the training phase, a person carrying an
Ubisense tag walks around the entire room for Tt s. For our experiment, we have chosen
Tir = 15mins. While walking, the user follows a number of movement patterns namely
Lawnmower (vertical and horizontal), diagonal, circle, sine wave so that the system is not
biased to a particular data sequence. Typically, M number of ultrasonic transducers (we
have used M = 6 for our experiment) are set up in the entire space to be calibrated in order
to record the echoes. Figure 4.2 displays the location of 6 ultrasonic units installed in the
test-area. Signal processing steps described in Section 4.4 are then applied to each recorded
ultrasonic signal to obtain potential range candidates. A recursive map learning algorithm
is used that iteratively learns an observation map by choosing a range candidate at time
k which is closest to the map predicted range corresponding to the current user position.
Before presenting the pseudo-code of the algorithm, we first describe the equations of the
observation maps and its parameters.

A RBF network is used to fit a nonlinear map between the Ubisense estimated positions

and range measurements obtained from each recorded signal. As we have already used the
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Figure 4.8: Sonar maps fit between known locations and observed range values.

same RBF framework in Section 3.3.2 for tracking a person using RSSI, we are not going
to provide much details here. However, in order to maintain continuity we summarize

below the observation model equations. This RBF map is represented as,

Zmk = hm (T, yi) + 1 (4.22)

where z,,, is the observed range from sonar module m, 1 < m < M, with noise n,
assumed to be Gaussian with zero mean and standard deviation determined from the

calibration data. The user position at time k is denoted as

- [ _— } . (4.23)

The RBF observation map h,, for the m-th ultrasonic module is specified by

b (o, 0) = WK ([ e | stim B ) (120

where K, qis the Gaussian kernel function [88] with mean vector p,, and covariance
matrix X,,, and W, are the output layer linear weights. These parameters are gener-
ally learned during RBF training process with known user positions and range values.
Figure 4.8 illustrates three different observation maps.

Each recorded signal corresponding to the ultrasonic transducer m provides a vector

of probable range candidates z,,; at time k

Zmk = zrlnk zfnk . Z A , (4.25)
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where an, ;. is the centroid of the i-th cluster. The objective here is to devise a technique
that can facilitate selection of a suitable z,, ;, from the given pool of z,, 1, which can then

be used for estimating the observation map h,,, as described before.
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The pseudo-code of the recursive map learning algorithm for the m-th ultrasonic trans-

ducer is shown below. The algorithm takes the vector z,, i, which contains all the potential

range candidates, and the user position xj; as inputs and generates an observation map

B

o Initialization

—j=1

— Fork=1:N

* Collect the potential range candidates z,, k.

x Select an initial 23;1 i from z,, . based on the cluster size, highest signal

level within a cluster, and proximity of previously calculated range.

End For

J — J
Zm = Zm,l
T
T2
Xm =
T
TN

e While hi, # hgn_l

— Map learning

Y1
Y2

Yk

YN

m,k

J
Z
m,N

Form an augmented observation z,, and augmented position X,,, as below:

(4.26)

(4.27)

Learn the RBF observation map h?, for the m-th sensor using the correspon-

dence between X, and 2/,.

— Fork=1:N
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x Observation Prediction

Use ki, to predict ifnk according to the formula
8= hiy (Th,ur) - (4.28)

x Gating
A suitable “gating” mechanism is applied on z,, ; using éﬁn  to obtain

min
m,k

Jj+1

mok to the prediction éﬁn e If

z It chooses the closest range candidate z

no candidate is found to be within some radius (e.g., 1ft) then the entire

set of z,, 1 is discarded.

zfj,i = z%ikn. (4.29)

— End For

— Generate a new observation vector based on the gated measurements

J+1 _ Jj+1 Jj+1 Jj+1 Jj+1
Zm = | Znd Fmz o Fmk o FaN | (4.30)

— increment j: j=j+1

e End While
e After the convergence is achieved (generally within 5 — 6 iterations),
z

F =z, (4.31)

learn the final h,, using the correspondence between zg and X,,.

The above algorithm is applied for all M ultrasonic units to generate h,,, where 1 < m <
M. We have further assumed that N number of training measurements are available to
learn each observation map h,,. The final range 2, , RBF map h,,, and the observation

noise n,, from each ultrasonic sensor are combined to form a multi-dimensional observation
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model,
k= | 21k 22k -+ Zmk .- M k ] (4.32)
h = hl h2 A hm c.. hM } (4.33)
M=|ny Ny ... Ny ... N[ } , (4.34)

where zj, is the multi-dimensional range observations emanating from each sensor. Simi-
larly h and n are the augmented RBF observation model and the measurement noise for

sensors 1 < m < M.

4.5.4 SPKS Based Location Tracker

The SPKS based Bayesian inference algorithm is at the core of our tracking framework.
Specifically, we implement the fixed-lag RTSSL-SPKS (details of the FL-SPKS algorithm
is provided in Section 2.4), as it can operate at close to real time. In the FL-SPKS method,
we obtain an estimate of the state at time k — L given measurements up to and including
time k, where k is the time index and constantly moves forward. The time lag L is a
design specific constant and adds a fixed latency in the state estimator. The value of L
used in our experiment is shown in Table 4.1, which corresponds to a lag of 2s between
the current observation and smoothed state. The fixed-lag RTSSL-SPKS divides the data
into blocks (e.g., N = >" N;) and then sequentially performs the RTSSL-SPKS operation
on the buffered blocks of data as they become available. The mathematical formulation
of fixed-lag RTSSL-SPKS is shown in Section 2.4.4.

In order to incorporate the ultrasonic sensors into the SPKS location tracker, we need
to solve a number of problem specific issues such as gating and time-varying observation
dimensions. We first describe about those design issues before elaborately presenting the

pseudo-code of the SPKS.

Iterative gated measurement recursion

This section deals with integrating a gating mechanism with the SPKS estimation process.

The recorded ultrasonic signal for the m-th transducer at time k provides a set of range
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Figure 4.9: This schematic diagram demonstrates the “gating” procedure followed during
the SPKS estimation process. As shown, the Euclidian distances are computed from the
predicted range 2, » to each of the potential candidates. The candidate zfnvk is chosen as

the distance d? between Zm,k and z?nk is the smallest.

candidates z,, . Gating performs an iterated measurement update step in the forward
SPKF algorithm to select a final range observation z,, ; from the set of candidates in z,, x,
for all 1 < m < M. Heuristically, the range measurement is first selected that is closest
to the predicted measurement based on the predicted state ;. Using this selected range,
the state estimate &j is updated, and then the process is repeated until convergence of

the state estimate.
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Below we demonstrate an algorithmic outline of the gated measurement recursion at
time k, which takes the time-updated state x, as input and generates an estimated state

.

o Initialization

&) = @, (4.35)
. . -
o While z] # =,
— Observation prediction:
P = (a:j) Ym=1...M (4.36)
mk = fm \ Ty ) 5 =1 :
— Gating
zﬁ;@’k = zgl’}ﬂn, Ym=1...M (4.37)
where z,I}Ll}Cn is the closest range candidate to the prediction 2ﬁn - 1f no candidate

is found to be within some radius (e.g., 0.5ft) then the entire set of z,, is
discarded. The gating mechanism is adopted in Figure 4.9 to avoid confusion

from the four potential range candidates.

— The gated and predicted measurements from all the sonar units are combined

to form augmented observation vectors

2] = [ Z{,k zik zf;%k zvak } (4.38)
2 = [ He Br oo Fa o Ar } : (4.39)

— State Update
ot =ay + K] (2 - 2), (4.40)

where K ny is the Kalman gain at j-th iteration.
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— increment j: j=j+1
e End While

e After convergence, the final state estimate at time k is

@y = & (4.41)

Note, the above recursion generally takes less than 5 iterations to converge.

Time-varying observation dimensions

As noted in the gated measurement recursion algorithm, the dimension of the observation
vector varies over time. Hence one design challenge is to derive a SPKS based tracking
framework that can adapt to the time-varying observation dimensions. In order to ac-
complish the task, we maintain an event-log during SPKS operations which notes down
the specific sensors that generates an observation at time k. Note that the core SPKS
algorithm remains unaffected by the dimension change of the observation vector. As per
the event-log, an augmented observation vector, observation model and sensor noise vec-
tor are formed at each time k£ and used in the observation step of the SPKS estimation
process. This process although very simple and straightforward needs careful logging of

sensor events in order to accommodate the time-varying rate of data stream.

ISPKS algorithm

We implement a modified iterated sigma-point Kalman smoother (ISPKS), which inte-
grates the gating mechanism and the recursive measurement update of the iterated sigma-
point Kalman filter (ISPKF) in our tracking framework. ISPKF is first proposed by
Sibley et al. who have applied it in estimating a sequence of feature measurements for a
“long range stereo” system [106]. Unlike the standard EKF and SPKF, which uses the
one-step measurement update, the ISPKF employs the Gauss-Newton recursion in the

measurement update step that generates a maximum a posteriori (MAP) solution of the
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state [106,107]. Sibley et al. have demonstrated that the tracking accuracy of the ISPKF
is significantly higher compared to the EKF/SPKF based estimator in the “long range
stereo” application. However, the measurement recursion adopted by the ISPKF is com-
putationally intensive compared to the EKF/SPKF, which increases the computational
cost from O (M3) to O (JM?3) at each k, where J is the number of iterations performed.

Since the gating procedure is based on an iteration of the state estimate, we may
also follow the Gauss-Newton recursive state update procedure to take advantage of this
iteration. However, in practice we have found that the ISPKF provides only minor im-
provements in tracking performance for our application. Further work is needed to better
characterize the benefits of both the ISPKF and the gating mechanism to determine
whether the extra complexity is warranted.

Below we present the complete pseudo-code of the ISPKS algorithm with gating. The
forward filter is the ISPKF, which uses the same time-update equations as the standard
SPKF. However, the measurement-update step of the ISPKF consists of a state-update
iteration instead of the standard one-step measurement-update followed by the SPKEF.
The gating mechanism as outlined in Section 4.5.4 is applied at each iteration of the
measurement-update step. The iterative posterior state update Equation (4.65), which
computes :i:%, contains all the terms of the standard SPKF and an additional MAP cor-
rection term involving the Kalman gain, cross-error covariance between the state and
observation, state prediction covariance and the difference between the predicted state
and previous iterated state. New sigma points are extracted at each iteration from the
latest estimate of the posterior state distribution with mean a?:fk (superscript [ denotes iter-
ation) and covariance P, , which are propagated over the observation model h to compute
a new measurement prediction (22)_’ Gating is applied on the range candidates using
(ZAL)_ and a new posterior state :fcf,:rl is adapted using the state update Equation (4.65).
This process is repeated until convergence, which is achieved when the MSE between two
consecutive posterior states :%2 and :ﬁfjl becomes less than 0.5 ft. Note, for the first time
through the measurement-update loop (I = 1), we obtain the standard measurement up-

date of the SPKF. After convergence of the forward ISPKF, a backward RTS smoothing

pass is then followed on the forward filtering results within a L sized window to obtain
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the smoothed estimates.

o Forward Filter Initialization:

Py, = E [(@0 — &0) (w0 — 20) (4.43)
&y = E [z{] (4.44)
r T
SEE (4.45)
Pl = [(af - af) (xf — a5)"] (4.46)
i P, 0 O
= 0 Q O (4.47)
I 0 0 Ry

e While j <N
1. Forward filter Recursions:
—Fork=j—-L,j—L+1,...,5
— Clalculate sigma points:
X2 = [ a2 a4 [(M4+A)PE @l -\ [(M+2) P2 } (4.48)

— Time-update equations:

Xikfe = (xfk,x}jk) i=0,1,...,2M (4.49)
2M )
A — m
L1 = Zwi ka+1|k (4.50)
1=0

2M 2M

T
Pw_k+1 - ZO Zowz(yC) (ka—i-l\k - 5%1;-1-1) (X;j,k_;_”k - iﬁ,;_,_l) (4.51)
=0 j=



— Weighted Statistical Linearization of f(.):

2M 2M

T
_ c x - x ~—1
Pmkwgﬂ =D wj (vak - f”k) (Xi,k+1|k - C"’k+1)
i=0 j=0
_ pT -1
Aka - Pa:k:z: 1 k

— Measurement-update equations:
Vik+1)k = h (kaﬂ‘k,x?k) ©1=0,1,...,2M
2M (m)
L— m
21 = Zwi Yi,k+1|k
i=0

— Measurement-update recursions:
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(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

The Gauss-Newton recursion followed in the measurement update step is

shown below:

* Initialization:

0o _
Yik+1 = Vik+1]k
20 ) =32
k+1) = ZFpy1
0 T -
(Xi,k—i—l) = Xik+1]k
0., =,
k+1 = Tpyq
* Forl=1,2,... L¢

- Apply gating to determine zé 1

(4.58)
(4.59)

4.60)

—~

4.61)
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- State update:

2M 2M @ _
. o) [ i-1 Sl—-1
P, = z(:) z%)wm’ <’7j,k+1 - (zk+1) ) :
1= ]:
T
-1 S-1\"
(’Yi,k+1 - (zk-i-l) ) (4.62)

2M 2M

l _ (e) -1 \% _ .1-1
Pmk+lzk+1 - Wi 5 ((XJ'J?-H) T Lhy1) -
i=0j=0

Yik+1 Zk+1 (4.63)
—1
I pl I
Ki,=P, .. (Pikﬂ) (4.64)
X " Al—1\"
&)y = Ty T Ki (zﬁzﬂ - (zk—l—ll) ) -

Ky (Phyon) (Po) (8 —200)  (469)

- Sigma-points extraction:

(iﬁcﬂ)a = [ (%H)T n’ r (4.66)
P, 0
(B) =1 (467

(o) = | (8er) /(01 +2) (P1,,,)" (4.68)
a \/< , a

- Observation prediction:
x ny ,

Vo = (1) s (X)) i=0,2M  (4.69)

. 2M m)

A m
(z§c+1) :Zwi 'Yf,lﬁ-l (4.70)

i=0
* End For

— Compute the final state estimate and state estimation error covariance at



time k£ + 1

Tyl = Ty

P,

Lh41 Tp41

=P, —K P, (Kll~c+1)T

Zk+1

— Weighted Statistical Linearization of h(.):

— End For

2. Backward smoothing:

-1
_ pT -
fihwk - 123k+lzk+1 (123k+1)
by = ﬁk_+1 - Ah,k'%l;-kl
— T
P€h7k = P2k+l - Ah7kPﬂ3k+1Ah,k

— Fork=3j,j—1,j—2,...,j—L+1,j—L

* FError covariance

smoothing:

Dy = P, AT, (P, )_1

LTh41

PkS:Pa:k—Dk(P_ —P1§+1)Dg

Lp+1

x State estimate smoothing:

— End For

e Increment j by one: j =5+ 1

o End While
e where:
x? =
X" =
Pl =

/\S A AS A —
Zy = @ + Dy ($k+1 - $k+1)
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(4.71)

(4.72)

(4.73)
(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)
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o Parameters:

A is the composite scaling parameter

A =a? (M + k) - M, (4.82)
and wgc) and wgm) are the scaler sigma-point weights defined as:
wl N S (1 —a? ﬁ) =0 (4.83)
(M + 1)
m A .
w™ =2 =0 (4.84)
(37 +2)
(c) 1 : /
w =———  i=1,2,...,2M (4.85)
2(M + )
(m) 1 : /
w™ = i=1,2,...,2M (4.86)
2(M + )

where M is the dimension of each state, M is the dimension of each augmented
state, Qy is the process-noise covariance and Ry is the observation-noise covariance.
The length of the observation sequence is N and L is the lag between the current
measurement and the estimated state. The final smoothed state and associated
error covariance are denoted as @} and P} respectively. The values of the SPKF
parameters are shown in Table 4.1. Note that in the standard ISPKF implementation
Lc is taken as a small fixed value. In our implementation, L¢ is determined from

the MSE criterion between af:fg and :ﬁgjl.

Table 4.1 demonstrates the user-specified parameters needed to implement the SPKS based

location tracker.

4.5.5 Experimental Results

Implementation and testing were performed at a test Lab (called Sonar-Lab) located in
the “Jack-Murdock” building at the Oregon Health & Science University (OHSU). The
test Lab is 19.2ft by 14.8 ft cluttered with various office furniture. A number of trials
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Table 4.1: Summary of user-specified parameters

Name Symbol Value
Time constant for AR averaging (short) Tsc 1s
Time constant for AR averaging (long) T 15s
Potential field force constant Fer 10
Euler Integration time oT 0.5s
Smoothing AR coefficient A 0.95
Number of ultrasonic sensors M 6
Measurement lag L 4
Sigma-Point spread « 0.85
Sigma-Point weighting term 15} 2
Sigma-Point parameter K 0
Time spent for training Ty 15 min
Sampling rate of the SPKS Ts 2Hz
Max sample spread allowed in one cluster o? 40
Min sample distance between two clusters D, 25

were conducted in the test Lab in which different subjects followed random trajectories.
In order to obtain a commercial benchmark for evaluation of our approach, the Ubisense
real-time tracking engine was turned on during these tests. Four Ubisense access points
and six ultrasonic transducers were set up at various locations of the test Lab.

Ubisense is a commercial tag based positioning engine which uses the ultra-wideband
(UWB) radio technology to detect a mobile Ubisense tag. Ubisense places multiple access
points at the predefined locations of the room which transmits UWB signals at periodic
intervals. The person carries a receiver tag which independently determines the “angle-of-
arrival (AOA)” of the UWB signal and the “time difference of arrival (TOA)” between
a pair of sensors in order to perform positioning. The Ubisense positioning engine can
provide centimeter level tracking accuracy if the person’s tag is always viewed along a
direct path by at least two access points. The drawback of Ubisense is it is costly, tag-
based and its calibration mechanism, which includes positioning the access points at the
optimal orientations relative to the tag involves several implementation challenges.

In order to perform user localization and continuous tracking, our system was first
calibrated in order to generate the observation maps from the training data. During the

calibration phase for the ISPKS based tracking system, a person carrying an Ubisense tag
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Figure 4.10: Tracking performance in Sonar-Lab (red: Ubisense estimates, blue: ISPKS
estimates). The root-mean-square-error (RMSE) between the ISPKS and the Ubisense
estimated positions is equal to RMSE = 1.95ft. The above tracking result is shown for
subject 1. The start and end positions for the Ubisense and sonar trajectories are marked
for better visualization.

walked around the whole test location for T}, = 15mins. Roughly 2 — 3 measurements
per second from all 6 ultrasonic sensors were recorded during training for a total of 2341
measurements. As described in Section 4.5.3, a recursive RBF network was used to fit
a nonlinear map between the Ubisense estimated user locations and the person’s ranges.
Three representative range calibrated observation maps are depicted in Figure 4.8.

Our objective is to compare the tracking performance of the tag-free ISPKS estimator
with the Ubisense positioning engine. In order to demonstrate that the accuracy of the
ISPKS tracker is consistent over multiple subjects, we performed three trials of moving

test in which three different subjects walked at a normal speed in the Sonar-Lab. Note
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Figure 4.11: Tracking performance in Sonar-Lab (red: Ubisense estimates, blue: ISPKS
estimates). The RMSE between the ISPKS and the Ubisense estimated positions is equal
to RMSE = 2.52ft. The above tracking result is shown for subject 2. The start and end
positions for the Ubisense and sonar trajectories are marked for better visualization.

that the subjects followed different trajectories while walking. Subject 1 took 30s to
complete the path and 78 range observations were recorded during that time period.
Subject 2 completed another path in 60s and recorded 157 range observations. Subject
3 also walked for 60s and recorded 164 measurements. Although the sampling rate of
the incoming ultrasonic sensor data was found to vary between 333 — 500 ms, the ISPKS
estimator was operated at a fixed rate of 2 Hz during tracking. In the tracking examples,
the lag between the current measurement and smoothed state was set to L = 4, which
corresponds to a a time delay of LéT = 2, but provides for smoother trajectory estimates.

Figure 4.10-4.12 compares the position estimates obtained from the Ubisense engine

and the ISPKS tracker. From the experimental results, it is clearly evident that the
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Figure 4.12: Tracking performance in Sonar-Lab (red: Ubisense estimates, blue: ISPKS
estimates). The RMSE between the ISPKS and the Ubisense estimated positions is equal
to RMSE = 2.84ft. The above tracking result is shown for subject 3. The start and end
positions for the Ubisense and sonar trajectories are marked for better visualization.

position estimates computed by the ISPKS is comparable with the Ubisense positioning
engine. Notice in Figure 4.10-4.12 how Ubisense sometimes generates large jumps in
its estimates. This occurs due to the failure of the Ubisense tag to always maintaining
a direct line of sight with at least two of the access points. In contrast, the ISPKS
tracker consistently provides smooth estimates. In addition, the estimation accuracy of
the proposed ISPKS is also shown to be consistent over multiple subjects and different
paths. Only the performance of the ISPKS tracker using the CT model as system dynamics
is demonstrated in the figures. The CT model is chosen because it is more realistic
and it takes into account the spatial coupling across 2D coordinates. Figure 4.13(a)-

4.13(b) compares the performance of the CT based ISPKS with that based on a random
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Figure 4.13: Performance of the ISPKS based trackers using two different dynamic models
(red: Ubisense estimates, blue: ISPKS estimates). (a) ISPKS estimates using random
acceleration based model, (b) ISPKS estimates using CT model with unknown turn rate.
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Figure 4.14: Performance of the ISPKF and ISPKS based trackers in estimating user
positions(red: Ubisense estimates, blue: ISPKF/ISPKS estimates). (a) ISPKF estimates,

(b) ISPKS estimates.

acceleration model. As shown, the estimates obtained from the CT based ISPKS are

slightly more accurate compared to that of the random acceleration model.

The tracking performance of the ISPKF and ISPKS are compared in Figure 4.14(a)-

4.14(b). Note that the ISPKF also applies the recursive gating technique as the ISPKS.

As shown, the ISPKS estimates are superior to the ISPKF. Like Ubisense, the ISPKF

also demonstrates “jumps” at some parts of the estimation trajectory. The ISPKS is free
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Figure 4.15: Tracking Performance of the ISPKS in estimating user positions(red:
Ubisense estimates, blue: ISPKS estimates). The above plots are for two trials performed
by different subjects.

Table 4.2: Tracking performance of the ISPKS and ISPKF. The mean and standard
deviation of RMSE is calculated by averaging over 50 different trials performed at the
Sonar-Lab.

Estimator E(RMSE) (ft) std(RMSE) (ft)
ISPKF 4.78 2.2
ISPKS 3.08 1.75

of such problem as the smoother provides superior interpolation of data using both past
and future observations. Table 4.2 tabulates the RMSE between the Ubisense and ISPKS
estimates computed using 50 different trials performed at the Sonar-Lab. Note that the
trials were performed by multiple subjects and each subject followed a separate random
trajectory while walking.

There exists a few trials where we have found that the ISPKS tracker is not very
accurate in position estimation. Figure 4.15(a) and 4.15(b) demonstrate two such cases.
One likely cause of lower accuracy may be related to the inaccurate modeling of observation
maps. Lack of sufficient training data, failure to identify the correct range from the range
candidates are might be some of the reasons which prevent from generating accurate
observation maps. Learning observation maps also involve a calibration phase, which
is a time consuming and tedious process. In the following we demonstrate our recent

effort in investigating the “simultaneous localization and mapping (SLAM)” whereby the
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parameters of the observation models are continuously updated in the tracking phase to

account for the lack of observation maps.

4.6 Simultaneous Localization and Mapping (SLAM)
4.6.1 Introduction

SLAM defines the task of simultaneously estimating the state of a moving agent (for e.g.
position, velocity and attitude) and a map of the surrounding environment given limited
sensing capabilities. The SLAM technique is essential in order to safely navigate a vehicle
in an environment that is constantly changing or when no a priori knowledge is available
about the surroundings. The state estimation and map generation processes are inter-
dependent, i.e. based on the map of the environment, the SLAM algorithm estimates the
state of the agent while the state estimates are then further used to re-tune the maps. The
simultaneous map-building feature of the SLAM algorithm has proved highly beneficial in
locating an unmanned vehicle in an unsurveyed environment without any direct positioning
sensor. As no a priori knowledge is needed for the environment and the initial state of
the vehicle, the prospect of SLAM algorithm has attracted a great deal of attention in the
mobile robotics and autonomous vehicle navigation communities [3,4,108-113].

There are two predominant approaches to the SLAM problem as seen in the literature.
One approach, called a landmark aided navigation system (LANS) models the environment
by estimating the location of the landmarks scattered throughout and based on this model
estimates the agent’s state [4,112]. The noisy range from each landmark is generally
observed using the radar/sonar sensors, which is then used to estimate both the state
of the agent and position of each landmark. The other approach, called a terrain aided
navigation system (TANS), builds an environmental map from the concurrent terrain
information provided by its sensors and then generates state estimates based on it [2,114].
Key aspects of this approach include the choice of representation for the map and the
algorithms to perform the estimation or map building. For both of these approaches,
the prevailing method is to use the EKF to fuse the measurements from various sensors

in order to estimate the state and the map [2,4]. Research has also been performed
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on comparing alternative stochastic estimation techniques. For example, a constrained
hidden Markov model (HMM) was applied for the TANS approach [114]. A few research
teams also tackled the SLAM problem using batch estimation techniques [115]. However,
the major disadvantage in these techniques is that they cannot be operated in an online
mode. The use of the UKF [22] to replace the EKF has also been proposed for unmanned
aerial vehicle (UAV) navigation. In [5], an UKF was implemented to navigate a small
UAV through an unsurveyed environment.

This work applies both the TANS and LANS based SLAM approaches in our ultra-
sonic range based tracking framework to simultaneously estimate the observation model
parameters with the person’s state. Although the use of SLAM is prevalent in robot and
UAV navigation systems for modeling an unknown environment, we are not aware of any
literature that applied the SLAM approaches in the tag-free indoor tracking case. In the
TANS based approach, the RBF observation maps characterize the environment. Like
the map-based tracking approach described in the previous section, we still use a separate
calibration phase to learn the parameters of each observation map. However, instead of
keeping the parameters fixed during the tracking phase, we constantly update the map
parameters at each time k using the currently estimated position. The newly generated
observation maps at time k are then used to estimate the user’s state ;1 at time k4 1.
The re-estimation of the observation maps not only accounts for changes in environment
but also helps to alleviate any inaccuracies involved in map-learning during the calibration
phase. In the LANS based tracking method, the location of each sonar unit is simultane-
ously estimated with the state vector using the sonar range observations. A dual Kalman
framework is introduced to tackle this problem that works by alternating between using
one SPKS to localize the user given the current estimated locations of the ultrasonic trans-
ducers, and a second SPKS to update the 2D sonar module locations given the current
position of the user. The dual framework is first proposed by Wan et al. [116]. In addition
to the 2D locations of the transducers, the observation model also contains a “correction
factor” to take into account various noise and modeling errors. As both the state of the
person and observation model parameters are estimated online during the tracking phase,

the offline calibration phase is no longer needed and hence completely eliminated from
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Figure 4.16: Sequential state and map estimation procedure in TANS-SLAM. An ISPKS
is used for state estimation and the RBF learning algorithm is applied to estimate the
observation map parameters.

the LANS framework. The “self-calibration” procedure saves a significant amount of time
and manual effort, which could be very useful in some applications (e.g., installing the

ultrasonic transducers into hundreds of homes to monitor daily living of seniors).

4.6.2 TANS Based SLAM Algorithm For Indoor Tracking

In the TANS based approach, the objective is to simultaneously estimate the parameters of
each observation map with the user state using the range information from the sonar units.
As the sensor observation maps represent the tracking environment, the idea here is to
constantly adapt them using the state estimates in order to reflect environmental changes.
A calibration phase still needs to be performed, where we learn the initial observation
maps corresponding between known user positions and observed ranges. User tracking

involves two estimation procedures to be performed concurrently:

1. An ISPKS tracker takes into account the previously generated observation maps hy,

and the new range measurements zy,1 to compute the new state estimate 1.

2. The estimated user position in &x,1 and the observed range zjy; are augmented
with their previous values obtained during the tracking and calibration phase. The
RBF learning process is adopted that fits a nonlinear map for each sonar transducer
corresponding between the augmented user position and range measurements to

compute new observation maps hyi1.
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Note that in the above SLAM procedure, the state estimation occurs using the ISPKS, but
the observation maps are learned using the two phase RBF learning algorithm described
in Section 3.3.2. In this case, the ISPKS and RBF learning algorithm used only the range
measurements recorded by the active ultrasonic units. The TANS-SLAM method is shown
schematically in Figure 4.16. We can also use a dual framework in this case, where two
ISPKS filters may be applied to estimate the state and observation maps. However, due
to the large dimension of the observation map parameters, we avoid using the ISPKS for
the observation maps as it can significantly increase the computational complexity of the
estimation process.

In this context, we want to refer to our previous work where we have estimated the
state of a vehicle (position and velocity) in an unknown environment using a low cost
inertial measurement unit (IMU) and three simple terrain sensors. Each terrain sensor
is simulated to provide noisy measurements of some “characteristic” (for e.g. altitude,
temperature, or vision based features) of the environment at the current vehicle location.
A dual Kalman framework, where two SPKF filters run concurrently to estimate the
vehicle state and environment map parameters is adopted in our simulation. The details

of our work with experimental results are shown at the end of this chapter in Appendix 4.9.
SLAM Framework
The state space model for dealing with the SLAM problem in the TANS based system is

defined as,

1 =[x (Tp, Vi) (4.87)

2 =hy, (T, Wi, ny) . (4.88)

Note that w;, corresponds to the parameters for the observation map hj at time k. The
parameters wy are adapted at each time k using the current estimated state and noisy
sensor measurements. In the following, we will define the different components of the

above equations in the context of ultrasonic range based tracking application.
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Dynamic Model

The state vector is the same as shown in Section 4.5.2, which includes the person’s 2D

position, velocity and unknown turn rate
Tp = | Thp Yk Uz, Uy, Wk |- (4.89)

We follow the same potential field embedded “C7T” model as described in Section 4.5.2

for the dynamic model f.

Observation Model

We have used the same RBF observation model, which is covered in Section 4.5.3. Here
we will provide a brief summary in order to identify the observation model parameters
that we are going to learn. The observation model h,, for the m-th sensor, which maps

the known 2D positions into the 1D ranges, can be defined as follows

Zm,k = hm (xkv yk) + N, (4'90)

where z,, 1 is the observed range from sensor m, 1 < m < M, which is chosen from
several range candidates by applying a gating mechanism as shown in Section 4.5.3. The
2D user position is denoted as [ Th Yk ] The RBF observation map h,, is comprised of

several parameters

where K (; is denoted as the Gaussian kernel function [88] with mean vector ., and
covariance matrix 3, and W, is the weights for the output layer. The parameters for

the m-th sensor can be denoted as a single vector w™

w” = | W, pm B |- (4.92)
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The parameter vector w™ is learned by fitting a nonlinear map between the augmented

measurement z,, and the user position X collected during the calibration phase, where

Zm = | Zm,1 Am2 *°° Zmk ' Am,N (493)
1 U
T2 Y2
x=| | (4.94)
Tr Yk
| TN YN |

The measurement vector z,,, weight parameter w", and observation noise n,, from each

ultrasonic transducer are combined to form a multi-dimensional observation model,

Z= |2z 23 ... Zm ... Z)\[ } (4.95)
w=| w w? ... w" ... wM } (4.96)
n=|n; Ny ... Ny ... N[ ] , (4.97)

where z, w™ and n are the augmented measurement vector, weight parameter vector and

measurement noise for M number of ultrasonic transducers.

SLAM Algorithm

Our objective is to develop an estimation framework that works by alternating between
learning the map parameters given the current estimated position of the user, and using
the newly obtained maps to localize the user. Note, the estimator is operated at a fixed
rate of fg = 2Hz. At k = 0, before the first measurement arrives, the map parameters are

initialized as

Wy = w, (4.98)
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Figure 4.17: Comparison of the tracking performance between the TANS-SLAM and
range-map estimation using two different trials, (a) to (b): range-map estimation results
(blue): user positions are estimated using fixed observation maps learned during the cali-
bration phase. (c) to (d): TANS-SLAM results (blue): user positions are estimated using
simultaneous learning of observation map parameters. The Ubisense results red provide
the ground truth for comparison.

where w is the augmented parameter vector that is learned during the calibration. Fur-

thermore, the augmented measurement and user position at time k = 0 are denoted as

where z and X are obtained in the calibration phase.

zZ) = =

X, = X,

(4.99)

(4.100)
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After the arrival of a new user range 2, ¥m,1 < m < M, the ISPKS equations with
gating, as shown in Section 4.5.4, are applied to estimate the user state at time k, . Note
that the estimation of & takes into account the observation maps with parameters wy_{
learned at the previous time step. The position estimate, &; and the range measurement
Zm,k are then augmented with Xj_; and 2z, y—1 to form a new measurement and position

vector z,,; and X}, respectively

Zmk = |: Zmk—1 Zmk :| (4.101)
X = [ X1 @ } . (4.102)

The parameters wj" for the m-th observation map are then computed by fitting a RBF
map between the newly generated z,,; and Xj. Note that the two phase RBF learning
method described in Section 3.3.2 is applied to estimate the parameter vector w;'. The
simultaneous estimation of the user position and map parameters continues at each time
step k£ until the arrival of the last measurement. Some points to be noted in the above

algorithm:

e The map parameters wy are learned only when a new range measurement is incor-
porated in the estimation process. Hence during the ISPKS backward operation,
which operates on the same set of measurements as the forward filter, the parameter

vector does not alter its value.

e As demonstrated, the dimension of Equations (4.101) and (4.102) grows without
bounds and hence the computational complexity of the estimation process expo-
nentially increases with k. To combat the higher computational growth and keep
the dimension of X} and z,,; fixed, we eliminate the oldest state estimate and
range measurement obtained during tracking at every 10s. However, none of the

calibration data is removed as it contains more accurate user positions.

e Instead of applying the RBF learning procedure at each k, which is computation-
ally intensive, we estimate the observation map parameters at every 3s. Note, the
Equations (4.101) and (4.102) are formed at each k but we allow a time-interval of

3s between two consecutive RBF parameter estimation.
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Table 4.3: Tracking accuracy of the TANS-SLAM method in terms of RMSE. The mean
and standard deviation of RMSE is calculated by averaging over 50 different trials per-
formed by multiple subjects in the test Lab.

Estimator E(RMSE) (ft) std(RMSE) (ft)

TANS-SLAM 2.64 1.12

Range-map 3.08 1.75

Experimental Results

In this section, we demonstrate two trials in which two different subjects walked at a
normal speed in the Sonar-Lab. Our objective is to compare the estimation performance of
the proposed TANS-SLAM approach against the range-map case described in Section 4.5.
Note that the same calibration data and range observations are used for both the cases.
Here we have considered only active sonar ranges to generate the results. The Ubisense
tracking engine, which provides reliable ground truth was turned on for performance
comparison with our tracker.

Figure 4.17(a)-4.17(d) illustrate the superiority of the TANS-SLAM approach in indoor
tracking. The results of the range-map examples are presented in Figure 4.17(a)-4.17(b).
In this case, the observation maps are learned during the calibration phase and are kept
fixed during tracking an user. As can be seen, the estimated trajectories fail to follow the
Ubisense estimates closely, which result significantly higher RMSE between the Ubisense
and ISPKS estimates. On the other hand, Figure 4.17(c)-4.17(d) demonstrate the TANS-
SLAM examples. As is clearly evident from the above figures, the SLAM approach im-
proves the quality of the ISPKS outputs and henceforth reduces the RMSE between the
Ubisense and ISPKS estimates. Table 4.3 demonstrates the RMSE of position estimates
over 50 different trials performed in the test Lab. As shown, the SLAM approach generates
slightly superior mean and standard deviation of RMSE over the range-map estimator.
The figures and table verify that constantly updating the observation map parameters in
conjunction with the state estimates can indeed generate superior tracking results.

Despite the promising nature of the TANS-SLAM method in indoor tracking case,

there are some deficiencies to be noted:

e Although the TANS technique simultaneously estimates the map parameters with



175

v

ISPKS State
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ISPKS Parameter
R Estimator

Figure 4.18: Sequential Dual Estimation Framework in LANS-SLAM. Two ISPKS oper-
ates alternately to estimate the state and observation model parameters.

the user state, it still involves an offline calibration phase. Unfortunately performing

calibration is time-consuming, tedious and also requires manual effort.

e The observation maps consist of several parameters, computation of which demands
higher computational load and slows down both the state and map estimation pro-

Cess.

e The estimation accuracy of the TANS method is not consistent over multiple trials

and subjects.

Below we investigate another SLAM technique for tag-free indoor tracking using the LANS

approach, which takes care of the above disadvantages.

4.6.3 LANS Based SLAM Algorithm For Indoor Tracking

The LANS-SLAM approach corresponds to simultaneously estimating the state of the
person and the parameters of the observation model using range observations from the
ultrasonic transducers. The parameters consist of the 2D sonar module locations along
with a parameter ¢ which is set to the speed of sound. However, this term also adapts as a
“correction factor” to account for the effect of multipath, reflection/refraction and various
noise and modeling errors. In this section, we have only considered range measurements
recorded by active ultrasonic modules to track a person. The major advantage of the

LANS technique lies in its self-calibrating nature, which means that the calibration phase
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is no longer needed. The number of observation parameters to be estimated is significantly
less than that of the TANS-SLAM and thus reduces the computational complexity of the
estimation process. A dual Kalman framework is proposed, which allows two ISPKS filters

to run concurrently:

e One ISPKS to track the person at time k given the estimated parameters at the

previous time step k — 1.

e A second ISPKS to estimate the parameters at k given the current estimated location

of the person.

A schematic diagram of the LANS-SLAM method is shown in Figure 4.18. Note that for
parameter estimation, it is sufficient to run a sigma-point Kalman filter (SPKF'). However,
for coding purposes and duality, the smoother may be used with only minor differences in

performance.

SLAM Framework

We first define a discrete time nonlinear dynamical system for estimating user’s state

Ty 1 =fr (Tk, Vzy) (4.103)

zi, =hy, (Tg, wi, M) (4.104)
where wy, is the parameter vector which is estimated by forming a second dual state-space,

W1 =W + Uy, (4.105)

Zk :hk (mk, Wi, nk) N (4.106)

where the parameters wj, are now considered the state, with a random walk model. The
user’s state x; are now considered “parameters” in the same observation equation. The
SPKS (or SPKF), may again be used to estimate the state (i.e. parameters) in an efficient
manner, and can be shown corresponds to a modified-Newton optimization method [17].
In the following, we will define the different components of the above equations in the

context of ultrasonic range based tracking application.
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Dynamic Model

The state dynamic model, which is a CT model with wall potential field is exactly the
same as followed in the TANS model.

Observation Model

The time-of-flight observation model for the m-th active ultrasonic unit can be defined as

follows

Zmk = hm,k ({ Tr Yk ] ; { wfnk Ck ]) + Nk, (4.107)

where the observation model h,,  is proportional to the distance between the m-th sonar

unit and the person,

2NS 2 2
hm,k = k \/(51% - x?n,k) + (yk — yfn’k) , (4108)
where z, 1, is the observed range of the user from the active sonar module m, 1 <m < M
and [ Tr Yk } is the user position at time k. The 2D coordinates of the m-th ultrasonic

sensor is denoted as

The speed of sound at the specific indoor location is denoted as ci. Ng is a conversion
factor which is used to convert the time-of-flight equations into samples. In practice,
Zm,k corresponds to a sample count, where Ng = 20 is the conversion factor for the
20kHz sample rate. The constant term 2 appeared at the right hand side of Equation
(4.108) indicates that the range information extracted from each ultrasonic signal actually

contains twice the distance between the user and each ultrasonic transducer. Figure 4.2

a

& recorded by the m-th active unit corresponds

demonstrates that the range observation r
to twice the distance, d2,, between the active unit and the person (superscript “a” denotes
active unit). The parameter vector wy to be estimated contains the 2D coordinates of

each ultrasonic transducer and the speed of sound

wip=|c, @, x5, ... T S T (4.110)
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Figure 4.19: Tracking performance in Sonar-Lab using the LANS-SLAM method (red:
Ubisense estimates, blue: ISPKS estimates). The RMSE between the ISPKS and the
Ubisense estimated positions is equal to RMSE = 2.12ft. The above tracking result is

shown for subject 1.

The measurement z,,j, observation function h,, , and observation noise 7, from

each ultrasonic sensor are combined to form a multi-dimensional observation model,

SLAM Algorithm

Z =
h, =

ne =

Zl,k Zg,k v Zm,k e zMJf ] (4.111)
th h2,k R hch e hM,k ] (4.112)
Nk N2k - Mk oo N\, } . (4.113)

The dual Kalman model shown in Section 4.6.3 is applied that works by alternating

between learning the parameter vector wj given the current estimated position of the
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user &, and using the newly obtained wj to estimate @&r,1. Two separate ISPKS filters
with gating as described in Section 4.5.4 are used for the state and parameter estimation.
The incoming range observations are fed to both the filters. As before, the dual estimator
is operated at a fixed rate of f; = 2Hz. There are some points to be noted in the above

dual estimation algorithm:

e Before the arrival of the first measurement, at k& = 0, the weight vector wy is

initialized as
’lZJ() = Wy, (4.114)
where wy is

- S s S S
Wo = | co TIo Tpg oo Tyo oo Typg (4.115)

The 2D coordinates ccfn’o for the m-th sensor is roughly chosen to lie within 2 — 3 ft
from its actual location and ¢y = 1128 ft /s which is the speed of sound in free space.

The values of a:fmo and ¢ are chosen accordingly for faster convergence.

e At kK = 0, the state x;, containing the position of the person being tracked is

initialized to within an approximate radius of 2 ft.

e Convergence of the parameters using the dual approach is typically achieved within

5-10s of tracking.

Experimental Results

In this section, our objective is to demonstrate the tracking accuracy of the proposed
LANS-SLAM approach using ultrasonic range observations. Note, we have only used the
active range observations to generate the results. We demonstrate two different trials in
which two subjects walked in the Sonar-Lab. Subject 1 took 60s to complete the path and
154 range observations were recorded during that time period. Subject 2 completed the
other path in 50s and recorded 136 sonar ranges. The Ubisense tracking engine, which

provides reliable ground truth was turned on for performance comparison with our tracker.
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Figure 4.20: Tracking performance in Sonar-Lab using the LANS-SLAM technique (red:
Ubisense estimates, blue: ISPKS estimates). The RMSE between the ISPKS and Ubisense
estimated positions is equal to RMSE = 1.78ft. The above tracking result is shown for
subject 2.

Figure 4.19-4.20 compares the position estimates obtained from the Ubisense engine and
the LANS-SLAM method. As can be seen, the dual ISPKS adopted by the LANS-SLAM
generates position estimates comparable to the Ubisense engine. As expected, the tracking
is not accurate during the initial period because the observation model parameters require
some time to converge to its true values. However, after the parameters converge, the
LANS-SLAM estimated positions closely follow the Ubisense. The figures clearly illustrate
that the superior accuracy of the Ubisense system, which is expensive, tag-based and
requires a detailed calibration procedure, can be mimicked by our in-house, tag-free, self-
learning ISPKS based tracking engine. In addition, the estimation accuracy of the LANS-

SLAM approach is found to be consistent over multiple subjects and random paths.



18-

16

14

12F

y (ft)
3

y (ft)

= + = Ubisense est
=—+— Sonar est
O Ubisense st pos
V  Ubisense end pos
O Sonar st pos
V  Sonar end pos

x (ft)

(a) Trial 1, RMSE=4.92 ft

= + = Ubisense est
=+ Sonar est

O Ubisense st pos
Vv Ubisense end pos
O Sonar st pos

V Sonar end pos

Figure 4.21:

x (ft)

(c) Trial 1, RMSE=1.43 ft

y (ft)

y (ft)

16

141

12F

10+

181

= # = Ubisense est
=+ Sonar est

O Ubisense st pos
V Ubisense end pos
O Sonar st pos

WV Sonar end pos

181

16

12

10+

0 5 10 15
X (ft)

(b) Trial 2, RMSE=3.81 ft

= + = Ubisense est
—+— Sonar est

O Ubisense st pos
Ubisense end pos
Sonar st pos
Sonar end pos

404

0 5 10 15
X (ft)

(d) Trial 2, RMSE=2.3 ft

Comparison of the tracking performance between the LANS-SLAM and
range-map estimation using two different trials, (a) to (b):

range-map results (blue):

user positions are estimated using fixed observation maps learned during the calibration
phase. (c) to (d): LANS-SLAM results (blue): user positions are estimated using a dual
ISPKS. The Ubisense results red provide the ground truth for comparison.

Figure 4.21(a)-4.21(d) compares the estimation accuracy of the LANS-SLAM approach

against the range-map estimation case described in Section 4.5. The same incoming range

measurements are used by both of these techniques to generate the position estimates.

Figure 4.21(a)-4.21(b) present the range-map estimation results using the learned obser-

vation maps. Note, the parameters of each observation map are learned in a separate

calibration phase and are kept fixed during user tracking. In these cases, the estimated
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Table 4.4: Tracking accuracy of the LANS-SLAM in terms of RMSE. The mean and
standard deviation of RMSE is calculated by averaging over 50 different trials performed
by multiple subjects in the test Lab.

Estimator E(RMSE) (ft) std(RMSE) (ft)

LANS-SLAM 2.02 1.04
TANS-SLAM 2.64 1.12
Range-map 3.08 1.75

trajectories fail to follow the Ubisense estimates closely, which result significantly higher
RMSE between the Ubisense and ISPKS estimates. On the other hand, Figure 4.21(c)-
4.21(d) demonstrate the tracking performance of the LANS-SLAM algorithm. As is clearly
evident from the figures, the LANS-SLAM method improves the quality of the estimated
positions which reduces the RMSE. Table 4.4 tabulates the RMSE of position estimates
for 50 different trials performed by multiple subjects in the Sonar-Lab. As seen, the LANS-
SLAM algorithm generates tracking results with superior mean and standard deviation of
RMSE over the range-map based estimator. Note that the LANS-SLAM produces better
tracking accuracy than the TANS-SLAM method. The above figures and table suitably
verify that the dual LANS-SLAM method indeed converges and after convergence it can

also track a person with superior accuracy.

4.7 Indoor Tracking Using Active and Passive Ultrasonic

Transducers

In this section our objective is to evaluate how incorporating the range measurements from
“passive” ultrasonic sensors affect the estimator performance. Recall that the specific
sonar-module that emits an ultrasonic signal and records the primary echo is referred as
the “active” unit. The other sonar-modules at that time act as “passive” units and record
indirect reflections or shadows coming from the active unit.

Figure 4.22 demonstrates the ultrasonic reflections recorded by two sensors when they
alternately emit an ultrasonic signal. First, the ultrasonic sensor 1 transmits an ultrasonic
burst and listens its primary reflection, which is shown in Figure 4.22 (a). Notice, the

strongest echo comes from the person’s body. The sonar unit 2 records the indirect



Signal Level (Volts)

Signal Level (Volts)

183

Sonar 1: active mode Sonar 2: active mode
0.02 0.02 w
Filtered data Filtered data
— Envelope = — Envelope
0.011 person = 0017 person
=
2
)
0 5 0
-
=
&
-0.01} & —0.017
-0.02 ‘ ‘ ‘ -0.02 ‘ ‘ ‘
0 2000 4000 6000 0 2000 4000 6000
Samples () Samples (©
Sonar 2: passive mode Sonar 1: passive mode
0.02 ‘ ‘ 0.02 ‘ ‘ ‘
Filtered data direct reception Filtered data
| direct reception Envelope 2 | erson Envelope
0.01 person = 001
\ 2
°
0 —+~—# 2 0
|
2 R
—0.01¢ 1 %” —-0.01¢ wall reflection 1
-0.02 ‘ ‘ ‘ -0.02 ‘ ‘ ‘
0 2000 4000 6000 0 2000 4000 6000 )
Samples (b) Samples

Figure 4.22: Ultrasonic signals for active and passive transducers. We show the outputs
of two sonar units when they alternately are in active and passive mode. (a) and (b):
Ultrasonic signals recorded by sensor 1 and 2 when sensor 1 is in active (transmit and
listen) and sensor 2 is in passive (only listen) mode. (c) and (d): Ultrasonic signals
recorded by sensor 1 (passive) and sensor 2 (active).

reflection demonstrated in Figure 4.22 (b). We turn our attention to two signal peaks in
this figure: the strongest one is the result of direct signal propagation from the sensor
1 transmitter to sensor 2 receiver; the other is the reflection from the person’s body.
Figure 4.22 (c) and Figure 4.22 (d) demonstrate the ultrasonic reflections recorded by
the sonar units 2 and 1 respectively, when the sensor 2 is in active and sensor 1 is in
passive mode. As shown in Figure 4.22 (d), the passive ultrasonic signal possesses two
other strong echoes beside the body reflection, which may result from direct reception and
wall reflection. In this respect, we want to mention that the amplitude of the echo due
to direct signal propagation from the active transmitter unit to the passive receiver unit

remains constant except when a person/object blocks the direct path.
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This concept can easily be generalized to an arbitrary number M of ultrasonic sensors.
Each individual sensor takes its turn periodically to transmit an ultrasonic signal whereas
all M sensors listen the returning echo. Previously we only incorporated the primary echo
received by the active unit and neglected the other M — 1 passive observations. In other
words, only M = 6 sonar observations are used at each k in the tracking algorithm. In
this section, we include all active and passive measurements in the estimation framework.
Hence for M = 6, there are a total of M? = 36 recorded sonar returns (6 active and 30
passive) at each k. This in effect increases the dimension of the observation vector and

correspondingly causes delay in generating the estimates.

4.7.1 State Space Model

We use the dual estimation framework shown in Section 4.6.3, where the observation
model parameters wj are simultaneously estimated with the state x;. We follow the
LANS-SLAM approach as it is self-calibrating, contains less number of parameters to
estimate and produces the best tracking performance.

Dynamic Model

We apply the potential field embedded CT model (see Section 4.5.2) as the dynamic model.

Observation Model

The observation models for active and passive sensors follow the time-of-flight equa-
tions. The observation equation for the m-th active sonar unit with 2D coordinates

S S
[ ook Ynk ] can be shown as

ng,k = h%z,k ({ T Yk } ; [ x?n,k yfmk Ck }) —|—7”L217k, for 1<m<M (4.116)

where the observation model h2 , (superscript “a” denotes active unit) for the m-th active

unit is the same as shown in Equation (4.108)

iyt = 26—]::8\/(% — xfn,k)z + (yk - yﬁ%k)% (4.117)
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Similarly, we demonstrate the observation equation for the g-th passive unit when the

m-th sensor is active

PP . S S S S +nP forl<q<M-1,V #m

q,k q,k Tk Yk |> xm,k ym,k xq,k yq,k Ck g,k =9= Vg
(4.118)

where the observation model h};k (superscript “p” denotes passive unit) defines the dis-
tance from the m-th active unit to the subject, plus the distance from the subject to the

g-th passive unit,
iy, = JZ—; (\/(xk - wi%k)z + (v - ySka + \/(mk - xgvk)z + (- ys,kf) . (4.119)

The g-th sensor is located at { xg,k ys,k ] The range observation at time k, Zgz,k is

obtained from the recording of the m-th active sensor. The passive sensor g generates
a range observation z};k from an indirect reflection coming from the m-th active unit.
The parameter vector w;, to be estimated contains the 2D coordinates of each ultrasonic

transducer and the speed of sound

_ S S S s
Wp= |k g Bpp oo Tyg oo Typo| (4.120)

Figure 4.2 demonstrates that the range observation r2 recorded by the m-th active sonar

unit corresponds to twice the distance, d%, between the active unit and the person.
Whereas the passive range observation T(If corresponds to the sum of distances d2, and
dqp, where dqp is the distance from the person to the ¢-th passive unit.

In addition to the active and passive ultrasonic units, we also include a state constraint
in the observation model corresponding to a “shadow” condition. As shown in Figure 4.22,
there is a signal return due to the direct path between an active and a passive unit. A
sudden drop or change in the variation of the direct path return indicates that the subject
has walked directly between the m-th active and ¢-th passive unit. For example as shown
in Fig. 4.2, the subject is blocking the direct path between the active unit and the 5-th

passive unit. Hence the corresponding passive unit should record a sudden drop of signal

strength in its direct return from the active unit. If this condition is detected, an additional
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observation equation is included, which constrains the 2D position of the subject to be on

a straight line between the m-th and g-th ultrasonic units.

where zg i 1s the pseudo observation

c s

k= o (W5 = ¥50) T+ (25 — ) v - (4.122)

The constraint observation model hg’k is defined as

o= e[ i) (shaat) | (4123

Note, the constraint equation, as shown in Equation (4.121) has no measurement noise.
Although the constraint equation with “perfect” measurements does not pose any the-
oretical problems, when augmented with Equation (4.126), the covariance of the new
measurement noise may become singular. A singular noise covariance increases the possi-
bility of numerical problems for the estimator. In addition, the Cholesky decomposition,
which computes matrix square-roots, cannot be performed on a singular matrix. Hence,
we modify the constraint equation by adding a small measurement noise to the “perfect”

measurements

gk = ha [ Tk Yk ] + ng 1. (4.124)

Combining all observations, observation functions and noise terms for a fixed active unit

m, we form a multidimensional observation model

Zmk = | 25 zgk z};k ZII\)/[—l,k 25, } (4.125)
R = | b2, WY, o AP h%\)/[_lﬂk he, ] (4.126)
Mg = | 1 n?k ”Ek nlli/[—l,k ng ] . (4.127)

Note that the dimension of each augmented vector will very depending on whether the

constraint term is present. Finally, for all active units m € M, we form the complete
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observation model

Zk=| 2Lk 22k -0 Zmk - Z0Ng ] (4.128)
hk = th hg’k . hm,k . hM,k } (4.129)
Np=| g Mok oo Mk --. )L } ; (4.130)

where the augmented measurement, observation model, observation noise at time k are

denoted as zj, hj and nj respectively.

SLAM Algorithm

The dual Kalman framework shown in Section 4.6.3 is adopted. Recall that it incor-
porates two ISPKS filters with gating to alternately estimate the state xj and model
parameters wy, using the range observations z,. The only difference with the dual es-
timator in Section 4.6.3 is the dimension of the observation vector at time k. As we
consider measurements coming from both the active and passive ultrasonic sensors, the
dimension of each observation vector zj, is of size equal to M? compared to size M for the

LANS-SLAM case which considers only the active sonar units.

4.7.2 Experimental Results

In this section, we illustrate the performance results of the LANS-SLAM approach in-
corporating both the active and passive sonar measurements and compare them with the
results obtained using only the active sonar data. The objective here is to evaluate how
incorporating the passive sonar ranges affect the tracking accuracy. We demonstrate two
random trajectories followed by two different subjects. Subject 1 took 40s to complete
the path and 96 range observations were recorded during that time period. Subject 2
completed the path in 60s and recorded 144 measurements.

Figure 4.23(a)-4.23(d) show the LANS-SLAM estimated positions with/without pas-
sive measurements for subjects 1 and 2. Figure 4.23(a) and 4.23(b) are the LANS-SLAM
position estimates using only active sonar measurements, whereas both active and passive

measurements are used to generate the estimated positions shown in Figure 4.23(c) and
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Figure 4.23: Tracking performance in Sonar-Lab using the LANS-SLAM incorporating
both active and passive ultrasonic transducers, (a) and (b): LANS-SLAM estimates (blue)
using range measurements recorded by active units, (c) and (d): LANS-SLAM estimates
(blue) using range measurements recorded by active and passive units. The Ubisense
results (red) provide the ground truth for comparison. Two subjects performed the walking
to generate the data.

4.23(d). As before, the accuracy of our tracking results are compared in terms of RMSE
between our estimates and the Ubisense engine. It is clearly evident that the position
estimates shown in Figure 4.23(c) and 4.23(d) are more accurate compared to that in
Figure 4.23(a) and 4.23(b).

Table 4.5 tabulates the RMSE of position estimates for 50 different trials performed
by multiple subjects in the Sonar-Lab. The LANS-SLAM estimator, which obtains range
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Table 4.5: Tracking accuracy of the LANS-SLAM with active and passive sonar measure-
ments in terms of RMSE. The mean and standard deviation of RMSE is calculated by
averaging over 50 different trials performed by multiple subjects in the test Lab.

Estimator E(RMSE) (ft) std(RMSE) (ft)
LANS-SLAM (active+passive) 1.66 0.92
LANS-SLAM (active) 2.02 1.04

measurements from the active and passive sonar units generates position estimates with
superior mean and standard deviation of RMSE over the case when no passive range
measurements are used. The above figures and table suitably verify that incorporating
the passive ultrasonic units into the location tracking method indeed helps to improve the

tracking accuracy.

4.8 Discussion and Future Work

In this chapter, we develop a novel method for indoor tracking using range measurements
from ultrasonic sensors. Instead of wearing a body-borne receiver tag, we propose an
unobtrusive tag-free tracking system, which requires setting up a set of ultrasonic trans-
ducers inside the indoor location. Each sonar unit records analog echoes, which are then
digitized and passed through a number of signal processing steps including Bandpass fil-
tering, Hilbert transformation, background subtraction, and clustering to calculate a set
of range candidates. An observation function is generated from the calibration data by
fitting nonlinear maps between the known calibration locations and active sonar ranges.
The observation range maps are incorporated into an ISPKS based tracking algorithm that
fuses all range measurements with a CT based dynamic model to generate 2D position,
velocity and turn rate. A gating technique is also integrated in the range-map generation
and state estimation process to avoid confusion from multiple range candidates.

Instead of using a fixed observation model, a simultaneous localization and mapping
algorithm is designed to simultaneously estimating the state of the person and the pa-
rameters of the observation model. The TANS-SLAM method still uses observation maps
in the estimation process but the map parameters are updated during tracking using the

newly generated state estimates. The LANS-SLAM approach completely eliminates the
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offline calibration phase. A dual estimation framework is employed which operates two
separate ISPKS in an alternate fashion. One SPKS localizes the user by taking input the
estimated observation model parameters and the other computes the parameters given
the currently estimated user position. Parameters in the LANS-SLAM correspond to the
2D sonar module locations along with a correction factor to account for various noise
and modeling errors. Finally, we also incorporate the indirect range observations from
the passive sonar modules into the LANS-SLAM framework and evaluate the system per-
formance. Accuracy of all the proposed tracking algorithms are evaluated on a data set
involving 50 different trials performed by multiple subjects in a test Lab. The tracking
accuracy is determined through a comparison with the commercial Ubisense engine. It
is shown that the ultrasonic sensor based tag-free tracking performs comparably with
the Ubisense, which is tag based, more expensive and also encounters several calibration
challenges. The LANS-SLAM algorithm with all range observations from the active and
passive sonar-modules provides the highest tracking accuracy. The LANS-SLAM method
is the most attractive choice for the ultrasonic sensor based tag-free indoor tracking be-
cause it requires minimal calibration, uses fewer number of parameters and demonstrates
fast convergence (within 5-10s) starting from a rough estimate of sonar locations.
Future research direction includes developing a more refined model of human walking,
adding a better gating technique to determine the correct range from range candidates
and extending the system to a multi-room facility. In this context, one can incorporate
a biomechanical model in the tracking framework as that can mimic accurately the way
human walks. Investigation on the multiple hypothesis approach can help in developing a
better gating method. The current system also requires cabling to a multi-channel DAQ
operating at a fast 250 kHz sampling rate to allow for subsequent digital demodulation.
This could be replaced with analog demodulation, allowing for the uses of a low cost D/A
and wireless transmission to the central PC. The current system is also obviously limited
to single person tracking, thus limiting the use to applications such as monitoring elders
in independent living facilities. Multi-person tracking may be possible through extensions
in the (Sigma-Point) Kalman algorithms based on multi-target tracking methods and

probabilistic data association, along with possibly other sensors to help differentiate sonar
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returns between people. In addition, future research also can be directed to determining
optimal placement of ultrasonic transducers in an indoor location in order to maximize

the tracking accuracy.
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4.9 Appendix

4.9.1 Autonomous Terrain Aided Navigation in Unknown Environment

In this section, we describe the application of a dual SPKF to the problem of simulta-
neous estimation of the state and map parameters for localizing an unmanned vehicle.
The experimental scenario considered here consists of an unmanned vehicle maneuvering
through an unsurveyed environment within a 10 mx10m bounded region. Though the ter-
rain aided navigation algorithm presented here can be extended to a full three dimensional
environment (e.g., for unmanned aerial vehicles), for ease of visualization, simulations are
conducted in two dimensions. Three onboard sensors obtain terrain information and an
IMU provides acceleration and angular rate in the body fixed frame. We also compare
our dual SPKF based system performance to the baseline EKF in terms of vehicle state
estimation accuracy. We will start with describing the specific process and observation
(map) models used inside the SPKF/EKF based estimators and then moving on to the

experimental results.

Vehicle process model

In the vehicle process model, the standard IMU driven kinematic process model formula-
tion [117] that comprises an inertial navigation system (INS) mechanization component
and sensor bias error components is followed. In two dimensions, the IMU includes two
accelerometer and one rate gyro. Errors in the sensors include both bias and additive

noise. The vehicle state vector is shown as
T
iE:{w Yy vx vy Y by by bw} ) (4.131)

where { Ty } is vehicle 2D position, { vy Uy ] is 2D velocity, 1 is the Euler (heading)

angle. The accelerometer bias vector is denoted as b, = [ by by } and b, is the IMU
gyro rate bias. There is no separate scale-error term in the state vector, as it is found to
be sufficient to model both the sensor bias and scale error as a time varying bias term.

The continuous time kinematic equations of the vehicle [5] followed in this simulation can
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be defined as

T = COS Pv, — sin v,

Y = sinYv, + cos Py
)=z — by
Up = 2g — by + (20 — b)) vy

Uy = 2y — by + (2 — by) Uy

i)x = sz
by = v,
by = vy, (4.132)

T
where z, = [ Zo 2y ] is the noisy observation from accelerometer

zg = a+ by +ng, (4.133)
and b,, is the noisy measurement obtained from the rate gyro

Zp = w + by, +ny,. (4.134)

a= { az Gy ]T and w are the vehicle’s true acceleration and angular velocity respectively.
Note that in reality, the accelerometer and gyro outputs slowly drift from the true values.
The sensor bias terms shown in (4.133) and (4.134) are incorporated to compensate the
sensor drifts. It is assumed that the accelerometer is situated exactly at the vehicle center
of gravity (CG). The Gaussian white process and observation noises are denoted as v/,
and n(.y respectively. Sampling rate of 67" = 100ms is chosen in order to discretize the
continuous time vehicle kinematic model in (4.132). Note that the accelerometer and

gyro biases are modeled as a slowly varying random walk where vy, vp, and v, are

Y
zero mean Gaussian random variable. As the biases are unknown random variable, the
accelerometer and gyro sensors may not be sufficient on its own to localize the vehicle.
Hence three terrain sensors are incorporated into the tracking system which provide some

information about the environment at the current vehicle location.
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Figure 4.24: (a) to (c): True terrain maps used in the simulation, (d): Traces of three
noisy terrain sensor measurements.

Vehicle observation model (Terrain map)

In this simulation, three terrain maps are used. Each map can be thought of as providing
complimentary terrain information such as altitude, pressure, or visual characteristics of
the environment. For this preliminary study, each map is modeled as a mixture of three,
five and two Gaussian distributions respectively. Clearly, this is not a complex realistic
scenario, but serves the purpose to investigate the ability of SPKF estimators to gener-
ate consistent estimates of the vehicle state and map parameters after convergence and
also to provide a performance comparison between the SPKF and EKF implementation.
Figure 4.24(a) - 4.24(c) illustrate the visual contour plots of these maps.

The measurements from the M = 3 onboard sensors correspond to each of the map

values at the current true vehicle location plus additive noise. The terrain sensors obtain
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the measurements at the rate of s = 10 Hz. The role of the Kalman filter state-estimator
is thus to fuse these three sensor readings with the process model to estimate the vehicle
location and heading. The signal to noise ratio (SNR) at the output of each terrain
sensor is kept as 20dB. A typical sensor trace from a random trajectory is shown in
Figure 4.24(d).

In the dual Kalman filter setup for SLAM, the maps are assumed unknown and some
parametric representation of the maps must be simultaneously learned from M sensor
traces. As described earlier, the true map in this case consists of a simple mixture of
Gaussian densities. However, since we cannot assume prior knowledge of this, we attempt
to learn this map using both two layer multi-layer perceptrons (MLP) and radial basis

function (RBF) neural networks. The vehicle observation model can be defined as

Zmgke = Mk (Th, Yk) + Mo s (4.135)

where z,, 1 is the sensor measurement from the m-th terrain sensor, m, 1 <m < M, with
noise n,, j assumed to be Gaussian with zero mean. The observation map h,, ; can either
be learned using MLP or RBF. The discrete time index is denoted as k.

The MLP observation map [88], pM

m,k>

for the m-th sensor is specified by
T T
B, (i, i) = (W2RL,) tanh ((Wl}\fk) { Th Y } +Bl£{{k) + oM (4.136)

where Wle and W2M m,k are the hidden and output layer weights and B M m.k and b2
are the input and output biases for the m-th terrain sensor. Note that in the above
equation, we have adopted a standard three layer form [88] of MLP. Assuming there are

H nodes in the hidden layer,

_ w1?? wl e w1t
wiM, = | Tmk m.k (4.137)
m.k 1,H-1
wlh k wl wlnlb7k
M ) T
Bl =|b10 . b1l . - b1l (4.138)
M| T
W2 =| w20 o w2l - w2l (4.139)

Combining all the network weights and biases a single weight vector W, ;. is formed for
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m-th terrain sensor
T
W= | Wi, w2M - piM oM (4.140)

Notice that all the individual weight terms are first vectorized before combining them to
form the augmented weight vector W, ;.. Note that the true value of W, ;. is unknown and

it is estimated simultaneously with the vehicle state using the dual estimation framework.
R

Similarly for RBF case, the observation map P &

may be denoted as

T
hrprf,k (Tr, yx) = (ngk) K}},k ({ Tk Yk } §M5,k725,k> ; (4.141)

where K}} i is the Gaussian kernel function [88] with mean vector u}} . and covariance

: R
matrix ka,

R _ 1| o 1 cq |

Pk = | B Bk - Hig (4.142)
_E]Om’k 0 0 ]

Eﬁ,kz (,) 2.’1”’]6 (.) , (4.143)
0o 0 =GR

where C' is the number of Gaussian kernels in the hidden layer of the RBF network and

WiR | is the output layer linear weights,

m,k
Wlﬁ,k = [ wll, o wll g . w1g,;1 ] (4.144)

The parameter vector for the RBF model which needs to be estimated at each time k£ can

be denoted as
T
Wi = [ pl, =ROowalk, ] : (4.145)

As seen in (4.135), each MLP/RBF network implements a mapping from a two dimen-
sional input space to one dimensional output space. Note that each terrain sensor has its
own sensor map. The map learning problem is made more challenging by the fact that the
inputs and outputs are limited to the random trajectory and corresponding sensor traces

from the vehicle.
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The observed sensor output z,,j, terrain map h,, i, parameter vector W, ;. and the
observation noise n,, ; from each terrain sensor are combined to form a multi-dimensional

observation model,

zp = - ik - Zmk - ZM,k} (4.146)
hi = | hik oo hmg ... hMyk- (4.147)
Wy = _ Wip .. Wop oo WMJC] (4.148)
ng = _ Nk - Mk --- M\ (4.149)

where zj, is the multi-dimensional RSSI observations emanating from each terrain sensor.
Similarly hi, W) and n; are the augmented observation maps, augmented parameter
vector and the augmented measurement noise for sensors 1 < m < M. SPKF based
tracking algorithm using dual Kalman framework defined in (4.103)-(4.104) has been used

to estimate both the state vector x; and augmented parameter vector Wy, at each time k.

Dual Estimation

We have used a standard SPKF to track the vehicle’s state and simultaneously learn the
parameters of the observation maps using dual Kalman framework. Note that the SPKF
time-update and measurement-update steps operate at different rates. The time-update
step operates at every 10 ms, whereas we obtain measurements from the terrain sensors

at every 100 ms.

Experimental Results

In this section, we demonstrate the performance of SPKF /EKF based estimators for simul-
taneously estimating the vehicle’s position and the parameters of its surroundings given a
set of terrain sensor measurements. The vehicle is driven randomly within a 10mx10m
space. It is assumed that the vehicle is carrying onboard three terrain sensors, which
observe the value of three terrain maps based on the current vehicle location. The true
terrain maps from which the sensor traces were obtained are unknown. Hence we propose

a MLP/RBF based parametric representation of the observation maps whose parameters
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Figure 4.25: Tracking performance of dual SPKF in terms of MSE between the true and
the estimated, (a): position estimation accuracy, (b) heading angle estimation accuracy.

are initially taken as random and are learned from the sensor measurements to mimic
the unknown terrain maps. There is a separate observation map learned for each terrain
sensor. Recall that we have employed both three layer MLP and RBF networks to rep-
resent the terrain maps, which require the knowledge of the number of hidden nodes H
and Gaussian kernels C' respectively. Hidden nodes H and kernel C' are decided using a
10 fold cross validation technique. It is found that the optimum number of H and C were
28 and 12 respectively [118].

For the simulation purposes, we have generated a set of epochs each consisting of a

random vehicle trajectory. At each epoch, N = 1000 terrain observations are collected
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Figure 4.26: SPKF estimated vehicle position after convergence.
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Figure 4.27: (a) to (c): Reconstructed terrain maps after convergence.

from the vehicle’s trajectory. A new vehicle trajectory is generated at each epoch from the
same bounded region. The estimated state and map parameters from the previous epoch
are used to initialize the next epoch. It is observed that it takes about 50 — 75 epochs

for the SPKF to converge to the true state and maps. Figure 4.26 shows the estimated
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Table 4.6: Performance comparison of the dual SPKF and the dual EKF after convergence
(MSE shown in the table is actually the average of MSE obtained in MLP and RBF).
MSE after convergence Map 1 Map 2 Map 3 Vehicle Position
EKF 0.145 0.139 0.204 0.135
SPKF 0.074 0.072 0.118 0.055

trajectory of the SPKF versus the true trajectory after convergence. As is clearly seen,
the SPKF estimated trajectory is nearly indistinguishable from the true. Figure 4.25(a)
and 4.25(b) demonstrates the accuracy of the SPKF based tracker after convergence in
tracking the vehicle position and heading angle on the basis of MSE between the true and
the estimated values. Note that neither the initial values of the state nor the maps are
assumed known. The MSE between the true and the estimates is computed by a moving
average window over time. Each window is 10s long with a 4 s overlap between successive
windows. As is clearly seen from the figures, the SPKF estimator can successfully track the
vehicle’s position and heading angle after the convergence of the vehicle’s state and terrain
map parameters. Dual EKF estimates are also plotted in the same figures for performance
comparison with SPKF estimates. It is shown that the SPKF consistently outperformed
the EKF in terms of vehicle position and yaw angle estimates. Figure 4.27(a) - 4.27(c)
display the SPKF reconstructed maps after convergence. Comparing them with the true
maps (Figure 4.24(a) - 4.24(c)), we can observe that the estimated maps are almost similar
with the true. Reconstructed maps are shown for the RBF cases only, as the RBF result
converges faster to the true values and after convergence it demonstrates lower MSE than
the MLP. Table 4.6 compares the performance of the SPKF with the EKF in terms of
estimation accuracy [118]. As evident from the table, the SPKF provides significant gain

over the EKF in final performance.



Chapter 5

New Multiharmonic Frequency Tracking

Using Sigma-Point Kalman Smoothers

5.1 Overview

In the previous chapters, we evaluate the performance of the sigma-point Kalman smooth-
ing (SPKS) algorithms in real world indoor tracking. In this chapter, we apply the SPKS
into the domain of frequency tracking where the task is to track the individual frequencies
and amplitudes of a multiharmonic periodic signal. The state-space approach to tracking
time-varying frequencies of multiharmonic periodic/quasi-periodic signals have recently
become popular within the research community. Due to nonlinear state dynamics, several
groups have proposed an extended Kalman filter/smoother (EKF/EKS) to track multi-
harmonic frequencies. In this chapter, our intention is to introduce a new multiharmonic
frequency tracker based on the proposed SPKS and compare its performance to that of
the EKS method. This work has been done in collaboration with Sunghan Kim and James
McNames who are associated with the Biomedical Signal Processing (BSP) Laboratory,
department of Electrical and Computer Engineering (ECE), Portland State University.
They have been working on applications, including frequency tracking for quasi-periodic
signals with time-varying amplitudes for many years and we have integrated our SPKS
based estimator with their tracking framework.

This chapter is organized as follows. Section 5.2 introduces our approach with a brief
description of current frequency tracking methodologies seen in the literature. Section 5.3

discusses the Bayesian framework and details the dynamic and observation models used in
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our SPKS estimator. Section 5.4 examines the different estimation algorithms, including
the SPKS and the EKS, implemented in our tracking system. Experimental results are

given in Section 5.5, and finally discussion and conclusions in Section 5.6.

5.2 Introduction

Many natural signals contain nearly periodic rhythms with slowly varying morphologies.
Example signals with this property include tremor, speech, electrocardiogram (ECG), and
arterial blood pressure (ABP). In many applications the instantaneous frequency (IF) of
these signals contains useful information for further analysis.

Many signal processing methods have been applied to the problem of multiharmonic
frequency tracking in quasi-periodic signals. For example, the pitch tracking in the
speech signal analysis is one of the most common applications of multiharmonic fre-
quency tracking. Pitch detection/tracking algorithms can be roughly categorized into
three groups: time-domain methods such as zero-crossing, frequency-domain methods,
and time-frequency-domain methods. Due to the nonstationary nature of human voice,
the pitch tracking algorithms generally perform within a short window in time/frequency
domain [119,120]. Recently Tabrikian et al. proposed a new mazimum a-posteriori (MAP)
based statistical approach using a harmonic model for pitch tracking [121]. They imple-
mented the MAP estimator using dynamic programming based on measurements collected
over several window frames. However, these frame-by-frame based algorithms are always
not applicable especially when a local signal stationarity cannot be assumed [16, 122].
There are other methods based on adaptive schemes that have been applied to track
rhythmicity (harmonic components) in nonstationary quasi-periodic signals (not neces-
sarily speech signals) [123]. The advantage of using these adaptive schemes is that one
can track frequencies recursively as signal samples are acquired. For details of these dif-
ferent frequency tracking methods, one can refer to [15].

In order to perform multiharmonic frequency tracking, we represent a time-domain
signal using the Fourier series in which the amplitude, phase, and frequency of each har-

monic component are allowed to vary slowly over time. We employ the dynamic state
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space approach in order to track the harmonics present in a given signal. The application
of state space methods to continuously track the harmonics was pioneered by Parker et
al. [122], which triggered many subsequent investigations [124-128]. Recently there have
been several proposed methods based on particle filters [129,130] but unfortunately they
are highly computationally intensive and hence practically intractable.

We follow the SPKF [26, 36, 82] based Bayesian inference approach for multiharmonic
tracking. Although the SPKF has been applied to a wide range of problems, we are un-
aware of any literature that applies the SPKF to the multiharmonic frequency tracking
problem. In [16], we have successfully adopted the SPKF to track the amplitudes, fre-
quencies and phases of all harmonics present in a quasi-periodic signal and have outlined
the superior accuracy of SPKF based approach compared to the EKF. As a smoother
delivers better estimates than a filter and our work was focused on an offline analysis, in
this chapter we concentrate on our recently proposed fixed-interval sigma-point Kalman
smoother (FI-SPKS) algorithm [35] for the tracking purpose. This dissertation provides a
more detailed description and analysis of our method that was recently accepted in [131].
The FI-SPKS estimator, which uses the entire recording of signal to generate each state
estimate, fuses a dynamic model with discrete signal observations in order to track the
multiple harmonics. We have adopted the state dynamics and observation model from
Parker’s work [122] with slight modifications. The SPKS based multiharmonic frequency
tracker is also compared with the traditional EKS approach based on several performance

metrics and the performance advantage of the SPKS method is demonstrated.

5.3 Recursive Bayesian Inference Framework

We have used the following state space model,
Ty 1 =fr (Tk, V) (5.1)
Zk :hk (:I:k, ’I’lk) . (52)
The different components of the above model including the dynamic model fi and ob-

servation model h; are described below in terms of multiharmonic frequency estimation

context.
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5.3.1 State Space Model

We employ the following observation model called a rectangular model [122] in our fre-

quency tracking system,

2L = S + Ny

k) + g

h(x
Z .k €08 (pO) + by, . sin (pOy,) + Zi, + Ny, (5.3)

where m is the total number of harmonics present which is assumed to be known, 6}, is
the instantaneous angle, a,, ;, and by, ;, are the amplitudes of the p-th harmonic sinusoidal
components, Zj, is the trend of zj, f is the mean frequency, and observation noise nj is
a white noise process with zero-mean and covariance Rj. The instantaneous angle 8y is

modeled as,

k
0 = Z 2rTs f;

i=1

k
=Y 2nTy (& + f)

i=1

k
2Tl + ) 2nTLf

i=1 i=1

@k + 21Tk f, (5.4)

I
™=

where f is the mean frequency, & is the difference between the instantaneous frequency
fi and the mean frequency f, ¢ is the accumulative sum of &, and 7} is the sampling
interval. The definition of instantaneous angle 6 shown in Equation (5.4) is one of the
major differences between our state-space model and the one proposed in [122]. This
modification was obtained because the SPKS favors the state variables to have zero mean.
Since ¢y, is the accumulative sum of &, = f;, — f, its mean is zero. The zero mean state

process increases the numerical stability for the SPKS estimator.
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The dynamic model f(.), which characterizes the propagation of each state-space vari-

able from time k to time k 4+ 1, is formed as follows,

Prt1 = Pk + 21Ty + Vo (5.5)
Y1 = v + (1 — @)vyy (5.6)
Apk+1 = Apk + Vg k (5.7)
bpk+1 = by + Vb (5.8)
Zt1 = Zk + Uz (5.9)

where - is the fluctuating component in ¢y, « is an autoregressive (AR) coefficient of
vk, and v. ;, are mutually uncorrelated white noise processes. A value of o = 1 results in
a random walk model of ¢ and a = 0 results in a white noise model. The variance Qp
of process noise v. ;, determines how quickly the parameters are expected to change over
time.

The state vector xj is shown as,
T
LTk = Pk Yk ALk --- Ok bl,k bm,k Zk s (510)

Now combining the dynamic and observation models, we can write the overall state-space

framework for our proposed frequency tracker as follows,

Tpt1 = f(a:k) + v (5.11)
Tk + 2mT5xo ) V1
Q& V2 k
T3k V3 k
= , +1 (5.12)
Lom+2.k Vom+2,k
Lom+3k | | V2m+3,k |
— h(zy) + ny (5.13)
m
= Z a, . cos (pOy) + by i sin (pby) + 2, + ng,. (5.14)

Note that the state transition function f(-) is linear and the observation function h(-) is

nonlinear in the above state space model.
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5.4 Multiharmonic Frequency Tracker

In this section we use the FI-SPKS and EKS based estimators for multiharmonic frequency
tracking. We perform an offline analysis, in which we use the entire signal recording
of whole duration in order to compute the smoothed state at each time k. We prefer
the RTSSL-SPKS for this task due to its ease of implementation, low computational
complexity and numerical efficiency (for details, refer to Chapter 2).

In order to demonstrate the performance advantage of the proposed SPKS based fre-
quency tracker, we compare the performance of the SPKS with that of the EKS in terms
of estimation accuracy. In the next section, we will summarize the EKS estimation algo-
rithm. Due to the presence of several variants of the EKS, we will demonstrate below the
specific version that is used for performance comparison with the SPKS. The following

EKS estimator has previously been used for frequency tracking by Kim et al. [15].

5.4.1 EKS frequency tracker Recursions

The pseudo code for the EKS is shown below:

Forward Updates

The filtered and predicted state estimates can be computed directly from the well-known

EKF recursions, which is shown as below:

e Initialization:

Zop=10 0 01 ... 0.1 0"



e Time-update equations:
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The above recursions produce both the filtered estimates &, the predicted estimates &,
and their associated estimation error covariances at each time k, which will be required

for smoothing.

Smoothing

There are many mathematically equivalent expressions for the EKS. Here we use a vari-
ant similar to that developed in [33] (see [34, p. 374]). The backward recursive update

equations for the EKS start with an initialization at time N such as,

where 1) is called the adjoint variable. The smoothed estimates can then be computed by

the following recursive operations from k = N to k =1,

e Backward-smoothing equations:

Ky = (FkPk_HkT)Re_Ji
Yi, = (F, — Koo Hy) i1 + HE R, ex

5.5 Experimental Results

The performance of the SPKS and EKS based frequency tracker have been demonstrated
on two sets of simulated signals and a photo-sensor insect activity signal. We will start with
defining the input signals, parameter and performance-metric selection for the estimators

before moving on to the performance results.

5.5.1 Simulated Time-Variant Harmonic Signals

We employ equations (5.3)-(5.9) to generate two sets of simulated signals with time-
varying harmonics using a sampling rate of f; = 2kHz. The mean frequency and the
signal duration are kept as f = 100 Hz and T; = 3 s, respectively. The first set of simulated

signal contains the rhythmicity during the entire 3s duration. The second set of simulated
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signal contains the rhythmicity only during the first and last one second, 0 — 1s and
2 —3s. Between 1s and 2s, a white Gaussian noise replaces the rhythmicity. The absence
of rhythmicity for a specific period of time mimics certain real world cases when the

rhythmicity is intermittent.

5.5.2 Photo-Sensor Insect Activity Signal

We applied both the SPKS and EKS trackers to a photo-sensor insect activity signal. The
photo-sensor insect activity signal has a clear harmonic structure, which carries important
entomological information. The instantaneous frequency and the harmonic amplitudes
help entomologists determine what kind of insects flew over the photo-sensor [132, 133].
The sampling frequency of the photo-sensor insect activity signal was 16kHz and the

signal duration was 10s.

5.5.3 Parameter Selection

Table 5.1 lists the user-specified parameters needed to generate the examples and the
estimators. The parameter values, except for the SPKS case, are mainly adopted from the
work of Kim et al. who have successfully designed a EKS multiharmonic frequency tracker
using the same parameters [15]. Note that the chosen parameters were tuned in accordance
with the best performance of the EKS tracker [15]. While designing the proposed SPKS
multiharmonic tracker, we did not perform any additional tuning. Therefore, any bias

incurred during the selection of the user-specified parameters would favor the EKS tracker.

5.5.4 Performance Metric Criteria

There are two major criterions that we considered when comparing the performance of
frequency trackers: accuracy and “lock-on time” [15,16,131]. The accuracy quantifies how
closely the tracker estimates the state. In many cases, the primary objective of frequency
tracking is to estimate the fundamental frequency and all of its harmonics as accurately
as possible from a noisy input signal. The lock-on time is a measure of how quickly the
tracker can converge to the true state. This is particularly important especially when

the rhythmicity in a given signal is intermittent. Hence a frequency tracker need to be
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Table 5.1: Summary of user-specified design parameters

Name Symbol  Value
AR Coefficient @ 0.9987
Phase process noise variance qe 10757,
Frequency process noise variance qr 100 T
Amplitude process noise variance qs 0.0002 T
Average process noise variance qy 0.001 T
Measurement noise variance Ry 1
Mean frequency f 100 Hz
Sigma-Point spread « 0.85
Sigma-Point weighting term 15} 2
Sigma-Point parameter K 0

where T is the sample interval.

robust so that it can regain the ability to track the intermittent frequencies as quickly as
possible [129].

We used three metrics to compare the accuracy and speed of convergence for the
SPKS and EKS multiharmonic frequency trackers. The performance metrics, which will
be described next are designed by Sunghan Kim and James McNames for this application.

The first metric is the normalized mean-square-error (NMSE),

X (sk — &)
NMSE = ST (5.15)

where N is the signal duration, §; is the estimate of the clean signal s; and § is the mean

of the signal s;. Lower NMSE indicates that the signal estimates are closer to the true.
The second metric is normalized frequency mean-square-error (NFMSE),

i (e — fi)?

i (fs = )2

where fi is the instantaneous frequency (IF), fk is the estimated IF, and f is the mean

NFMSE = (5.16)

IF. NFMSE has a natural scale ranging from 0 to 1. A value NFMSE = 1 means that the
average accuracy of the estimated IF is no better than simply using the mean IF as an
estimate. NFMSE > 1 indicates poorer frequency tracking than a simple mean estimator
and a value of NFMSE « 1 indicates accurate frequency tracking.

The third metric is square-frequency-error (SFE(k)), which can be written as,

SFE(k) = (fi — fi)- (5.17)
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Figure 5.1: Tracking performance on a simulated signal, (a) Signal spectrogram with the
estimated harmonics (white lines). The EKS frequency tracker is used to generate the
frequency estimates. (b) Signal spectrogram with the estimated harmonics (white lines).
The estimates are generated using the SPKS tracker. (c) Residual estimation Error for the
EKS (NMSE = 8.56). (d) Residual estimation error for the SPKS (NMSE = 7.53). The
black stripes along the spectrograms are the true harmonics and indicate the presence of
significant amount of power at the corresponding frequencies. The white rectangular box
highlights the performance improvement of SPKS over the EKS tracker. As can be seen
for the SPKS case, the estimated harmonics always closely follow the true (Figure (b)).
However, inside the rectangular box the EKS estimates diverge from the true (Figure (a)).
The failure of the EKS to track the appropriate frequencies is responsible for the presence
of harmonic structures in the EKS residual plot (Figure (c)). However, the SPKS residual
plot (Figure (d)) does not display any left-over harmonic structures.

When this metric is averaged over an ensemble of simulated signals, it visualizes how
rapidly the trackers lock on to the true frequency. In contrast to the NMSE and NFMSE,
SFE(k) is a function of time that shows the squared difference between the true IF and its
estimate at a given time. For all of our results we calculated the NFMSE, NMSE, SFE(k)
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Figure 5.2: Performance comparison between the SPKS and EKS in terms of NMSE,
NFMSE and SFE(k), (a) NMSE versus SNR, (b) NFMSE versus SNR, (c) SFE(k) versus
time (s) at SNR = —3dB. This plot demonstrates that how quickly the output of a
frequency tracker can converge to the true state after a period when no rhythmicity is
present. The shaded regions displayed in the plots represent the 5™ and 95" percentile
ranges of the NFMSE, NMSE and SFE(k) respectively.

over an ensemble of 300 simulated signals.
5.5.5 Results

Simulated signals

Figure 5.1 shows the estimated multiharmonic frequencies using the EKS (a) and SPKS
(b) trackers on top of the spectrogram of a simulated signal. Note that the SNR of the
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Figure 5.3: Performance comparison between the SPKS and EKS in tracking an intermit-
tent rhythmic signal, (a) EKS estimated frequencies on top of an intermittent rhythmic
signal at SNR = —3dB, (b) SPKS estimated frequencies on top of an intermittent rhyth-
mic signal at SNR = —3dB, (c¢) Residual signal between the true and estimated using the
EKS tracker, (d) Residual signal between the true and estimated using the SPKS tracker.
Note that the rhythmicity is present only between 0 —1s and 2—3s. The simulated signal
does not contain any harmonic structure between 1 — 2s. With the help of these plots
we evaluate how fast the SPKS/EKS frequency tracker can start tracking the harmonic
components after ¢ = 2s. The presence of harmonic structures in the EKS residual plot
(see Figure (c)) indicates EKS’s failure to lock on the true frequencies. As is evident
from Figure (b) and (d), the SPKS estimates converge to the true harmonic frequencies
at t = 2.1s and hence it does not generate any residual harmonic patterns.

simulated signal was set to be at —3dB. As can be seen from the plots, the EKS tem-
porarily lost its way in tracking the correct harmonics at the middle of the spectrogram
between t = 1.1s and t = 1.9s and also toward the end, after ¢t = 2.7s. The estima-
tion error of EKS is responsible in producing the residual harmonic structures as shown

in Figure 5.1(c). In contrast, the estimated frequencies obtained from the SPKS never
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diverged from the true during the entire signal duration and hence its residual error plot
(Figure 5.1(d)) does not show any harmonic structures.

Plot (a) in Figure 5.2 demonstrates the NMSE versus SNR for the SPKS and EKS
trackers. It shows that the SPKS tracker can track the true signal better than the EKS
tracker over a wide range of SNR. Plot (b) in Figure 5.2 depicts the NFMSE versus
SNR of the two multiharmonic trackers. Similar to the previous case, the SPKS clearly
outperforms the EKS over the entire range of SNR. Note that the performance difference
is larger at low SNR values. In fact at SNR = —2dB, the corresponding NFMSE ~ 1
signifies that the EKS estimated IF is no better than simply using a mean IF as an
estimate. However, the NFMSE for the SPKS at SNR = —2dB is only 0.2, which proves
that the SPKS is more robust to noise than the EKS. Plot (c) in Figure 5.2 depicts the
SFE(k) of the SPKS and EKS multiharmonic trackers. The objective of this figure is to
demonstrate how quickly the estimators can converge to the true harmonics after a period
when no rhythmicity is present. It depicts that the SPKS tracker can regain its track of
the true IF faster than the EKS tracker.

Plots in Figure 5.3 show the estimated harmonic frequencies using the EKS and SPKS
trackers on top of the spectrogram of a simulated signal. Note that the rhythmicity is
present only between 0-1s and 2-3s. After the rhythmic structure came back at t = 25,
the SPKS converged and started tracking the true harmonic frequencies accurately from
t = 2.4s (see Figure 5.3(a)). In contrast the EKS based frequency tracker completely
failed to regain its track of the true IF as seen in Figure 5.3(b)). Figure 5.3(c) and
5.3(d) demonstrate the spectrograms of estimation residuals using the EKS and SPKS
respectively. As visualized from the error plots, the EKS just barely started tracking the
true harmonic frequencies at the very end of the signal. After the rhythmicity came back

at t = 2s, it took only 0.4s for the SPKS to start tracking the true frequencies.

Photo sensor insect activity signal

Plots (a) and (b) in Figure 5.4 show the estimated harmonics using the EKS (a) and SPKS
(b) multiharmonic trackers on top of the spectrogram of a photo-sensor insect activity sig-

nal. Plots (c¢) and (d) in Figure 5.4 are the spectrograms of estimation residuals using the
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Figure 5.4: Performance comparison between the EKS and SPKS tracker in tracking the
fundamental and harmonic frequencies of a photo sensor insect activity signal, (a) EKS
estimated frequency on top of the signal spectrogram, (b) SPKS estimated frequency
on top of the signal spectrogram, (c) Residual spectrogram between the true and EKS
estimates, (d) Residual spectrogram between the true and SPKS estimates.

EKS (c) and SPKS (d), respectively. The NMSE between the true and reconstructed bug
signal using the SPKS estimated harmonics is 0.038 while that using the EKS estimates
is 0.104. As seen from the figures, the SPKS estimates closely matched with the true
harmonics for the entire signal duration while the EKS tracker lost its track between 2.3s
and 2.9s. The region where the EKS tracker diverged from the true is marked with two
dark grey bars. Although the resulting error between the true and EKS estimates for the
fundamental frequency is not significant, the slight error in the IF results in complete mis-
match of higher harmonic frequencies. This observation is verified from the residual plot

of EKS (Figure 5.4(c)), which demonstrates higher estimation errors at upper harmonic
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frequencies than at the fundamental frequency level.

5.6 Discussion

In this chapter we covered in detail how a SPKS based new multiharmonic tracker for track-
ing the amplitude, phase and frequency of each harmonic component was implemented.
Recently, the EKF/EKS based state-space method has become popular to accomplish the
task of frequency tracking. In this work we have demonstrated that the SPKF/SPKS is
in fact a better and viable alternative than the industry standard EKF/EKS for tracking
fundamental and harmonic components of a periodic signal. The dynamic and observation
models used in the frequency tracking framework were taken from the work of Parker et
al. [122] and modified according to our needs. We made a head-to-head performance
comparison between the SPKS and EKS multiharmonic trackers based on a set of simu-
lated signals and a photo sensor insect activity signal. Using three difference performance
metrics, including NMSE, NFMSE and SFE, we have demonstrated that the SPKS multi-
harmonic tracker is significantly more accurate, converges faster to the true solution, and

robust to noise than the EKS multiharmonic tracker.



Chapter 6

Error Bounds for Discrete Time

Sigma-Point Kalman Filter

6.1 Overview

The SPKF based Bayesian inference algorithm has been demonstrated to perform with
a superior accuracy in estimating the unknown state of the nonlinear system. Julier has
demonstrated that the weighted set of sigma points that accurately capture the relevant
prior mean and covariance of a random variable (RV), calculates the posterior mean and
covariance correctly at least to the second order [23]. Recall that the prior sigma points
are propagated over the true nonlinear dynamics to generate the posterior sigma points,
which are then weighted averaged to compute the posterior mean and covariance. Julier
analyzed the accuracy of the posterior sigma points in moment calculation by comparing
with the Taylor series expansion around the posterior RV and verifying that the first and
second order terms matched exactly. However, no specific form of the error bounds that
capture the difference between the true and estimated states are derived for the SPKEF.
In this chapter, our focus is to derive the recursive error bounds on the mean-square error
(MSE) performance of the SPKF based estimator in the context of a nonlinear dynamical
system.

This chapter is organized as follows. Section 6.2 discusses about the importance of
developing bounds on the performance of nonlinear estimation algorithms and demon-
strates the various techniques that leads to our derivation of the performance bounds for

the SPKF. Section 6.3 and 6.4 contain the derivations for computing a lower and a upper
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error bounds for the SPKF. Experimental results are given in Section 6.5, and finally

discussion and conclusions are presented in Section 6.6.

6.2 Introduction

Recursive Bayesian estimation is a general probabilistic approach for sequentially esti-
mating an unknown state probability density function over time using incoming noisy
measurements and a known process model. Recall that if the system is linear and the
state and noise densities are all Gaussian, the Kalman filter is optimal and provides for an
efficient and practical solution. For the nonlinear dynamical systems, the EKF is the most
popular and widely used suboptimal filtering technique for state estimation. The SPKF,
which was recently introduced has been shown to outperform the EKF in a consistent
manner for a number of applications [17,26,27,116,134]. Although the error behavior of
the EKF and its variants have been analyzed in a rigorous mathematical way [135-140],
we are not aware of any literature that provides an in-depth analysis of the estimation
error bounds for the SPKF based algorithms.

Van Trees et al. discusses about the importance and the issues involved in attaining
the bounds on the performance of nonlinear estimation algorithms [139]. As the nonlinear
estimators adopt suboptimal filtering technique to generate the state estimates, the lower
and upper error bounds measure the level of confidence associated with each estimate.
The SPKF approximates the prior state density with a number of sigma points. The
posterior state statistics, calculated at each SPKEF iteration are approximated from the
sigma points propagated over the nonlinear dynamics. Hence, like other nonlinear estima-
tion algorithms, analytical error bounds in this case provide important information about
the filter performance. The lower and upper bounds provide an effective analytical tool
to measure the performance limitation of the filter and correspondingly help to manage
expectations of the end-user before performing any data simulation.

A commonly used lower bound for estimating nonrandom parameters in the time-
invariant system is equal to the famous Cramér-Rao bound (CRB), given by the inverse of

the Fisher information matrix [141,142]. Similar to the original CRB, a Bayesian version
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of the CRB (BCRB) is developed by Van Trees et al. for estimating random parameters
with a prior distribution [143-145]. The BCRB (also termed as “posterior CRB”) is
proved to be equal to the inverse of the Bayesian information matrix (BIM), which takes
into account both the contribution of the data and the prior information. Developing
a BCRB for the time-variant dynamical systems has attracted a lot of attention in the
research community and as a result several variants of the BCRB have appeared in the
literature [140,146-151]. Kerr et al. presents an overview of the various formulations that
are used to develop the BCRB for the state dynamical models [152].

Although contributions have been made in deriving the recursive BCRB for both the
continuous and the discrete time systems, the continuous time dynamics seems to have
received the most attention [143,147,148,153]. In this respect, much of the effort was
concentrated in deriving a continuous time differential equation for the BIM. Van Trees
was the first to apply the Cramér-Rao theory to continuous time systems [143]. Later, the
bound was improved by Snyder et al. under the assumption that the underlying process
model is linear [153]. Bobrovsky and Zakai generalized the continuous-time BCRB so
that it could be applied to the nonlinear process and observation models [146]. Their
initial paper derived the BCRB for the one-dimensional state estimation case [146, 147]
but later they extended their derivation to include the multidimensional states [147,148].
Bobrovsky and Zakai were also the pioneers to derive a lower bound formulation for
the discrete time dynamical systems [146]. Galdos et al. generalized the Bobrovsky-
Zakai version of the BCRB and applied it successfully to the nonlinear multidimensional
discrete time systems [149,150]. Although their bounds are more general than the previous
bounds in the literature, still they have certain limitations. The most significant one
is the assumption that both the system state and the measurement vector have equal
dimensions, which is not necessarily true for all cases. Tichavsky et al. provided an efficient
implementation of a recursive BCRB on the state error covariance, which is obtained from
first principles and is more general than the Bobrovsky-Zakai/Galdos bound [140]. In
addition, the derivation does not apply any constraints on the state dynamics or on the
state/observation dimensions. The derived BCRB demonstrates a lower bound on the

estimation error covariance of the nonlinear estimator. Using Tichavsky’s derivation, Van
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Trees demonstrated a lower error bound for the EKF [139].

Similar to the filter lower bound, the convergence and stability properties of the filter
also need to be addressed in order to fully quantify the estimation error. Hence efforts have
been made to derive a filter upper bound for stochastic dynamical systems [135-138,154].
Although a literature survey points to an extensive number of research papers that already
exist on this topic, below we will only discuss those papers that we have found useful for our
derivation. The concept of the estimation-error upper bound came from the control theory.
Its derivation is based upon computing a Lyapunov function and analyzing the convergence
and stability properties of the stochastic process defined by the Lyapunov system. Whereas
in lower bound computation, the BCRB is solely based on the estimation error covariance
of the filter, the Lyapunov function based Bayesian upper bound is a function of the
state space dynamics, system nose parameters as well as the estimation error covariance
matrix. Song et al. derived a set of stochastic stability criterions in the MSE sense under
the condition that the system model is linear [135]. Independent of Song’s work, the
convergence and stability properties have also been specifically investigated for the linear
parameter estimation framework [138,155,156]. Galkowski et al. extended the stability
criteria to the nonlinear models using a special form of the nonlinear dynamics [136].
Another situation, where the upper error bound was derived includes a deterministic state
space model, i.e. state dynamics with zero process and observation noises [154, 157, 158].
Recently, Reif et al. demonstrated that the expected estimation error of the EKF is upper
bounded in the mean-square sense provided certain constraints can be applied on the
system dynamics, noise terms and the estimation error covariance [137]. Reif’s derivation
is more general than the previous error bounds in the sense that it is based on a standard
nonlinear dynamical model with the additive process and observation noises. Recently,
Alessandri et al. and Kim et al. derived the upper stability bound of their variants of the
EKF using Reif’s formulation [138,159]. Alessandri et al. further extended Reif’s work
by taking into account the correlation between the estimation error and system noises in
his bound calculation.

In this chapter, the main contribution of our work is to derive a lower and upper error

bound for the SPKF, which operates on the discrete-time nonlinear dynamical model to
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estimate the system’s state. Both the lower and the upper bound is derived in terms of
MSE between the true and estimated state. The derived BCRB for the SPKF follows the
work of Tichavsky and co-authors [140] as this is the most straightforward and generalized
lower error bound we have found in the literature. We further demonstrate that the
estimation error of the SPKF is exponentially bounded in the MSE sense by an upper
bound, if the prior conditions on the estimation error covariance, state dynamics and
system noise terms hold true. The derivation of the SPKF upper bound is based on
the work of Reif et al. [137]. After a thorough literature review, we decided to follow
Reif’s work as we found his derivation to be the most exhaustive, theoretically sound
and easy to understand. Note that the final equations of the lower and upper error
bounds for the SPKF are derived analytically from first principles. However, there are
some approximations needed to implement the bounds in practical examples. In the lower
bound calculation, we have approximated the multidimensional expectations required to
generate a closed form solution by sample weighted averaging over the extracted sigma
points. This is necessary because the calculation of the multidimensional expectations
is analytically intractable for the nonlinear system. This will be explained in detail in
Section 6.3.3. The upper error bound is derived as a function of parameters corresponding
to the lower and upper bound values of the state error covariance, system noise terms,
state space parameters and the initial estimation error. However, in practice those bound
values are not known in advance, hence we adopt a separate training procedure to estimate
them. This will be further detailed in Section 6.4.1. Although these approximations and
assumptions might affect the accuracy, the derived bounds provide a quantitative measure
of confidence on the SPKF generated state estimates and help to determine whether the

SPKF would achieve the expected accuracy in a particular state estimation application.

6.3 Lower Error Bound For The SPKF

Before going details into the derivation of the SPKF lower bound, we provide a short
description on the CRB and the BCRB, which analyzes the performance of an estimator

in terms of MSE between the true states and the estimates. To describe the lower bound,
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we have followed the same notations used by Van trees in his book [139].

6.3.1 Background: CRB and BCRB

Consider the process of estimating a M dimensional state vector & using a set of noisy
N dimensional observation vector z. In the first case, we assume that the state x is
an unknown nonrandom vector. If p(z|x) denotes the observation likelihood given the
state &, the Cramér-Rao bound (CRB) (C(x)) on the estimation error covariance matrix

P (z, &) can be shown as
P(z,&) > J;' £ C(=), (6.1)

where P (x, &) is the covariance between the estimated & and the true state  and can

be shown as

(6.2)

P (2,2) = By [(w<z> - B (#(2)) (2(2) ~ Eupa ((2))) |-

The M x M Fisher information matrix Jp, which uses the likelihood distribution can be

defined as

B 0?Inp(z|x) o
[JF(ZE)]Z] = Ez‘a: l—m for 1,] = 1,2, . ,M. (63)

Next, the unknown state & to be estimated is defined as a random vector with a
prior probability density p(x), which is referred to as Bayesian estimation. Van Trees
extended the classical CRB bound for the case of Bayesian estimation, which is known as

the Bayesian Cramér-Rao bound (BCRB). The BCRB (Cp(x)) is defined as
P(z,2) > J;' £ Cp(w), (6.4)
where P (x, ) is the MSE matrix between the true and estimated state,

P (z,2) = B (2 — @) (2 — 2)"] (6.5)
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The M x M Bayesian information matrix (BIM) Jp is equal to the summation of contri-

bution from the data Jp and the contribution of the prior density Jp

0?Inp(z,x) ,
[JBl;; = Ez, [—7’ fori,j=1,2,...,.M (6.6)
J =T a$la$]
0?1
= Eq [Jr];; + Ea —ﬁf’f’)] fori,j =1,2,..., M (6.7)
0T
Jg =Jp + Jp. (6.8)

Note that Jp is the expectation of the Fisher information matrix Jr over the prior distri-
bution p(x). The above equation demonstrates that the BCRB depends on the information

obtained from the observed data as well as a priori information of the hidden state.

6.3.2 Recursive BCRB For The Nonlinear Filtering Problem

The objective here is to derive a recursive formulation of the BCRB for the time-varying
nonlinear dynamical model in order to lower bound the state estimation error covariance

Py. For the nonlinear filtering problem, the BCRB can be demonstrated as
P, > J. ", (6.9)

where J}, is the BIM. For notational convenience, we have omitted the subscript “B” from
Ji. Note in this case, the BIM is a function of discrete time k. Hence the key of the
derivation is to find a recursive formulation of Jy4; in terms of Jy.

In order to obtain the derivation, first recall the nonlinear discrete time dynamic

system,

Tp1 =fr (Tk, vk) (6.10)

Zk :hk (ack, 'I’Lk) s (6.11)

where x;, € RM represents the unobserved state of the system and zj;, € R” is the sensor
observation at time index k. The system dynamic model f(.) and observation model
h(.) are assumed known. The process noise vy ~ N (0, Q) and observation noise nj ~

N (0, Ry) are independent white processes.
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Tichavsky and co-authors derived an expression for J 1 from first principles, which is

based on the previously computed Jj, using the above nonlinear dynamical model [140],

—1
Jiyr = D — D' (Jy + DY) D}, (6.12)
where
D} = Bay oy, |~ A% np(@ii o) (6.13)
D? =Eay 2., [—Ai’,j“ lnp(:rkﬂ\wk)} (6.14)
T
D} = [D}?] (6.15)

DP = EBay o, |~ AT Ip(@pia|@)] + Bay,yz,, [~AZ p(2hia|@rin)] - (6.16)

The gradient operator A§ is defined as

A9 = Vo |V (6.17)
T
VG:{&% LR %] . (6.18)

The state transition and observation probability distributions are denoted as p(xyy1|xk)
and p(zg+1|Tg+1) respectively. In order to maintain continuity the entire derivation of
Ji+1 is skipped here. An interested reader can refer to Tichavsky’s paper [140] for further
details.

6.3.3 Recursive BCRB For The SPKF

We derive the lower bound of the state estimation error covariance of the SPKF using
the Equation (6.12). For this purpose, we make use of statistically linearized form of the

standard nonlinear state space, which is repeated here for convenience

Tht1 :Aﬁkwk + bﬁk + Gﬁk (’Uk + Ef,k) (6.19)

2z, =Ap kT + by g + 1y + €, (6.20)

where the linearization coefficients, A i, Ay i, by and by, i, and linearization error terms,

P, and P, i are already defined in Section 1.4.1.
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By defining the state transition distribution from state k to k+ 1, p(xg+1|xk), and the

observation density at time k + 1, p(zx+1|Tks+1) in terms of WSLR coefficients, we obtain
1
Qr + Pe, i

-1
e—%[wk+1_(Af,kwk+bf,k)]T (Qk-ﬁ-Pef,k) [wk+1_(Af,kwk+bf,k)]

p(xptr|zr) = ” 1
M 2
2

(27)

(6.21)
1

2 i
(27) 2 |Ryy1 + Pe, ji41]2

e~ % [Zk+l_(Ah,k+lwk+1 +bh,k+1)]T(Rk+1+P€h,k+1)71 [szrl _(Ah,k+1wk+l+bh,k+1)] ,

P(Zpg1|Trs1) =

(6.22)

where M is the dimension of the state vector x; and P is the dimension of the observation
vector zi. Note that we represent both of these densities as Gaussian.

Applying natural logarithm (In) on both sides of those probability densities, we obtain

M 1
—Inp(@pi1|xk) = - In(2m) + 5 1n ‘Qk + Pef,k‘ +

2

1 T -1

5 (g1 — (A +brg)] (Qk + Pef,k) @1 — (Aprzr + byl

(6.23)
P 1
—Inp(zks1|Trs1) = B In (27) + 3 In|Ryi1 + P, p+1|+

1 _

3 [2k41 — (An 11 + bpger1)]” (Rigr + Pey 1)

[Zk+1 — (Apk+1Tk+1 + by gr1)] - (6.24)

The log-densities obtained from Equations (6.23) and (6.24) are substituted into the Equa-
tions (6.13)-(6.16), which are further simplified by applying the double gradient operator

A’ as shown,

-1
Dy =Ea, [A?,k (Qk + Peka) Af,k] (6.25)
-1
D2 = _E,, {A?’k (@ + Pe, i) ] (6.26)

1
D,%l = — Emk {(Qk + Pef,k) Af7k] (6.27)

_1 _
Dj? = B, {(Qk + Pe,«,k) } + By [A;l;k—i-l (Rit1 + Peyii1) " Ah,k—i—l} . (6.28)
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Now substituting the value of Dél, DE, Dil and DiQ into the Equation (6.12), we obtain
a recursive equation for the BIM Jj,1 as shown below:
—1 —1
Jir1 = Eg, [(Qk + Pef,k) ] — Eg, [(Qk + Pef,k) Af,k] .

-1
(Jk + Emk

AT, (Qk + Pef,k)_l Af,k]) Ea, [Af]fk (Qk + Pef,k)_l} +

Bz, [A:if,kﬂ (Rp1+ Pey y1) Ah,k+1] . (6.29)

As proved, the recursive equation of J, 1 is the function of statistically linearized state and
observation dynamics, statistics of the linearization error and the previous Jj computed
at time k. The expression for Jy41 is significant due to its ability to calculate the lower
bound on the SPKF performance without applying the original filter equations to the data.
As recursive computation of Jj assesses the SPKF performance on a given application, it
has the potential to save significant amount of time and effort in terms of computations,
filter design and filter tuning compared to actual implementation of the filter.

In order to obtain a closed form solution for Jjy1, we have to compute the multidi-
mensional expectations over the state distribution. Note, this is necessary because the
WSLR coefficients and linearization error terms at time k are defined as a function of
the current state xy. Unfortunately computing the above mentioned expectations are in-
tractable, hence statistical approximation techniques must be used in order to solve those.
Monte-Carlo based simulation is one possibility to approximate the expectations. However
it can be computationally intensive for calculating expectations over a state with a higher
dimension. In this work, we follow the sigma-point based weighted averaging technique
to solve the multidimensional expectations, which can be shown as follows.

Any expectations of the form
Elg (xy)] = / g (xk) p (zk|21:1) dy, (6.30)
can be approximated by a sample weighted averaging of the sigma points
~ 2M .
Elg(xk)] =Y wig (mkz ) , (6.31)
i=0

where w; is the weight of the i-th sigma point. Hence using the above equation, we can com-

pute the expectations needed to obtain an expression for the lower bound. For example, to
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compute D,il, first we extract sigma points from the expression A?k (Qk + P, ch) ' A
and then we obtain an estimate of the true expectation by weighted averaging over all the
sigma points as shown in Equation (6.31).

In this respect, there is another important thing to mention i.e. how to compute the

initial value of the BIM J,. To start the recursion on J}, we need to know about Jy which

can be evaluated from a priori state distribution p (x¢) as shown below

Jo = Eg, [-AX Inp (z0)] - (6.32)

0

By taking negative logarithm on p (xg),

—1In (p(xg)) = % In (27) + %ln | Pyl + % [xo — :%O]T PO_1 [xg — &) (6.33)
Jo = Eay |Py!] (6.34)
=Py (6.35)

In the experimental result section, we provide two different simulation examples that will

demonstrate the realizations of the SPKF lower bound.

6.4 Upper Error Bound For The SPKF

In this section, we are going to analyze the error convergence behavior of the SPKF and
derive an upper bound of the state estimation error in the mean square sense. However,
first we describe the necessary concept and assumptions we have to make, which enable

us to derive the upper error bound.

6.4.1 Conditions Of Convergence And Assumptions

We make use of the following Lemma, which states that a stochastic process can be shown
to be error bounded under certain conditions, in order to analyze the error behavior of
the filter. Note, Agniel et al. and Tarn et al. were the first who used this Lemma in
the parameter estimation problem to prove that the error of an estimator operating on
a stochastic model is upper-bounded [160, 161]. Recently Reif et al. also apply this to
demonstrate the error behavior of the discrete time EKF [137].
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Lemma 6.4.1. If a stochastic process Vi (ex) as well as real numbers cy,ca,c3 > 0 and

0 < ¢q <1 exists, such that the following criteria

c1 lexl” < Vi (ex) < ez llexl (6.36)

E [Vit1 (€rt1) lex] — Vi (ex) < c3 — caVi (ex), (6.37)

1s satisfied for each ey, where e is the estimation error between the true and estimated

state at time k
€ — T — :f}k, (638)

the stochastic process can be proved to be exponentially bounded in MSE sense with prob-

ability one for every k > 0. In mathematical form, this can be expressed as

C2 C3 = i
Bllent?] < 2 Blleol] (1 =)+ T30 (1 e’ (6.39)
The proof of the Lemma is beyond the scope of this dissertation, interested readers
can look at the books by Goodwin [7] and Morozan [162] and the references within for
further details.

Next, we want to explicitly state the assumptions that we have to make in order to

derive the upper bound of the SPKF.

Assumption 6.4.1. Considering a statistically linearized form of the SPKF given by
Equations (6.19)-(6.20), the following assumptions need to be hold true for the upper error

bound to exist.

1. There exists positive real numbers pmin and pmax which lower and upper bounds the

estimation error covariance matriz Py, such that

pminI < Pk < pmaxI- (640)

2. The covariance matrices for the process and the observation noise Qp and Ry are

positive definite and they are lower bounded by qmin > 0 and rypm > 0

QminI < Qk (641)
Tmind < Ry, (642)
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3. It is assumed that an upper bound exists for the norm of the WSLR coefficients Ay,

and Ay i as follows:

HAf,kH < a f max (643)
[ Ankll < anmax- (6.44)

4. The initial estimation error and estimation error at each time k is finite,
leoll <n (6.45)

lex]| < de. (6.46)

5. The statistical linearization errors €y, and €y, for the process and the observation

models are bounded via the following equations,

lesill < ke, llexl (6.47)
lenill < ke, llexll”, (6.48)

where ke ; and ke, are the positive real numbers.

6. The covariances of the linearization error terms for the process and observation

models

P. ), = E [epe] ] (6.49)

Pe,r=E [€h7k€¥;k} ) (6.50)
are assumed to be lower-bounded as follows:

pef,minI < Pef,k (651)
peh,minI S Peh,k- (652)

7. Finally, we assume that the term Gy, appears in Equation (6.19) are bounded via
GrrGF ) <41, (6.53)
for 6 > 0 is a small positive number.

The assumptions are based upon the notion that certain parameters of the system

model, noise terms and the estimation error covariance are bounded and we know the
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exact bound values in advance. Reif et al. demonstrates how the existence of the above
bounds can be verified during the state estimation process by taking advantage of the
observability and detectability properties of the system model [137]. For example, with
the help of the observability gramian they have proved that the estimation error covariance

Py is lower and upper bounded if the following conditions hold

e The initial error covariance Py is positive definite.
e The state space model satisfies the uniform observability condition.

e The process and the observation noise covariances @, and Ry are positive definite

and finite.

The details of this proof are omitted here, but can be found in [137,163].

The Equations (6.40)-(6.52) demonstrate a number of unknown parameters, such as
Pmin, Pmaxs ¢min and Tmin, which determine the accuracy of the filter upper bound. In
an ideal scenario, it is assumed that we already know those values and analyze the filter
estimation error in terms of those parameters. But in practice, the true parameter values
are unknown and hence the question is how to compute them. This is important because
the upper bound of the filter estimation error is derived as a function of those parameters,
hence any inaccurate computation may pose a direct effect on the accuracy of the derived
error bound in practical examples. Formulating the parameters analytically should be
the ideal case but as mentioned by Reif and Alessandri, the process is challenging and
complex [137,138]. One option is to resort to simulations in order to estimate them
from the training data. For example, Reif et al. computed the maximum and minimum
eigenvalue of P, Vk from the training data and used those as a bound for Py, i.e. ppin and
Pmax. The terms ke, and ke, are estimated with respect to the highest spectral norm of the
Hessian matrices of the process and the observation model. Similarly, the bounds ¢, and
Tmin are adopted from the minimum eigenvalues over Q and Ry Vk respectively [137,138].

We have also adopted a training procedure similar to Reif and Alessandri in order to
estimate the above bound parameters. However, instead of computing the sample bounds
from the training data, we derive the confidence-interval estimate for each unknown pa-

rameter, which is an interval that contains the N% of the total probability distribution of
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a random variable. By definition, the confidence interval is the region within which the
unknown true value of the parameter is expected to fall with approximately N% prob-
ability. Assuming a random variable X is normal distributed, the N% upper and lower

confidence interval bounds can be described as follows:
Pz £ ZNOz, (6.54)

where g, and o, are the mean and standard deviation of the measured value x of X,
which are obtained from the training data. The constant z specifies the size of the interval
about the mean that contains N% of the probability mass under the normal distribution.
The values of zy for the two-sided N% confidence intervals can be found in any statistics
textbook. Note, we have used N=95% as 95% confidence interval is most commonly used
in the statistical learning theory. For N=95%, the value of zy = 1.96. For details about
the assumptions and the procedure, please refer to chapter 5 of the Mitchell’s book [164].

We have employed the above concept to determine the unknown parameters as shown
in Equations (6.40)-(6.52). For example, we run the SPKF on the training data comprising
T = 500 independent trials to compute the estimation error covariance Py, from each trial.
The minimum and the maximum values p . and p! .. are computed at each trial ¢ from

the corresponding trace of Pj. Combining p' . and p’ .. over all T trials, we obtain

ﬁmin = |: ﬁrlnin e ﬁfnin ﬁgl‘in :| (655)
Prmax = |: ﬁrlnax e ﬁfnax ﬁgax ] : (656)

Assuming that the distribution of the random vectors pmin and pmax as Gaussian, the
N = 95% confidence interval is estimated using the Equation (6.54) for each distribution.
The confidence interval upper and lower bound for the distribution of Py, can be shown

as

'u’i)min + Z95O-i7min’ (657)

where jip . and op, . are the sample mean and the sample variance from the distribution.
In other words, we can tell with 95% confidence that the true pmin lies between the

interval defined by pp . — z950p, . and pp .+ 29505 . . In a similar way, we can also
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demonstrate that the true pyax is bounded within pp . — 29505, and pp .+ 29505, .
with a probability equal to 95%. Hence using the above logic, we can choose the values

of Prin and pmax as

pmin = /’Lﬁmin - 2950-13min (658)

Pmax = Mpmax T 2950 pryax (6.59)

where zg5 = 1.96.

We have implemented the exact similar procedure in order to determine the 95%
confidence interval bounds for Q, Ry, Pe k> Pey ks Ay and Ay . We are not repeating
those derivations as we think readers can compute them by following the above procedure.
In order to estimate ke, and ke, , we have followed the procedure shown by Reif et al. [137].
The confidence interval estimates of the parameters defined here are used to compute the

estimation error upper bound in practical examples shown in Section 6.5.

6.4.2 Mathematical Derivation

In this section, our objective is to form the Lyapunov function as a function of the SPKF
estimation error e so that the Lemma 6.4.1 can be applied to prove the error bound. We
start with an expression of the state estimate (Zxy1) at time k + 1 in terms of previous

state estimate @, at time k
Zpi1 = App@p +bp + Ky (26 — Ap @i — bug) (6.60)

where K. is the Kalman gain and zj is the observation at time k. The statistical lin-
earization parameters for the process model are A ¢, by 1, whereas that for the observation
model are Ay, j, and by, ;, respectively. Substituting 2y, in (6.60) with the WSLR observation

Equation (6.11) and also defining e, = @& — o, we obtain

Tpr1 = Af,kik + bf,k + K (Ah,kwk — Ath:i}k + ng + eh,k) . (6.61)
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Subtracting Equation (6.61) from the WSLR process Equation (6.19)

Tpp1 — Tpp1 = App (Tr — ) + €4 + Grrvp — Ki (Ap (2, — k) + € + 1)
epr1 = (Apr — KrAng)er + €51 — Kpep i + Gy v, — Kpny,

eri1 = (App — Ky Apg) ex + € + NY, (6.62)
where
62 =€rr — Kirepg, (6.63)
is the combined pseudo-linearization error and
N = Gy — Kiny, (6.64)

is the combined noise term. The Equation (6.62) demonstrates how the estimation error
e, propagates from time k to k + 1.
In order to use the Lemma 6.4.1, which proves the convergence of the estimation error

ej, we introduce the Lyapunov function Vi (ey), which is defined as
Vi (er) = et P ey, for k=0,1,...,N. (6.65)

Using (6.40), we have

lexl* < Vi (ex) < —— [lex|? (6.66)

max min
This satisfies the first condition for Lemma 6.4.1, as listed in Equation (6.36). In or-
der to prove the second condition, we have to demonstrate that an upper bound for
E [Vit1 (ex+41) lex] exists as in Equation (6.37). Defining Vi1 (€x+1) in terms of the error

dynamics shown in (6.62)

Vit (ext1) = [(Af,lc — Ky App) e + €, + NIE}TPk:-ll [(Af,k — Ky App) e+ e+ Nzﬂ
=ef (App — KpAnp) Pl (Apx — KpAng)er, + {GHT Pl [2(Ap, — KpApy) e +
[egf Plel +2 [N,ﬂ ’ P [(Af,k — K Anp)er + eg] + [N,E}T P NE. (6.67)

The task is now simplified to deriving an upper bound for each term on the right hand

side of Equation (6.67). The proof of this is divided into several Lemmas, which we will
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describe next. The Lemmas, emphasized below, are the integral parts of this derivation

and is proved from first principles.

Lemma 6.4.2. Taking into account that the Assumption 6.4.1 be fulfilled, we can demon-
strate that the norm of the Kalman gain term Ky of the SPKF is satisfied by the following

inequality

Q4 f maxPmax@h max
K| < —= —. 6.68
H ” (pe;“min + 7”min) ( )

Proof:

Defining Kalman gain K, based on the coefficients of the statistically linearized dynamical

system
T T -1
Ky = AppPeAL (AnsPeAT g + Pey s+ Ry,) (6.69)

Ky < | Apell | Pl || AT

-1
(apalr pocin)|. o

Note, for a vector x € R™, the ||x|| is defined as the Euclidean norm of x

|z = /a3 + 2§+ -+ a2. (6.71)

Now using Assumption 6.4.1, we can upper bound each individual norm and prove the

following

G f maxPmax@h,max (6 72)

Kk )
(peh ,min + 7”min)

IN

which concludes the proof.

Lemma 6.4.3. Let the conditions of Assumption 6.4.1 hold and defining a real number

0 < a <1, we can prove the following inequality

((11 ;‘2‘)) P, (6.73)

T 15—
(App — KrAng)' Bl (A — KpApg) <
where € = 0 is a very small positive real number.
Proof:
We start with the equation of the estimation error covariance Pj.1 at time k+1 in terms
of the error covariance Py

Pii = (1+6) [ApePAT) + Pey g+ Qi — Ky (AnsPoAT + Po i+ Ri) KT |
(6.74)
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The term (1 + €) is called “covariance scaling”, which is introduced by Alessandri et al. in
deriving the error bound of the modified EKF algorithm [138]. Although this term inflates
the covariance matriz slightly from time k to k + 1, the advantage is that it simplifies
the derivation of the error bound. Furthermore, Alessandri et al. demonstrate that there
18 no wvisible change of performance for the EKF with and without the presence of e.
Manipulating the R.H.S. of Equation (6.74) yields

P =(1+¢) {Af,kPkA?,k + Pe; k. + Qr — Af,kPkA{kKkT]
= (1 + 6) [(Aﬁk — KkAh,k) P, (Aﬁk — KkAh,k)T} +
(1 + 6) [KkAthPk (Af,k — KkAh,k)T + PefJg + Qk} . (6.75)

In the next step, we aim at simplifying the term KAy Py (Ajfp — KkAhk)T. With

Equation (6.69), we demonstrate

A5 (Ag — Ky Apg) P = Py — A7 K Ay Py
-1
=P, — PkA;;k (Ah,kPkA{k + P, ;+ Rk) Ap 1 Pg. (6.76)

Now using the matriz inversion Lemma, the R.H.S. of the Equation (6.76) can be simplified

to

-1
A]T',i (Af,k - KkAh,k) Pk = (Pk_l + A;I;’lezlAh’k)

—1
(Aﬁk — KkAth) = Af7k (Pk_l + A%;lezlAh,k) Pk_l > 0. (677)

It can be seen that the R.H.S. of Equation (6.77) > 0 as all the R.H.S. matrices are
either positive definite or positive semi-definite (A and Ay are positive semi-definite

matrices and all others are positive definite). From the definition of Ky, we can show that
T T -1
K, = Af,kPkAh,k (AthPkAh’k + Peh,k + Rk) > 0. (678)
Combining Equations (6.77) and (6.78),
Ky Ap Py (Asy — KLApy)" > 0. (6.79)
Substituting Equation (6.79) into (6.75)

Pk+1 > (1 + 6) [(Aﬁk — KkAh,k) Pk (Aﬁk — KkA}hk)T + IDGfJg + Qk} . (6.80)
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Now multiplying (A — KkAh,k)_l and (Ayp — KkAh,k)_T by the left and right of each

term on both sides

1
(1+¢)

(A — KpApgp) ' Pt (Apg — KrAng) D > Po+ (Apg — KrApg) .

(Pef,k + Qk) (A — KpApp)™ ",
(6.81)

Applying Lemma 6.4.2 and Assumption 6.4.1 to simplify the Equation (6.81) as follows

Apr — KpApp < ||Apr — KpApgl I
< ([Apkll + 1 K|l | Ankl) I

< 0 max 4 af,maxpmaxa}zl,max
Pej, ,min + Tmin
2
PmaxQp max
<a 1+ —>— | I 6.82
Jomax < Pe;,,min T Tmin) ( )
Interchanging the L.H.S and R.H.S. terms in Equation (6.82),
711 1
[(Af,k — Ky Apk) } > — I (6.83)
max™n max
af,max <1 + peh,min"l‘rmin)
Similarly we can show that
-T 1
(Apx — K] = 1. (6.84)
max h’max
af’max (1 + pe;L,mirl‘i""min)
From Assumption 6.4.1,
Pef,k > pEf,minI (685)
Qk > QminI (686)

We can express the identity matriz I in terms of the estimation error covariance Py and

its upper bound Pmax

Pk < pmaXI

1
I

—1
P>

pmax

P,
I=PpP'>—" (6.87)

pmax
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The R.H.S. of Equation (6.81) can be substituted using the results obtained from Equations
(6.83), (6.84), (6.86) and (6.87)

1 _ _
0+ (Ajr — KpApp) ' Popr (Apg — KpApy) " >

pef ,min + Qmin

2 2
pmaxah,max >

peh ,min+rmin

Pk 1+

(6.88)
pmaxa%max <1 +

Now defining the term tq,

tl — pef,mll’l len (689)

29
CL2 1 pmaxa%’max
pmax f,max peh ,min+rmin

we can write Equation (6.88) in terms of t1,

(Aﬁk — KkAh,k)_l Py (Aﬁk — KkAh7k)_T = (1 + 6) (1 + t1) P,.. (6.90)
Taking inverse on both sides and assuming (1 — a) = ﬁ, we obtain
1
App— KpAp ) POL(Apy — KpAp ) < ——————— P71
(Ark = KiAne)” Py (Aps = Kodnp) < gy
(1-a),
< P, 6.91

which concludes the proof.

Lemma 6.4.4. Considering that the Assumption 6.4.1 holds true and there exists a real

number to € R > 0, we can prove the following inequality

17 p-1 ¢ 3
{ek} P [2 (Apr — KpAnp) ex + Gk} < t2|lexl”, (6.92)
where el’i is the combined pseudo-linearization error as defined in Equation (6.63) and ey,

1s the SPKF estimation error.
Proof:

From the properties of the vector and matriz norm, the L.H.S. of the above inequality can

be written as
T
lel] Pl [2(Apk — KA p) e + €f | <

Ll

|2t [2 A gl + 1Bl ARl lewl + [ €] (6.93)
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We can expand e}i from Equation (6.63) and then take the norm on both sides

T
< H < llegel + 1Kl llenl (6.94)

Using Assumption 6.4.1 and Lemma 6.4.2,
T
<]

The HP’f_JrllH can be shown as

G f maxPmax@h,max 2
< ke, llex]? + -2 X ke llex |- 6.95
o leg|? 4 Sfmesbutnss e, (6:9%

1

1Py < (6.96)

pmax

We apply Equations (6.95), (6.96) and the Assumption 6.4.1 to substitute the R.H.S. of
FEquation (6.93). After simplification we obtain

H}T Pl [2 (Apr — KpAng) er, + eﬂ <

af,maxpmaxah,maxkehJC 1
kes, + .
(peh,min + 7”min) Pmin

2
Prax a a k
[2 " <1 ( max®h max )) (kef’k f,maxPmax@h, max 6h,k> 5;| ” k”3

Pej, ,min + Tmin (peh,min + 74min)

(6.97)

Now introducing to,

- [(k"em + af’maxpmaxahvmaxkeh,k> 1

(pe;“min + 7”min) Pmin

2

Praxd a f maxPmax@h, maxF

20t g | 14 o s} (g LDCIOCRIRCE ) 6 (6.98)
(pemmln + 7”‘I‘ﬂlﬂ) (pe;“mln + 7”‘I‘ﬂlﬂ)

and finally substituting to into Equation (6.97)
17 p-1 ¢ 3
[Ek} Pk—l—l [2 (Aﬁk — KkAh,k) er + Ek} < 9 HekH s (699)
we prove the above Lemma.

Lemma 6.4.5. Using the Assumption 6.4.1 and there exists a positive real number to €

R > 0, we can prove the following inequality
T 1 T
2 [th} Pk+11 [(Af,k — Ky Apy) e, + eﬂ < (1 + E) [N,ﬂ PkJrllth—k
17 p-1 t T T p-1
{Gk} P e+ ey (Apr — KiAnk) Py (Apk — KiApg) e (6.100)

where th is the combined noise term as defined in Equation (6.64) and € ~ 0 is a very

small positive real number.
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Proof:

The L.H.S. of the proof is divided into two parts:

T
2 [N]ﬂ Pk+1 [(Afk - K, A, k) er + Gk} =2 [Nk} Pk_+11 [(Af,k — KkAth) ek] +

2 [N]f] P el (6.101)

The task is now to decorrelate the noise expression Ny from the expression involving the

estimation error ey. For this purpose, we make use of Young’s inequality theorem,
2a1 as < aj 'p.a, + a; P lay,Vai,as € R” (6.102)

where P, is a symmetric positive definite matriz of dimension n x n. Now defining

a, = N} (6.103)
az = P} (Agr — KpAng) en (6.104)
P, = Pk+117 (6.105)

for the first part of the R.H.S. of Equation (6.101), Young’s inequality provides

T —
2 [th} Pl (App — KiAp) e] < [Nk} PkHNkJr
cei (Apy — KrAnp)" Pt (Apy — KrApy) e
(6.106)

Similarly Young’s inequality also can be applied on the second part of the R.H.S. of Equa-
tion (6.101) by specifying

a1 = N} (6.107)
ay = P L€l (6.108)
P, =P, (6.109)
J— T J—
2 [Nk] Prlel < [Nk] PN+ [el] Plel (6.110)

Combining Equations (6.106) and (6.110) gives the final result:

2 [Nzﬂ P [(Afk — Ky Apy) e + ek} < < > [ } P LN+ [ek}Tijrlle,ﬁJr

cef (Ar — KpAnp)" Pl (Ary, — KpApy) er. (6.111)
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Lemma 6.4.6. Let the Assumption 6.4.1 holds true, we can derive that for t3 € R > 0,
T
E HN,Q ijrllN]f] <t (6.112)
Proof:

Substituting the expression of N kt from Equation (6.64) and then performing expectation
on the L.H.S. of the proof,
T
E HNIQ Pk_-i-llle] =E {(Gﬁkvk — Kknk)T Pk_-i-ll (Gf,k'uk - Kknk)]
=E [UEG?kPk_leﬁk’vk + n{KngflKknk} (6.113)

Expectation of the other cross terms in Equation (6.113) is zero as both the process and
observation noise (v and ny) are white and have zero mean. In order to evaluate the

expectation on the R.H.S. of Equation (6.113), we use Assumption 6.4.1 and Lemma 6.4.2

as follows:

UgG?,kPk__i_lle,kvk < min’UgG?’kGf’k’vk (6.114)
a’ P2 a%
ngKngjrllKknk < —JmaxTmax hmax 2n£nk, (6.115)
Pmin (peh,min + 7”min)
where
plo< L

k1= (6.116)

After substituting the expressions from Equations (6.114) and (6.115) into the Equation
(6.113), it can be further simplified as

T~T -1 T T p—1
E |of G1Pr Grave + nf K[ Pl Kyny | <
2 2 2
a Di s @
fymaxt’max“h, max

Pmin (peh,min + Tmin

trace {E (Gf,kvkng?,k)} n a%maxp?naxa%hmax trace [E (nkng)}

1
E { trace (vaﬁkG?kvg)} +E 5 trace (nkng)]
Pmin ’

<
Pmin Pmin (peh,min + 7”mim)
CL2 p2 CL}%
< trace (Gf,kaG;‘f’k) + f,maxPmax®h max _trace (Ry). (6.117)
Pmin Pmin (peh,min + Tmin)

As both sides of Equation (6.113) are scalars, applying the trace operation on the R.H.S.

as shown above does not change its value. In the above equation, we have used

E [kavﬂ = Q (6.118)

E [nkn{] ~ R, (6.119)



241

The trace (Qy) and trace (Ry) can be shown as

trace (Qk) < Gmaxlrows Grow =number of rows in Qy matric (6.120)

trace (Rk) < TmaxTrow, Trow =number of rows in Ry matriz. (6.121)

Substituting the Equations (6.120) and (6.121) into the Equation (6.117) and also using
the bound for Gf,szfyk, we get the final result

2 2 2
T _ 1 a Pmax@p,
E [[Nlﬂ Pk-}-llth} < —QmaXQrow5+ fomox” max " h,max 5 'maxTrow
Pmin Pmin (peh,min + 74min)
< ts, (6.122)
where t3 > 0 is defined as
2 2 2
1 a Di @
t3 - —QmaXQr0W6 + Jomox” maxhymax Qrmaxrrow- (6123)
Pmin Pmin (pe;“min + 74min)

Lemma 6.4.7. Assuming that there exists Assumption 6.4.1, we can prove the following

T
E[[eﬂ P lel] <t (6.124)

where t4 € R > 0.
Proof:

The proof of this Lemma follows the same path as the previous Lemma 6.4.6. First ex-

panding e}i using the Equation (6.63) and then taking the expectation on both sides

T
E HGQ P el =B [(ess — Krenr) Pty (615 — Kien)]

=B e} Prlers] + B el K] P Keny] - (6.125)
The cross terms obtained after multiplication in Equation (6.125) are zero as the WSLR

linearization error terms (€f) and €hy) are assumed to be white and have zero mean.

Applying the Assumption 6.4.1 and Lemma 6.4.2, we can show that

T -1 T
ef,kPk-{-le,ﬁk S pminef’kef’k (6126)
2
T T p—1 af max
€1 K Py Ki€pp < ’
Pmin (peh,min + Tmin

2 2
pmaxah,max

)ze;ﬁkeh,k, (6.127)

where

IN

P (6.128)

J’_

Pmin
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Adding Equations (6.126) and (6.127), the R.H.S. of Equation (6.125) becomes

2 2
f,maxpmaxah,max

E eTkPk_l €rk| +E e;{kK;{Pk_l Krenk| < GTkGfk + el enr.
{ / i } { 7 i } min 5 Pmin (peh,min + Tmin)z ’
(6.129)

Again applying the trace operation on the R.H.S

17 p-1 ¢

E |:|:€k:| Pk_HGk S
T a?‘ maxp?naxa% max T
e [ fpaef] | + oo (o )] (o

Pmin Pmin (pe;“min + 7’min)

Defining P. 1k and Pe, 1, as the covariance of the statistical linearization error €y, and

€nk,
P. ) =E[eppe]] (6.131)
Po,i = E [ensel s (6.132)

we can write the above equation as

t T -1 t 1 ?”maxprznaxah max
E Hek} P e < trace [Pef,k} + ’ ’ strace [Pe, ]
Pmin Pmin (peh,min + Tmin)
2 2 2
1 Pmax@h,
S —pef,maxpef,row + [ o max homax gpeh,maxpe;“row
Pmin Pmin (peh,min + Tmin)
< ty, (6.133)

where
trace [Pef,k} < pef,maxpef,rovva pef,row = Number Of rows inPef,k
trace [Peh,k] < Pej, ,maxPe;, ,row; Pej,row = Number Of rows inPeh,k

and the positive real number t4 is defined as

1 0% masxPimax@h max
ty = —DPe;,maxPe,row + : : 3 Pej,,maxPep, ,row - (6134)
Pmin Pmin (peh,min + 74min)

This proves Lemma 6.4.7.
Now going back to Equation (6.67),
Vi1 (ers1) = ef (Ape — KeApg) Pl (App — KeAp) ent
[eﬂT P [2(Ape — KrAng) ex] + [Gir P ekt

2 [NHT Pl [(Agk — Kpdny) er +ef] + [N,E}T PILNE,  (6.135)



243

we can substitute the R.H.S. terms with the results obtained from the Lemmas 6.4.2-6.4.7,
Vit (ern) = (1+ ) ef (Apr — KrAnp)" Pl (Apx — KpAny) ext
T ___ 1 T__ T
[GH P, [2 (Asr — KrAngk) ex + Gﬂ + (2 + E) {ng] Pk—i-llNl;E + [GH Pk+1162
_ 1 T _ T
< (1—a)el P ey + b |lex]® + (2 n E) INE| POANE + [eb] Pl (6.136)
Substituting Vj (ex) = eng_lek, the expression of Vi1 (ex41) can be denoted as
3 1 1" p—1 art . [t]7 p-1 t
Vit () < (1 - a)Vi(en) + to llexl® + (24 = ) [NE] PN+ [el] Ple

(6.137)

Taking the expectation on both sides, we get
3 1 t17 p-1 ast
E[Viti (er+1) lex] < (1 —a) Vi (ex) +t2flex]|” + (2+ - ) E [Nk] P Ng |+

T
E [[eg] P letl. (6.138)

Now we replace the two expectation terms from the R.H.S of Equation (6.138) with the
results shown in Equations (6.122) and (6.133),

_ 1
E[Visr (ersr) len] < (1—a) ef P ey + 1o lep]* + (2 + E) by + ta. (6.139)
Assuming that the estimation error ey, is beta-distributed as ey, € B(0,d) [137] and defining
«
§ = min (6, —~ 6.140
i ( 2pmaxt2> ( )

we can derive

3 2
ta [lex||” = t2|lex]” [lexl]

a

=2 lex?. (6.141)

maxt

From the definition of Vj (ex) and defining

we obtain

1
> — e (6.142)

max
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Substituting the above expression of Vj (ey) into the Equation (6.141) to obtain,
3 «
t2lexl” < 5 Vi (ex), (6.143)

Now we substitute the above equation into (6.139) and simplify by introducing a new

constant ¢, which is equal to
1
c= (24—;) ts +t4 > 0. (6.144)
We can further simplify the Equation (6.139) as follows:
@
B(Vin (er)en] < (1- 5 ) Vi(en) + ¢
Q

E Vit (er+1) lex] = Vi (ex) < =5 Vi (ex) + ¢

E Vi1 (ext1) lex] — Vi (ex) < =BV (ex) + ¢, (6.145)
where 3 is a constant defined as

0<pf==<1. (6.146)

| Q

From the definition, it can be demonstrated that the Lyapunov function V} is bounded

within

Vi (er) = et P lex

lexl* < Vi (ex) < — llexl®. (6.147)

max min
Hence we have shown that for the SPKF estimation error e at each k, the stochastic

process denoted by the Lyapunov function Vj (eg) follows the criteria

1
lexl* < Vi (ex) < —— llex||? (6.148)
E Vi1 (ext1) lex] — Vi (ex) < =BV (ex) + ¢, (6.149)

where pmax, Pmin, ¢ > 0 and 0 < 8 = § < 1. Assuming the validity of the above conditions,
we can apply the Lemma 6.4.1 to prove that the SPKF estimation error ey, is exponentially
upper bounded in MSE sense at each discrete time index k as follows:
k—1
B [llexl?] < D= B [lleol*] (1= 5)" + cpmax 3 (1= 5)'. (6.150)

min i=1
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If we compare the above equation with the general error-convergence Equation (6.39), we

find that they are identical if we denote

1
c1 = 6.151
! pmax ( )
1
Cy = 6.152
? Pmin ( )
c3=c (6.153)
cy = 0. (6.154)

The Lyapunov upper bound expression is a function of numerous parameters characterized
by the statistically linearized dynamic model, initial estimation error and the upper and
lower bounds of the estimation error covariance. For a specific application, these are
computed by collecting an extensive set of training data and then running a SPKF to
generate the estimates. Unfortunately, as we cannot completely get rid of the estimator in
the calculation of the filter upper bound, it serves as a drawback for the proposed method.
Another disadvantage is that the training data should adequately represent the unseen
observations and hence care should be taken to collect it in an exhaustive manner. Hence
the next research question should be how to apply the upper bound in practical examples
that does not require data driven simulations. This is still an open topic and could prove
to be an excellent research project.

The Equation (6.150) demonstrates that the estimation error ej exponentially con-
verges to a steady state in the MSE sense provided certain conditions on the estimator
performance and state space model are met. These conditions, which are shown in As-
sumption 6.4.1 specify that the error covariance, noise terms, initialization error and cer-
tain state space parameters are upper and lower bounded. Recall, the Assumption 6.4.1
computes the lower and upper bounds of those parameters using 95% confidence interval
estimates, which denote that the true value lies within those bounds with 95% probability.
Note, the rate of convergence of Equation (6.150) is governed by the term [ and the ratio
of Pmax and pmin. Higher value of 8 and lower ratio of % ensure faster convergence. In
the experimental result section, we demonstrate two different simulated examples where

the norm of the estimation error generated by the SPKF over 200 Monte-Carlo (MC) runs
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Mackey—Glass—30 Chaotic Time Series

x(k)

Figure 6.1: Clean and noisy Mackey-Glass time series data.

is shown to be upper bounded by the Equation (6.150).

6.5 Numerical Simulations

We evaluate our derived lower and upper bound expressions in the following scenarios:

1. Estimation of an underlying clean Mackey-Glass chaotic time series corrupted by an

additive white Gaussian noise.

2. Tracking a space vehicle when it re-enters into the earth’s atmosphere at a high

altitude and with a high speed.

The same two examples were also used to evaluate the performance of the FBSL-SPKS
and RTSSL-SPKS as demonstrated in chapter 2. Here we provide an outline of the above

examples, details can be found in Section 2.5.

6.5.1 Mackey-Glass clean time series estimation

State Space Representation

In this example, the objective is to estimate the clean Mackey-Glass-30 chaotic time series
which is corrupted by an additive white Gaussian noise (SNR = 0db). The clean time

series is modeled as a parameterized function f by training a 6-5-1 (input-hidden-output)
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nodes feed-forward neural network. The M element state vector is denoted as xj, where

Ty = | Tp—1 Tk—2 ... Th—M |- (6.155)

The state space configuration of the above problem is defined as:

Tpp1 = f (TR w) + Gy o (6.156)
2z, = Hipxp + ny, (6.157)
which can be expanded as
o Process Model:
r 7 f(xkal'k—l)"' 7xk—M+l;w) r -
o i T . 1
1 0 - 0 T
Tk 0
Tpt1 = ) = o 1 -0 Tp_1 +1  |wu (6.158)
Tk—M+2 . . . 0
i i L0 - 1 0] | Zk—m+1 | ST
o Observation Model:
ZkZ[l 0 ... O]ZBk-l-nk, (6.159)
2

where the process noise vy, is Gaussian distributed with zero mean and covariance o, 2

is the noise corrupted time series and ny is the measurement noise.

6.5.2 Vehicle Re-entry Tracking

In this case, the task involves to track a space vehicle that re-enters into the earth’s
atmosphere at a high altitude and with a significantly large velocity. A radar is used to
measure the range and the bearing of the vehicle from the earth’s surface. While entering,
the vehicle is under the influence of strong nonlinear forces such as aerodynamic drag and
the earth’s gravity, which are functions of the vehicle’s position, velocity and altitude.
The vehicle’s state (xj) consists of its 2D position (xj and yi), 2D velocity (vg, and
vy, ) and a scaler parameter of aerodynamic drag (dy). The vehicle’s process model and

the observation model are described below:
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Figure 6.2: Demonstration of the lower error bound for the SPKF in the Mackey-Glass
time series example. (a): The trace of the estimation error covariance is plotted against
the derived BCRB, (b): This plot zooms in on a section of plot (a) in order to demonstrate
that the SPKF estimation error is lower bounded by the BCRB.

o Process Model:

Tpt1 = T + 0Ty, (6.160)
Y1 = Y + 0T'vy, (6.161)
Upy = (14 5TD,‘31“) Vap + 0TGEzy, + v, (6.162)
Uy = (1 + 5TD;‘3r) vy, + 0TGRyk + vy, , (6.163)

di1 = di +vpy (6.164)
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Figure 6.3: Demonstration of the upper error bound for the SPKF in the Mackey-Glass
time series example. The trace of the estimation error covariance is plotted against the
derived Lyapunov function based upper bound.
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Figure 6.4: True vehicle trajectory. The solid line is the vehicle trajectory and the dashed
line is the earth’s surface. The radar is placed at ’o’.

where Dgr and G% are the aerodynamic drag related force term and the gravity
related force term respectively at each discrete time k. The integration time is

denoted as 07'. For further details, refer to Section 2.5.1.

o Observation Model:

Tk = \/(wl,k — 1)’ + (w20 — yr)” + N1k (6.165)

0, = arctan <w> +ng (6.166)
T,k — Xr
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Figure 6.5: Demonstration of the lower error bound for the SPKF in the vehicle re-entry
tracking example. (a): The trace of the estimation error covariance is plotted against the
derived BCRB, (b): This plot zooms in on a section of plot (a) in order to demonstrate
that the SPKF estimation error is lower bounded by the BCRB.

where the measurement z, = | r, 6, } consists of both range and bearing. The

radar is assumed to be located at [ Tr Yr ] The measurement sampling rate is

taken as 10 Hz. The observation noise n, is uncorrelated zero mean white.
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Figure 6.6: Demonstration of the upper error bound for the SPKF in the vehicle re-entry
tracking example. The trace of the estimation error covariance is plotted against the
derived Lyapunov function based upper bound.

6.5.3 Experimental Results

In this section, we demonstrate how our derived lower and upper bounds compare against
the estimation error e of the SPKF for the Mackey-Glass time series example and the
vehicle re-entry tracking example. In each case, the SPKF is employed to estimate the
unknown states and the estimation error is computed by the difference between the true
and estimated states. Note that for each example, the estimation error plotted in the
figures are generated by ensemble averaging of the 200 randomly initialized Monte-Carlo
(MC) runs. For each MC run, a different realization of both process and observation noises
was generated.

The clean and noisy Mackey-Glass time series is displayed in Figure 6.1. Figure 6.2(a)-
6.2(b) compares the trace of the estimation error covariance of the SPKF with the BCRB.
As shown in Figure 6.2(a), the derived BCRB is so close at the trace of Py , we cannot
distinguish each other. Hence we use Figure 6.2(b) in order to zoom in a section of
Figure 6.2(a), which clearly separates the BCRB bound from Pj. Both of the figures
confirm that the BCRB demonstrated in Equation (6.29) indeed actually lower bounds
the e;. Figure 6.3 demonstrates the estimation error upper bound for the SPKF in the
Mackey-Glass time series example. In this example, the convergence parameter values i.e.

06 and the ratio of pyax and pumin are exclusively computed from the training data and are
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found as

5 =0.262 (6.167)
Pmax _ 0,094 (6.168)
Pmin

As clearly seen in the figure, the derived Lyapunov bound acts as an upper bound for the
expected norm of the estimation error ey in the Mackey-Glass time series example.

We also illustrate the results of the experiment that we performed in the vehicle re-
entry tracking case in order to verify the lower and upper bounds against the estimation
error e of the SPKF. Figure 6.4 displays the true vehicle re-entry path and the position
of the radar at the earth’s surface. Figure 6.5(a) demonstrates the BCRB bound against
the trace of the estimation error covariance Pj. Similar to the Mackey-Glass example, a
zoomed segment is shown in Figure 6.5(b) in order to distinguish the BCRB error bound
from Pi. As demonstrated in the figures, the SPKF estimation error covariance is lower
bounded by the derived BCRB. Figure 6.6 illustrates the estimator upper bound against
the norm of the filter estimation error e;. For this example, the convergence parameters

are as follows:

3 =0.02 (6.169)
Pmax

=1.5 6.170

Pmin ( )

The Lyapunov function based stochastic upper bound as shown in Equation (6.150) clearly
captures the filter estimation error. Note that in the vehicle re-entry tracking case, the
value of 4 and Zﬁ is lower and higher than that in the Mackey-Glass time series estimation
case. Small § and high ratio of ppax and pmin may increase the convergence time of the
upper bound. Figure 6.6 confirms the validity of the above finding. As seen in the plot, the
convergence rate of the upper bound is significantly slower here than that of the Mackey-
Glass case. This is primarily due to higher uncertainty of the initial vehicle state, which
correlates to higher estimation error covariance pmax and severe nonlinearity exhibited by
the system dynamics, which causes higher statistical linearization error pe, and pe,. With
the above two examples, we have achieved demonstrating how the derived error bounds

quantify the estimation performance of the SPKF.
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6.6 Discussion And Future Work

In this work, we have analyzed the estimation error behavior for the SPKF operating on a
discrete time nonlinear dynamical system. In this context, step by step derivations of the
lower and upper error bounds for the SPKF based estimators are presented. Although the
SPKF enjoys greater success than the EKF in estimating hidden states for the nonlinear
filtering problem, the analytical convergence analysis for the SPKF has mostly been ig-
nored. We have derived both the lower and upper bound in terms of the estimation error
of the filter, i.e. MSE between the true and the estimated state. Our derivation of the
SPKF lower bound is based on the Van Trees version of the BCRB and its value at time k
is shown to be equal to the inverse of the BIM Jj. The recursive formulation of the BIM
from time k to k + 1 extends the work of Tichavsky, who has derived a general expression
of J; for a nonlinear dynamical model. The derivation of the SPKF error upper bound
follows the work of Reif et al. where we have demonstrated that the estimation error
exponentially converges to a steady state. The validity of the derived lower and upper
bounds are verified for the Mackey-Glass time series estimation problem and vehicle re-
entry tracking problem. In each case, both the lower and upper error bounds are plotted
against the estimation error of the SPKF and are shown that the estimation error lies
within the above bounds.

Although the SPKF error bounds are derived analytically, several numerical approx-
imation techniques are adopted to apply the error bounds in the practical examples. In
order to formulate a closed form solution of the lower bound, one has to solve multidimen-
sional expectations, which are analytically intractable for the nonlinear system. We have
resolved the situation by using the sigma-point averaging strategy where the expectations
are computed by weighted averaging over the extracted sigma points. The SPKF upper
error bound is a function of the parameters involving the bound values of the estima-
tion error covariance, system noise terms, state space model and the initial estimation
error. As those parameters are not known in advance, numerical simulations are adopted
and 95% confidence interval estimates are used as their values. The above approxima-

tions no doubt affect the accuracy of the error bound implementation in practical cases.
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Furthermore, the training data should be collected in an exhaustive manner so that the
confidence interval estimates are the true indicator of unknown parameters. Note, the
approximations are needed as the process of analytically obtaining the parameter values
is complex and challenging for the nonlinear system. Hence instead of devoting much
time and effort on deriving the analytical expression of the parameters, we consider the
numerical approximation as the first step in implementing the upper error bound in prac-
tical state estimation examples. Despite the practical limitations, the derived lower and
upper error bounds are capable of analyzing the SPKF performance on a given application
without applying the recursive filter equations. Most importantly this is the first attempt
of deriving performance bounds for the SPKF based estimators, which can provide an
excellent building block in pursuing further research. The future direction may include
to apply the derived error bounds to some other state estimation problems and evaluate
their performance. Future research may also extend our work by exploring the stability
and observability properties of the nonlinear state space model to analytically formulate

suitable bound parameters for the SPKF upper bound.



Chapter 7

Summary and Conclusions

In this chapter, we briefly summarize our work performed during the course of this dis-

sertation.

7.1 Sigma-point Kalman Smoothers (SPKS)

In Chapter 2 the following new SPKF smoothing algorithms that include both the fixed-
interval and fixed-lag methodologies are implemented and brought under a common family

called sigma-point Kalman smoothers (SPKS).
e Fixed-interval sigma-point Kalman smoother (FI-SPKS):

1. Forward-backward statistical linearized sigma-point Kalman smoother (FBSL-
SPKS)

2. Rauch-Tung-Striebel statistical linearized sigma-point Kalman smoother (RT'SSL-
SPKS)

e Fixed-lag sigma-point Kalman smoother (FL-SPKS):

1. State-augmented sigma-point Kalman smoother (Aug-SPKS)
2. Forward-backward a priori sigma-point Kalman smoother (FB-Priori-SPKS)

3. Forward-backward statistical linearized sigma-point Kalman smoother (FBSL-

SPKS)

4. Rauch-Tung-Striebel statistical linearized sigma-point Kalman smoother (RTSSL-
SPKS)

255
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Both the FI-SPKS and FL-SPKS algorithms are derived from first principles by making
use of the weighted statistical linear regression (WSLR) formulation of the nonlinear state
dynamics. In addition, the computational complexity and memory of the FI-SPKS and
FL-SPKS algorithms are analyzed. The tracking accuracy of the proposed FI-SPKS and
FL-SPKS algorithms are experimentally verified using two benchmark examples: Mackey-
Glass nonlinear time-series estimation and vehicle re-entry tracking. The performance of
our proposed SPKS are also compared with the extended Kalman smoother (EKS) and
other sigma-point smoothing approaches in terms of accuracy, computational efficiency

and memory. From the results, the superiority of our estimators is clearly established.

7.2 Real-world Application of SPKS Algorithms: Unobtru-

sive Indoor Pedestrian Tracking

A novel SPKS based location tracking method that tracks an user in an indoor environment
using unobtrusive sensors is successfully developed. We have investigated two variants of
the tracking mechanism based on the requirement of carrying a receiver tag.

Chapter 3 proposes a tag-based indoor tracking system which uses RSSI as the primary
sensor. The person(s) to be tracked carry a small body-borne device that periodically mea-
sures the RSSI at 3 or more standard Wi-Fi access points placed at pre-defined locations.
The observation model of the tracker is generated from the RSSI calibration data by fit-
ting nonlinear RBF maps between the known calibration locations and RSSI mean values.
The RSSI observation maps are incorporated into the SPKS based tracking algorithm
which combines the RSSI observations with a potential field based dynamic model. In
addition to RSSI, the SPKS fuses the infra-red (IR) motion sensor and binary foot-switch
measurements in the inference system. Furthermore the SPKS performs multi-rate pro-
cessing, where state updates and RSSI observations occur at different rates, and handles
time-varying observations. The performance of the proposed SPKS tracker is evaluated
in a number of “living laboratories”, where the tracking accuracy is demonstrated to be
superior to the EKS and an available industry positioning engine developed by the Ekahau

Inc.
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Chapter 4 presents a novel tag-free solution that utilizes low cost ultrasonic trans-
ducers to track a person. Instead of wearing a body-borne receiver tag, the proposed
system requires setting up multiple wall-mounted ultrasonic range sensors inside the in-
door location. The active ultrasonic transducers transmit an ultrasonic wave and capture
analog echoes, which are then digitized and analyzed in order to calculate the 1D range
of the moving person. Signal processing techniques including Band-pass filtering, Hilbert
transformation, background subtraction and clustering are used to remove interference
from other static objects in the room. The range data from active and passive ultrasonic
sensors are treated as observations in the SPKS based Bayesian framework to determine

a person’s 2D position and velocity. We adopt two different tracking procedures:

e Range-map approach, which estimates the user’s state by generating RBF obser-
vation maps in the calibration phase between known calibration locations and 1D

ranges.

e SLAM approach, which corresponds to simultaneously estimating the state of the

person and the parameters of the observation model.

We further investigate two different SLAM approaches: TANS-SLAM and LANS-SLAM.
The TANS-SLAM method still uses observation maps but the map parameters are updated
during tracking using the newly generated state estimate. The LANS-SLAM method
employs a dual estimation approach, which alternately uses one SPKS to localize the
user given the current estimate of the observation model parameters and a second SPKS
to update the parameters using the current user state. Parameters consist of the 2D
locations of the ultrasonic modules and a time-varying term which corresponds to the
effect of multipath, reflection /refraction on the speed of sound. The LANS-SLAM method
is the most attractive choice for the ultrasonic sensor based indoor tracking because it
requires minimal calibration, uses fewer number of parameters and demonstrates fast
convergence starting from a rough estimate of sonar locations. The tracking accuracy of
all our proposed methods are evaluated over a number of trials performed in a test-lab. It
is demonstrated that the TANS-SLAM based tag-free system performs comparably with

the tag-based highly accurate industry standard “Ubisense” positioning engine.
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7.3 Real-world Application of SPKS Algorithms: Multihar-

monic Frequency Tracking

In Chapter 5 we cover in detail how the SPKS based Bayesian inference algorithm can
be implemented for tracking the phase, frequency, and amplitude of the fundamental
frequency and the harmonic components present in a periodic signal. This work is done
in collaboration with James McNames’s research group at Portland State University. The
performance of the SPKS multiharmonic tracker is compared with that of EKS using
simulated signals and a photo sensor insect activity signal. It is clearly shown that the
SPKS is significantly more accurate, converges faster to the true solution, and robust to

noise than the EKS.

7.4 Estimation Error Bounds for SPKF

Chapter 6 analyzes the state estimation error behavior and presents the formulations of
the lower and upper error bounds for the SPKF operating on a nonlinear discrete time
system. The well-known Bayesian Cramér-Rao theory is used for the derivation of the
lower bound. It is shown that the state estimation error covariance P, for the nonlinear
system can be lower bounded by the inverse of the Bayesian information matrix Jj, which
is a function of time k. We extend Tichavsky’s formulation to derive a recursive expression
of Ji. The derivation of the upper bound follows the work of Reif et al. to demonstrate
that the expected value of the norm of state estimation error exponentially converges
to a steady state. Step by step analytical derivations are shown to determine the final
equations of the lower and upper bounds. To apply the error bounds in the practical
examples, we adopt several numerical approximations which are clearly explained in the
dissertation. The validity of the SPKF error bounds are shown using two benchmark
examples: Mackey-Glass nonlinear time series estimation and vehicle re-entry tracking.
In each case, it is demonstrated that the state estimation error lies within the derived

lower and upper bounds.
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“I have become my own version of an optimist.
If I can’t make it through one door,
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Something terrific will come no matter how dark the present.”
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